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INTEGRO-DIFFERENTIAL EQUATIONS WITH BOUNDARY CONDITIONS AS A
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Annotation. A boundary value problem for integro-differential equation is considered. The method proposed by
D.S. Dzhumabaev for solving this problem is described and its results are commented. A new general solution of integro-
differential equations is constructed and its properties are established. Algorithms for finding solutions to the boundary
value problems for integro-differential equations are constructed and conditions for unique solvability are established in
the terms of initial data. The results are illustrated by examples.

Keywords: integro-differential equations, boundary value problems, new general solution, algorithm,

solvability.

On the interval [0,T] consider the following boundary value problem for system of integro-
differential equations
% = A(t)x+] K(t,s)x(shs+ f(t), te(0,T), xeR", (1)
0
Bx(0) + Cx(T) =d, deR", )
where x(t) is unknown vector function, the (nxn) matrix A(t), the n vector function f(t) are
continuous on [0,T], the (nxn) matrix K(t,s) is continuous on [0,T]x[0,T], the B, C are

constant (nxn) matrices.

The solution of problem (1), (2) is defined as a function x(t) e C([0,T],R") continuously
differentiable on (0,T) and satisfying the integro-differential equation (1) and the boundary
condition (2).

The main methods used for the investigation and solution of the boundary-value problem (1),
(2) are the Nekrasov method [1] and the method of Green functions [2]. The application of these
methods requires the unique solvability of certain auxiliary problems.

In the Nekrasov method, it is assumed that the Fredholm integral equation of the second kind
3


mailto:assanova@math.kz

BecTHUK AKTIOOMHCKOTO peruoHanbpHoro yausepcurera uM. K. XKybanosa, Ne2 (67), utons, 2022
DU3UKO-MaTEMaTHYCCKUE HAYKH

x(t):}M(t,s)x(sﬁs+ F(t), te[0,T],

.
with the kernel M (t,s):_[K(t,r)X(r)er*(s), where X (t) is the fundamental matrix of the

differential part of IDE (1) and F(t) e C([0,T],R"), is uniquely
solvable.
If the latter one is uniquely solvable, then the general solution to Fredholm integro-differential
equation (IDE) can be written down via the resolvent of integral equation. The solvability of problem
(1), (2) is equivalent to the solvability of linear system of algebraic equations compiled by the general
solution and condition (2).

The method of Green functions can be used for the solution of problem (1), (2)
under the assumption of unique solvability of the boundary-value problem for the differential part of
the IDE (1), i.e., according to this method, problem (1), (2) with K(t,s)=0 must be uniquely

solvable.

In this method, the integral term also refers to the right-hand side of differential equation. Under
assumption on unique solvability of boundary value problem for the differential equation we construct
its Green’s function and then reduce the origin boundary value problem for Fredholm integro-
differential equation (1), (2) to the Fredholm integral equation of second kind. Solving this equation,
we find the desired function.

Since the unique solvability of auxiliary problems is not a necessary condition for the
existence of the solution of the original boundary value problem, the Nekrasov method and the
method of Green functions do not enable us to establish necessary and sufficient conditions for the
solvability of problem (1), (2) [3].

In the present communication we are described the Dzhumabaev parametrization method [4]
for finding of solutions to the boundary value problem for Fredholm integro-differential equation.
Given astep h>0:Nh=T, we introduce the partition [0,T) = LNJ[(r —1h,rh) .

r=1
Necessary and sufficient conditions for solvability, including the unique solvability of problem (1),
(2) were obtained in terms of a matrix Q,,(h) constructed from the fundamental matrix of the
differential part of system (1), the matrices in boundary conditions (2), and the resolvent of an
auxiliary Fredholm integral equation of the second kind [5].

Thus, if the parametrization method is applied to problem (1), (2), we also have to solve an

intermediate problem, namely, the special Cauchy problem for integro-differential equations or the

4
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equivalent system of integral equations [5]. However, in contrast to the above methods, the partition
step h>0:Nh=T can always be chosen so that special Cauchy problem for integro-differential

equations is uniquely solvable.

Conditions for the convergence of algorithms of the Dzhumabaev parametrization method for
finding of solutions to the boundary value problems for Fredholm integro-differential equation were
determined [6-9].

A concept of new general solution to Fredholm integro-differential equations were introduced
and its properties were established [10]. Criterions for the unique solvability of the boundary value
problem for Fredholm integro-differential equation were obtained in the terms of the initial data and
new general solution [10-12]. This approach are extended to the boundary value problems for loaded
differential equations [13], for nonlinear integro-differential equations [14]. A modification this
method for solving to the boundary value problem for Fredholm integro-differential equation and
some numerical approximation its solution are offered [15-16]. Finally, we are also extended
Dzhumabaev parametrization method to solve problem with parameter for Fredholm integro-
differential equations [17-20].

Acknowledgment. This research is funded by the Science Committee of the Ministry of
Education and Science of the Republic of Kazakhstan (Grant No. AP09258829)
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ON THE EXISTENCE AND STABILITY OF UNPREDICTABLE OSCILLATIONS FOR A
NONLINEAR DIFFERENTIAL EQUATION WITH PIECEWISE ALTERNATELY
RETARDED AND ADVANCED ARGUMENT OF GENERALIZED TYPE

D. ARUGASLAN CINCIN!, M. TLEUBERGENOVAZ3, Z. NUGAYEVAZ23 M. AKHMET*
L Siileyman Demirel University, I1sparta, Turkey

2 K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan
3 Institute of Information and Computational Technologies, Almaty, Kazakhstan

4 Middle East Technical University, Ankara, Turkey

E-mail: duyguarugaslan@sdu.edu.tr; madina 1970@mail.ru; zahira2009.85@mail.ru;

marat@metu.edu.tr

Annotation. Recent studies have shown that existence of an unpredictable oscillation for a
differential equation amounts to the presence of Poincaré chaos [1,2]. Stimulated by this fact, it is
aimed in this study to analyze unpredictable oscillations for a nonlinear differential equation with
generalized type piecewise alternately retarded and advanced argument. Existence-uniqueness and
exponential stability of the unpredictable oscillations are verified for the considered equation. Since
the argument is of mixed type being retarded and advanced, it offers numerous advantages for the
theoretical investigations as well as many real-world applications. The results are confirmed by
example and simulation.

Keywords: Unpredictable Oscillations; Poincaré Chaos; Exponential Stability; Piecewise

Constant Argument

1. Introduction and Preliminaries

Theory of differential equations provides indispensable tools to study and understand real
world processes. Existence of discontinuous characters in nature pushes scientists for developing this
theory further. This development enables to obtain more natural features of the real problems modeled
by differential equations including discontinuous items. As is well known, the class of differential

equations involving discontinuities contains differential equations with piecewise constant argument
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(PCA) [3] as a subclass [4]. This subclass has been broadened in [5] by addressing a wider range for
PCA, which is entitled as piecewise constant argument of generalized type (PCAG). Although most
prior findings for differential equations with PCA were achieved through reduction to discrete
equations or numerical approaches [1, 6], equivalent integral equations were employed for the first
time in [5] to examine differential equations with PCAG. Thanks to the use of equivalent integral
equations, qualitative characteristics of differential equations with PCAG has begun to be examined
in a more general manner. This topic has been the focus of various theoretical and practical studies
[7-14].

After unpredictable oscillations have been defined as a new type of oscillations in the past few
years, a rapid progress has been achieved on the subject [1, 2, 15-21]. This is because, it is seen that
they are very useful for the simplification of the chaos analysis for differential equations and also for
processes modeled by differential equations. Due to the demands of science and technology, differential
equations theory pays great attention to the oscillation phenomena. Accordingly, solutions being periodic,
quasi-periodic as well as almost periodic are studied extensively by the researchers [22-24]. It was
confirmed for a differential equation that if an unpredictable oscillation exists, then there is Poincaré
chaos [1]. As a result of this significant aspect, research on unpredictable solutions is just as beneficial as
research on chaos. The main objective of this study is to investigate unpredictable oscillations of a
nonlinear differential equation having piecewise alternately retarded and advanced argument of
generalized form, which can be considered as the most general case of PCAG since it is of mixed
type. Due to the remarkable position of differential equations with PCAG in various applications [9,
10, 25, 26, 27], it is momentous to link these equations with the chaos concept through unpredictable
oscillations.

We shall use the abbreviations R, Z and N to represent the set of real numbers, integers and
natural numbers, respectively. We pick sequences {Xj}jez and {nj}jez whose elements are real
numbers and meet the properties: y; < n; < x4, for each j € Z, and |)(j| — o0 as |j| » . The
following nonlinear differential equation with piecewise alternately retarded and advanced argument

of generalized type is the major focus of the present research:

x'(8) = ax(t) + u(x(t)) + v (x(h(t))) + w(t). (1)

Here, t, x belong to the set R, « < 0 and h(t) =n; fort € [x;, xj+1),J € Z, the functions u, v :
(—a,a) > R,a > 0, are assumed to be continuous. Furthermore, w:R — R is considered as a

bounded and uniformly continuous function.
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Definition 1 A bounded, uniformly continuous function f: R — R is called as unpredictable if
one can find two sequences t,, s,, both of them diverging to co and positive constants r, p such that
f(t + ty,) — f(t) uniformly when n — oo on the compact subsets of R and my, < |f(t + t,) —
f(t)| foreacht € [s, —p,s, +p],n € N.

The following criteria are considered to be met during the present investigation.
(HL) |u() —ul < Lilx -yl , [v(x) —v)| < Ly|lx —y| for every x,y € (—a,a) with
Lipschitz constants L,,, L,,.

(H2) There exist constants M,, > 0, M,, > O such that sup |u(x)| < M, and sup [v(x)| < M,.

x€(—a,a) x€(—a,a)

(H3) There is a constant M,, > 0 so that sup|w(t)| < M,,.
teER

(H4) —= (M, + M, + M,,) < a.

(H5) = (Ly + Ly) < 1.

(H6) For each y;,q — x; < x,j € Z for a positive constant y.

(H7) & + Ly + HL, < 0, where 1 = (1 — y(—a + L) (1 + Lyy)eCotwx 4 1,) 7"

(H8) x ((—a + L)1+ Lyy)eCatlux 4 Lv) <1.

(H9) For a sequence k,, satisfying k,, » o0 asn — oo and for the sequence t,, specified in Definition

1, Xj-k, tta—xj > 0and nj_y, +t, —7n; > 0 asn — oo on each interval, which is finite and

comprised of integers.

2.Existence, Uniqueness and Stability of Unpredictable Oscillations
We take a set D whose elements are real valued functions given by Q: R — R together with the

norm defined as ||Q||; = sup|Q(t)]. It is adopted that an element Q of the set D admits the features
teER

listed below:
(D1) Q is continuous uniformly.
(B2) l1ally < a;
(D3) a sequence t, divergent to co can be found to satisfy the limit Q(t +t,) = Q)
uniformly on each closed and also bounded interval of real numbers.
Lemma 1 [28]. A necessary and sufficient condition for a bounded function x(t),t € R, to be

a solution of (1) is that the integral equation given by
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x(t) = f_too e®(t=1) (u(x(r)) +v (x(h(r))) + W(‘L’)) dr, (2)
holds true for x(t).

On the set D, Construct an operator I' formulated by

t

rot) = f e (u(0(@) + v (A(h(D)) + w(@)) =

— 00

Theorem 1 I is invariant on D.
Proof. We are required to demonstrate that the set D involves I'D in it. If we find the derivative

of r'Q(t) along the independent variable t and then take the absolute value of this derivative, we get

< [u(2®)] +[v (2(h@))] + (] -

drao(t)
dt

t
—a f e®(t-7) (u(Q(r)) +v (Q(h(r))) + W(T)) dt <2M, + M, +M,,)

for each real number t. This means that I'QQ meets the property (D1), since it is continuous uniformly
due to having a bounded derivative.

Note that any element Q of the set D satisfies

rQ@)] < —= My + M, + M,).
This implies together with (H4) that (D2) is true for I'Q.
Now, we are only left to consider (D3). For this purpose, we pick § > 0 and consider the
interval [A,u] with A < u We can find v <A and o > 0 in order to fulfill the following four

inequalities:
- 5 (Lya + Lya + M,,)e®?A") < %, 3)

—2A+L) <3 (4)

12



K.)Ky6anoB atbiHiarsl AKTe0e eHIpiiKk yHUBepcuTeTiHIH Xabapuibichl, Ne2 (67), mayceim, 2022
®nznka-mMaTeMaTHKa FEUIBIMIAPH

It is true for sufficiently large values of n that |Q(t +t,) — Q(t)| < o and |w(t +t,) —
w(t)| < o whenever t € [v,u] and |xj_x, + tn — x;| < o whenever x; € [v,u], j € Z. Therefore,

we have

C

Irat +t,) —ra@)| < f et |t + t,) — Q)| +

— 00

+L,,|Q(h(r + tn)) - Q(h(r))| + |lw(t+t,) — w(t)l)dr +

f et (L |0t + t,) — Q)| +

Cc

+L1,|Q(h(r + tn)) — Q(h(r))| + |w(t+t,) — W(t)l)d‘[

2 (- 1
S—E(Lua+L,,a+MW)e“ v _E(1+L“)0+

t
L, f e“C|Q(h(z + t)) — AR(D)| dr.

Fort € [4,u] fixed, we assume that x; < xj_x, +thand x; < xj_k, t tnh = ¢ < Xjy1 < Xjs2 <
o+ < Xjar < Xjsr—k, T tah <t < Xj4r+1, Which does not lose the generality. Thuswise, there exist

only r discontinuity moments on [v, t]: X1, Xj+2, - » Xj+-- Moreover, assume that
SHDle (g ey <& (5)

—Tlemer — 1) <2 (6)

Next, we shall focus on the integral

J e CD|Q(h(z + t,)) — AR@D)| dr.

In fact, this integral can be written as follows
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k+r—1  Ai+1
D f e“tD|0(h(z + t)) — Q(h(D)| de +
j=k Xj—kpttn

kar—1Xiti-kntin

+]Zk [ el + ) - a(hw) dr +

Xj+1
t

+ f e“tD|0(h(z + t,)) — A(h(D)] dr.

Xk+r—kntin

If Xi—k, +tn <t <y, forsomei € Z, thenitcan be seen that h(t) = 7n;, and in turn it is

true due to condition (H9) that h(t + t,) = 1,4, . Thus, we attain that

Xit+1
f ea(t_r)m(rlnkn) — Q)| dr =
Xi—knttn
Xi+1
= j e DN, + tn) — QM) + Q0 + ta + 0(1) — A, + t,)| dr
Xi—kpttn
Xi+1
< f e o+ |Q(n; + t, + 0(D) — O + tn)|| dr.
Xi—kpttn

Recall that Q is continuous uniformly. As a result, given ¢ > 0 and for big enough n, there is a
Kk > 0so that |Q(n; + t, + 0(1)) — Q(; + t,)| < g aslong as |n;_y, + t, — n;| < K. After all, we

conclude that

k+r—1  Xj+1 Xi+1 5
o
Z f et D|a(h(z + t,)) — A(h(D))| dr < 2po f e*t=D dr < —% (1—e*)
J=k  Xj—kp+tn Xi—kpttn

for the integer values of i that lies in the range | < i < [ + r — 1. Analogously, it can be achieved

that

t
20
f e 0|Q(ni4r,) — Q)| dr = Y (1—e®).

Xitr—1—kpttn
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Likewise, owing to the assumption given by (H9), we find that

ktr—1 Xiti-kntin Xi+1-knttn
Z f e“(t_T)|Q(h(r +ty)) — Q(h(D)| dr < 2ra f e?t=1) gg
j=k Xj+1 Xi+1
2ra
= -1
a

for the integer values of i lying in the range k < i < k + r — 1. As a result of these computations

performed above, we get

2(r+1)o
a

t
f e |0(h(z + £)) — Q(h(D))| dr < — R )

Hence, the following inequality

2 o
IFQt + tn) = FOO < ——(Lya + Lya + M,)e* @) — (4L +

_M(l — e®X) _tha(e—cw -1)

is valid for all t € [A, u].

Using the inequalities (3)-(6), we obtain for each t € [A, u] that |[FQ(t +t,) — Q)| < 6.

This shows that (D3) is fulfilled by I'" as well. The proof is completed.

It is not difficult to prove by assumption (H5) that I" is a contractive operator on D. Hence, we

give this result below and omit the proof here.

Theorem 2 I is a contractive operator on D.

Next, we state an auxiliary result which can be proven by using a classical theory of differential

equations and condition (H8) [2,4].

Lemma 2. Assume that the conditions (H1), (H6) and (H8) are fulfilled. 1f 1 (t) is a solution

of
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Y'(6) = ap () + u(p(®) + o(O))u - (Y(p(®) +
+v (w(h(t)) + <p(h(t))) —v ((p(h(t))), @)

where ¢(t) is a continuous function with||@(t)|l; < a, then |1/)(h(t))| < H is satisfied for all t €
(=00, o).

Now, we are ready to state the main result of the present paper.

Theorem 3. Let all conditions from (H1) to (H9) hold true and the function w be
unpredictable. Then, equation (1) possesses a unique exponentially stable unpredictable oscillation.

Proof. It follows from the results in [2, 28] that D is complete. Hence, the operator I' has a
unique fixed point ¢(t) which belongs to the set D. Actually, ¢(t) is the unique solution of (1).

Next, we will show that the function ¢(t) is unpredictable. m,, m, and € are chosen to
satisfy

e <p, (8)

€ <(a —L,) (mi1 + miz) — 2L, + %) < 2;1, 9)
(11

lo(t+ 1) — @(t)| < mymin {m,m—z},t ER,|T| <e. (10)

We fix €, m;, my, and n € N and define IT = |p(s, + t, ) — @(sn)].
Case I: Let IT > 0. Then, we obtain for t € [s, — €, s, + €], n € N, that

lp(t +tn) — @] = [@(sn +tn) = @(sa)| = [@(sn) — ()] =

lo(t +1.) — (s, + )] > —2 — 0 _ "o 1
— — S — — = .
@ n $Sn T tn m; 4m; 4m; 2m, Tto

Case Il: Let IT < 0. Then, the inequality (10) implies for t € [s,, s, + €], n € N that

lp(t +tn) — O] < lo(sn +tn) = @(sn)| + l@(sn) — @] +
Ty T 1 2

o (e 22)
Heot+t,) -+t <—+—+—=—+—| .
|(,0( n) (P( n n)l m, m, m, m, m, 0
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Since the integral equation given by

t

p(t) = p(sp) + f (a(p(‘r) +u(p(@) +v (cp(h(r))) + W(‘L’)) dr.

Sn

is valid, we can conlude for t € [sn + %»Sn + e], n € N, that

0t + tn) — 9(D)] = [9(sn + ta) — 9(s0) + a f (p(r+ t) — p(0))dr +

Sn

+ f (u((p(r + tn)) — ((p(r))) dr +

t

+ f (v (o(r(z +t2))) v ((p(h(t)))) dt + f (w(r +ty) —w(D))dr| 2

Sn Sn
Ty 1 2 1 2
——+a€<—+—)7‘t0 —Lue(——i-—)rro -
my mpy Mmp m; mp

-L, J|go(h(r + tn)) — (p(h(r))|dr + %no.

Sn

Next, we fix ¢ from the interval t € [sn + =50 + %] and pick e sufficiently small in order to satisfy

Xj—k, T th <sp<sp+ g <t < s, + €< xj; forsomeinteger j. Fort € [sn +§,s,rl + e], itis true

that h(t) = n; and hence h(t + t,) = 14, because of the assumption (H9). Since the function

@(t) € D is continuous uniformly, given 1, > 0 and for big enough n a number g > 0 can be found

satisfying |@(ni+x,) — @(m:)| < 27, as long as |1k, — n; — ta| < B. Therefore, it follows that

J|§0(h(T +ty) — o(h(D)|dr < 27,

If we use inequality (9), then we see that
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ot +t,) — ()] = ——2 4 (1+2) L(1+2>
% n ¢ =", a m, " my €Ty “\im, €Tlp
€ Ty, 3m, T
—2L fpy>-lo 2oy Mo
vEMo + 570 = m1+2m1_2m1

which means that ¢ (t) is an unpredictable oscillation according to the Definition 1.
Lastly, we are left to show that this unpredictable oscillation is exponentially stable. Let y(t)
be another solution of (1). Construct the difference ¥(t) = y(t) — @(t). It can be shown easily that

Y(t) is a solution of (7). Hence, we have
t
()] < e® 0 |y(ty)| + f et (L, [ (D) + Ly|w(h(D))]) dr.

Cc

Rearranging the last inequality and applying the Gronwall-Bellman Lemma, we find that
y(6) = ()] < ey (to) — @(to)| + e@rhuthDEt),

which gives together with (H7) that the solution ¢(t) is stable exponentially. The proof is completed.

3. Example and Simulation

We give example with numerical simulations to illustrate the theoretical results. To investigate
the presence of an unpredictable solution, we need to use the logistic map z;,, = cz;(1 — z;),i € Z.
According to the Theorem 4.1 [29], for each ¢ € [3 + (2/3)"/?, 4], the logistic map possesses an
unpredictable solution. Let z;, t € [ x;, xi+1), i € Z be an unpredictable solution of the logistic map

with  u=3.92.

As a perturbation, we will use an unpredictable function ®(t) [30]:
t
d(t) = f e~ *t-00(7)d7,t €R,

where Q(t) = z; fort € [ x;, xi+1), i € Z. It is worth noting that ®(t) is bounded on the whole real
axis such that sup |®(t)| < 1/4.
teR
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Consider the following scalar nonlinear differential equation with piecewise constant argument

of generalized type,

x(0
4

x(h(v)

x'(t) = —0.5x(t) + 0.04 tanh( ) + 0.04 tanh (T

) —1803%(t) + 1.4, (11)

where the argument function h(t) = n, is defined by the sequences y, = k, 1 = %

+Zk:

2k+1
2

Lemmas 1.4 and 1.5 given in [15].

We can see that the conditions (H1) -(H9) are valid for the system (11) with L, = 0,01, L, =
0.008, M, = M, = 0.04 and M,, = 1.68, a = 4. Thus, by the Theorem 3, system (11) has a unique
exponentially stable unpredictable solution.

+ zx, k € Z. Moreover, w(t) = —18®3(t) + 1.4 is unpredictable functions in accordance with

This is typically an unsolvable problem of finding the initial value of the solution, since it is
impossible. According to the property of exponential stability, any solution from the domain
approaches to the unpredictable solution. That is, to imagine the behavior of the unpredictable
solution x(t), we consider the simulation of another solution 6(t), with initial values 6(0) = 1.859

in Fig 1.

26
24

22

18 I I ! 1 1 1 1 |
0 50 100 150 200 250 300 350 400

t

Fig. 1 Graph of the function 6(t).
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Anparna. CoHFbl 3eprreyiep audQepeHInaInblK TeHISY YIIH OoInKaHOAWTBIH TepOemicTiH Oap Oo0ybI
[Tyankape xaochIHBIH O0ap OomybIMeH Oipaeii ekeHiH kepcetTi [1,2]. OckiFaH OaiaHbICThI, OYIT )KYMBICTA JKaIbUIaHFAH
TUNTET] Ke3eKIEeH KeIIiKTiPUITeH KoHE irepiiereH 0eJiKTi apryMeHTi CHI3BIKTHIK eMec MU depeHIHaIIbK TeHISY YITiH
OoipkaHOAMTBIH TepOenicTepai Tanjay Heridi Makcar OoJbn TaObuIaAbl. KapacThIpbUIBIT OTBHIPFaH TEHACY YILIIH
0oinkaHOATBIH TepOericTepAiH 6ap OOTybI-KaIFBI3IBIFBI MEH SKCIIOHEHIIUAJIBI OPHBIKTBUIBIFBI TEKCEpiieNi. APIYMEHT
apanac, SFHHM, KeUIKTIpUIreH JKoHe IrepijiereH Typre ue OOJIFaH/ABIKTaH, OJ1 TEOPHUSJIBIK 3epTTeyJep YIIiH Jie, HAKThl
KOCBIMIIAJap YIIiH Ji¢ KONTereH apThIKIIBUIBIKTApbl YCbhIHAJbL. HoTmkenep Mbicangap MEH MOJEINbJCY apKbLIbI
pacTanajsl.
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O CYIIECTBOBAHWM 1 YCTOMUYNBOCTHU HENIPEJICKA3YEMbBIX KOJIEBAHUM
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AnHoTanusi. HenmaBHme wuccienoBaHmsl IIOKas3anmd, 4YTO HAJIWYME HENPEICKa3yeMoro KoyeOaHus Ui
muddepeHmansHOro ypaBHeHHs paBHOCHIBHO Hajauumio xaoca Ilyankape [1,2]. B cBsi3u ¢ aTum B naHHOW pabore
CTaBUTCS LEJIb IPOAHATM3UPOBATh HEllpeAcKa3yeMble KojieOaHus AJsi HelMMHeWHoro nuddepeHnnanbHoro ypaBHeHHs ¢
KyCOUHO-TIOOUEPEHO 3aMa3/bIBAIONINM U OIEPEkaroluM apryMeHTOM 0000ILieHHoro Tuma. Jns paccMarpuBaeMoro
YpaBHEHHsI TPOBEPSAIOTCS CYIIECTBOBAaHME-EAMHCTBEHHOCTh M 3KCIOHEHIMAJbHAS YCTOMYMBOCTH HENPENCKa3yeMbIX
koneOannii. IToCKONBKY apryMeHT HMMeeT CMEIIAHHBIH THI, 3ala3[bIBAIONIMA M ONEPEeXaloIlUii, OH IpeaIaraeTt
MHOTOYHCIICHHBIE TIPEUMYIIECTBA Ul TEOPETHYECKNX HCCIIEJOBAHHUH, a TakXkKe Ui MHOTUX PEalbHBIX NMPHUIOKEHHH.
Pe3ynbTaThl MOATBEPIKICHBI TPUMEPOM M MOAETHPOBAHUEM.

KnroueBble cioBa: Hempelckasyemble KoieOaHus; xaoc IlyaHkape; SKCIIOHEHNHMallbHAs YCTONUYMBOCTS,

KYCOYHO-IIOCTOSIHHBII apryMeHT.
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Annotation. In this paper we consider the generalized fractional-maximal functions. We give an estimates of
non-increasing rearrangements of generalized fractional maximal functions. The study of various properties of operators
using a generalized fractional-maximal function is sometimes easier than the study of such operators using a generalized

potential.

Keywords: non-increasing rearrangement, generalized fractional-maximal function, generalized Riesz potentials

Let L, = L,(R") be the set of all Lebesgue measurable functions f:R" —-C; Ilo =L,(R") is
the set of functions f €L, for which the non-increasing rearrangement of the f” is not identical to
infinity. Non-increasing rearrangement f~ defined by the equality:

f°(t) =inf {y €[0,0): 4, (y)<t}, teR, =(0,:),
where
A (Y) =t {x € R":[ £ (x)| >y}, y€[0,00)
is the Lebesgue distribution function [1].

The function ™ :(0,00) —[0,0] is defined as

+

t
f“(t)z%!f*(r)dr; teR

Throughout this work, we will denote by C positive constants, generally speaking, different in
different places.

We define the following classes of function.

Definition 1. Letn € N, R € (0,] and ®:(0,R) > R, . We say that
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the function @ belongs to the class A, (R) if: @ decreases and is continuous on (O,R), the
function ®(r)r" T is quasi-increasing on (O,R);
the function @ belongs to the class B, (R) if @ decreases and is continuous on (0,R); there

exists a constant C € R, such that
jcp(p)pnfldp <CO(Nr", re(0,R);
0

the function @ belongs to the class E, (R) if

M

[ B C we@nR).
5 D(s7")s  D(r)

For example, @(t) = t™% € A, (), O<a <n.

®(p) = p® ™ € By(0) (0<a<n); P(p) = m% € B,(R), ReR, .

Note that @ € E,,(R) is equivalent to the inequality:

r

0 CD(t)t CD(t)
Lemma l. E,,(R) € B,(R) c A,(R).

Definition 4. Let @ € A, («). The generalized fractional-maximal function M, f is defined

for the function £ € LY°(R™) by the equality
(Mo f)(x) = sup (1) [, \If (D)dy,
>0 ’

where B(x,r) is a ball with the center at the point x and radius r.

That is, consider the operator Mg: L’ (R™) — Lo(R™).
In the case @(r) =r*™", a € (0,n) we obtain the classical fractional-maximal function
M f:

a

(Maf () = SUD Tz fy | O]y

Other types of generalized fractional-maximal functions were considered in [2], [3].
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In the works [4]-[6] the generalized Riesz potential was considered using the

convolution operator
Af() = (G * H(x) =272 [, G(x =) fW)dy; f € E;(R™)

where the kernel G (x) satisfies the conditions:

G(x) = ®(|x|), x € R", Jy ®(p)p" " dp < c®(r)r™, T € R,.

Inthe case G(x) = |x|*™™, a € [0,n) we have the classical Riesz potential I,,f:

f = | ™,

gn|X —y[*¢ ,
Theorem 1. Let @ € B, (). Then

Mof(x) S (G *|fD(x), x €R™

forevery fel™(R").

Theorem 2. Let ® € A (o). Then there exist a positive constant C depending from n such

(Maf)*(t) < C sup s@(sY™f**(s), t € (0,0)

t<s<oo

for every f € LY°(R™).

Theorem 3. Let @ € A (). Inequality (10) is sharp in the sense that for every ¢ e L (0,00; 1)

there exists a function f e L, (R") suchthat f"=¢ a.e. on (0,0) and

(Mo f)*(t) 2 C sup sd(sY™)f*(s), t € (0,0),

t<s<oo

where, C is a positive constant which depends only on n.
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Theorem 4. Let @ € B, (). Then there exists a positive constant C depending from n such

that
My )™ (t) < C sup sd(sY™)f*(s), t € (0,0) (1)

t<s<wo
forevery f € L°°(R™).
Remark 1. It is known [7] that for generalized Riesz potential satisfies the O'Neill

inequality

G« N (®) <Co(3f; 6*()ds) [y £ (d + [[7 6" (D)f ' (1)de

By Theorem 1 it follows that

(Mof)™"(t) < Co (3 5 6*(9)ds) [ f*(d + [7 6" (@) f (Mdr  (2)
Note that inequality (1) is more precise than inequality (2).
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We consider the following inverse Cauchy problems

ou (x,t) +at)(-A, )"u, (x,t)=0, xeR", 0<t<T, (1)
u,(x,0) =d(x), xeR", 2)
u(qt)=h (), O0<t<T, @)

and
o, (X, t) +at)(—A,)"u,(x,t)=0, xeR", 0<t<T, (4
u,(x,0)=—(—=A,)"®(x), xeR", (5)
u,(gq,t)=h,(t), O<t<T, (6)

where a(t) is unknown, Q = R", 4 €€ is an arbitrarily fixed point and

First, we show existence and uniqueness of the Cauchy problem (1)-(2). If a(t) is continuous, then
the equation (1) is parabolic in the sense of Petrovskii [1, 2].
Theorem 1 ([1]) Let a(t) be continuous on [0,T]. Let ® € C>™”,0< y <1 be defined
by
p(x), xeQ

f} 7
®) {0, X¢gQ 7
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Then, the Cauchy problem (1) — (2) has the following unique solution

u(x.t) = j E, (x -y, )D(y)dy = j E, (x— . Dp(y)dy

and it belongs to C2™7"° (2% [0, T]), where the fundamental solution of (1) is given by

E.(xt) = (272')_n IeiX-S—|S|2mal(t)dS _

Rn
Also, it can be reduced to the one-dimensional integral

1

E, (x 1) = (27)2 (3, () Tnje Jug| X0
0

where, J, is the Bessel function of the first kind (see, [2, 183-184 pp.]). Now we present our main
result.
Theorem 2 ([3]) Let D(X) be a function of C*™ . Let the additional data h, and h, satisfy
the assumptions:
i. h eC'0,T];
i. h,eC[0,T] such that h,(t)=0 for all O<t<T (which also implies
h, (0) =U, (X,0) |,g=—(- A, )" ®(X) |, 0);

h, (t
iii. hl—((t)) ensures that the equation (1) is uniformly parabolic in the sense of Petrovskii.
2

Then the inverse problem (1)-(6) has a unique solution and the coefficient a(t) is given explicitly

h (©)

. 0<t<T.
h, (1)

a(t) =
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We consider the semi-periodic boundary value problems for the linear loaded hyperbolic

equation

PO — 406 ) 25D 1 Bx, ) P50 4 C(x, ule, ) + F () + g, 0) 22, (1) €
[0,2] x [0, 27] 1)

subject to the initial condition

u(0,t) = @(t), te|o,2mn], (2)

and boundary condition

u(x,0) =u(x,2mr) =0, x €[0,2], (3)

where A(x,t), B(x,t), C(x,t) and f(x, t) are continuous on Q, ¢(t) is continuous differentiable on
[0,2] and x, is loaded point.

The development of a numerical technique for a hyperbolic equation combining classical,
integral boundary conditions and nonlocal conditions has been studied by many authors [1-5]. In [6],
a new numerical method is presented, which is used to solve the wave equation with nonlocal
boundary conditions. In many works, initial-boundary value problems are considered for hyperbolic,
loaded - hyperbolic equations of the second and third orders, but the equations do not contain a mixed
derivative. In [7], equations with a mixed derivative of the third order are considered and the solution
of the Goursat problem for a loaded hyperbolic equation of the second order, proposed as a

mathematical model of the Aller equation under certain conditions, is written out in an explicit form.
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For numerical simulations, we introduce a space time grid with steps h, t respectively, in the variables

X, t:
wnr = {x; =ih,i = 0,N;t, = kt,k =0,M;} (4)
Where h = i,r =L

N M

On this grid we approximate the problem (1)—(3) using the finite difference method.
Consider the semi implicit scheme for the problem (1)—(3).

k+1 k k+1 k k+1 k+1 k+1_

k k k
Uipg “UWUipq—Uj—q “Ui_g _ gk Uitg “Uig kU U; k., k k kUip, Ui,
2ht = Ai 2h + Bi z + Ci U; + fl + AOi T (5)

For (i, k) € wy, ., with initial condition

ug = @k (6)
and with boundary conditions
u) =0,uy =0 (7)

It is well-known, that the implicit scheme and it has accuracy order O(r + |h|?).
Equation (5) can be reduced to the most general form:
au = buf ™ + el = F (8)
where
a; = 1 — tA¥; b; = 2hBF + 2htCF; ¢; = TAF — 1;

Fy = oAf (ufyy —ufy) = 2hBfuf + 2heff + tAo] (ulfy — ufty)
Such equations are called three-point difference equations of the second order. System (8) has a
tridiagonal structure and Equation (8) is linear equation systems of the form [A]JU = f as shown in
Equation (9).

by ap O 0 m fi
c by . e : Uy fa
0 e :
. « _
Ap—2 0
: . bu_1 apn_1 : :
0 oo oo e 0 euy by | Un fn )

Because a non-stationary problem is considered, system (8) must be solved at each time step. We

solve the difference equation (8) by sweep method [8].
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NONLOCAL BOUNDARY VALUE PROBLEMS FOR IMPULSIVE DIFFERENTIAL
EQUATIONS WITH MAXIMA

T. K. YULDASH Ev[0000-0002-9346-5362]
National University of Uzbekistan, Tashkent, Uzbekistan

E-mail: tursun.k.yuldashev@gmail.com

Abstract. In this report it is considered the questions of one value solvability of nonlocal boundary value
problems for nonlinear impulsive differential equations with mixed maxima. The problem is reduced to the nonlinear
functional integral equations. The method of successive approximations is applied combining it with the method of
compressing mapping.

Keywords: impulsive differential equations, one value solvability, method of successive approximations, integral
condition.

In this paper we will talk about the features of solving differential equations with maxima and
about the unique solvability of a nonlocal boundary value problem for an impulsive system of

differential equations with maxima.

1. Monotone solutions of differential equations with maxima

We consider on the interval [0, T] the functional-differential equations of the following form

X'(t) = f (t, X(t), max {x(z)|r € [y (1) hz(t)]}),

where hy(t) <h,(t), t €[0;T]. This type functional-differential equations are called as differential
equations with maxima. We tell how to find monotone solutions of this equation with maxima. The

set of increasing solutions of these differential equation with maxima coincides with the set of

increasing solutions of the following differential equation with deviation

X(t) = f (t,x(t),x[h,®)]), te[0,T].
But the decreasing solutions of this differential equation does not satisfy the differential equation with
maxima.

The set of decreasing solutions of differential equation with maxima coincides with the set of

decreasing solutions of the following differential equation with deviation

X'(t) = f (t,x(t), x[m(®)]), t[0,T].
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But the increasing solutions of this differential equation does not satisfy the differential equation with
maxima. These facts are important in studying oscillation properties of differential equations with
maxima.

The following type differential equations

X'(t) = f (t,x(t),max{x(r)\r e[hl(t):|:h2(t)]}), te[0,T], 1)

where [hy(t):]:h, (t)] = [mtin {h(t);hy (D) }; max {h(t);h, (t)}}, we call as a differential

equation with mixed maxima. We suppose that there exist some points t; € (0,T),1=12,...,p,
at which hy(t;) = h,(t;). Then on the interval
QF =[0,4]U[ty, 51Uty ts]U. Ut 4, t,]

the differential equation with mixed maxima (1) has the form

X'(t) = f (t, X(t), max {x(z)|r € [m(t);hz(t)]}). @)
On the interval
QF =[t,t,]Ults, 4] U [ts, t 1. U, T]
the differential equation with mixed maxima (1) has the form
X'(t) = f (t, X(t), max {x(0)|r & [hy (t); hl(t)]}). @)
The set of solutions of the differential equation with mixed maxima (1) on the interval [0,T]

coincides with the union of sets of the solutions of two differential equations (2) and (3) on the

intervals le and QS, respectively. At the points t;,t,,t5,...,1 tp the solutions of differential

p-11
equation (1) with mixed maxima have discontinuities depending from the posed problem for
differential equations (2) and (3) with deviations.

Example 1. On the interval [0,00) we consider the following differential equation with

mixed maxima
X'(t):2max{x(f)‘z'e[t:|:\/q}, t €[0,00). )
On the interval [0,1] the differential equation (4) with mixed maxima has the form
x’(t):2max{x(r)‘re[t;\/f]}, t €[0,1]. (5)
On the interval [1,00) the differential equation (4) with mixed maxima has the following form
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X'(t) = ZmaX{X(T)‘T € [\/'E;t]}, t e[1,00). (6)

Therefore, solutions of the differential equation (4) with mixed maxima on the interval [0,00) have

the form

0 A-t? te[0,1], A>0,
0 A-e? te[0,1], A<O;

x(t) =

0 B-t?, te[Lo) B<O,

0 B-e?, te[l,«), B>0.

In finding these solutions we solved the differential equations (5) and (6) with maxima.
If we do not specify a continuous gluing condition at a point t =1, then naturally, the solution
of a differential equation (4) with mixed maxima suffers a discontinuity of the first kind at this point.

For example, if we solve the differential equation (4) with mixed maxima with condition x(0) =-2

on the first interval [0,1] and solve the differential equation (4) with mixed maxima with condition
X(1) = 2 on the second interval [1,o0), then we have corresponding solutions  X(t) =—2e2' on

[0,1] and x(t) = 262" Don [1,00). So, from these solutions we have

lim x(t)= lim (—ZeZt):—Zez, lim x(t)= lim (2e2(t‘1)):2.
t—1-0 t—1-0 t—1+0 t—1+0

Consequently, for the difference of limit values of these solutions we obtained discontinuity

lim x(t) - lim x(t) =2+ 2e?.
t—1+0 t—1-0

Example 2. On the interval [0,00) we consider the following differential equation with

mixed maxima

o e(1+(—1)[‘])t

(et +1)2 ' e(l+(_1)[t])t

X(t) =

max {x(r)

z‘e[t:|:(1+(—1)[t])tJ}, )

where [t] is the integer part of t .
On the interval ; =[0,1]U[2,3] U[4,5] ... the differential equation (7) with mixed

maxima has the form

: 2¢'
X'(t) =ﬁmax{x(r)‘r e[O;t]}. (8)
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On the interval Q, =[1,2] U[3,4] U[5,6]U... the differential equation (7) with mixed

maxima has the following form

e?t +1
:mmax{x(r)‘r S [t;2t]}. )

!

Therefore, solutions of the differential equation (7) with mixed maxima on the interval [0,00) have

the form

1 x(t)=C,-e 2@ teq, C >0,
et
I x@t)=C,-——, teQ,, C.<0;
=C, el +1 v
X(t) = .
[ X(t):Dlt—,tegz, Di>0’
e +1

1 x(t)=Dj(1+et) e ED7 teq,, D <0

In finding these solutions we solved the differential equations (8) and (9) with maxima.
It is required to set conditions at each of points t, =1,1,,13,...,1,,,... If we do not specify the

continuous gluing conditions at these points, the solution of a differential equation (7) with mixed

maxima suffers a discontinuity of the first kind at these points.

2. Nonlocal inverse boundary value problem

Impulsive differential equations have important role in the developing of applied sciences [1-
7]. So, on the interval [0,T] for the t#t, 1=12,...,p we consider the following system of

ordinary differential equations
X'(t) = Ax(t) + f (t, X(0). max {x(z)| z € hy(t, x(D):]: h, t, x(t))]}) (10)

with nonlinear boundary value condition
T T
B(t)X(0) + [ K(t,s)x(s)ds =C + qo[t,jH (t,s, x(s))dsj, (11)
0 0
impulsive effect
x(t.*)—e"“ix(ti‘) =e MR (x(t)), i=12..p (12)

and additional condition
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x(T)=DeR", D=const, t €(0,T), T =t, i=12,...,p, (13)

where 0=ty <t; <..<t <t , =T, AB()eR™, K(t,s)eR™ are given matrix and
T

detE(t) =0, E(t)=B(t)+[K(t,s)ds, f:[0,TIxR"xR">R", :[0,T]xR" >R",
0

F:R"—R" are given functions; CeR", 0<h, <h, <t, h; =h; (t,x(1)), j=12,

X(ti*) = lim x(t; +7), X(ti_) = lim x(t; —#) are right-sided and left-sided limits of function
n—0* n—0~

X(t) at the point t =t., respectively.
Formulation of problem. To find a pair of quantities {X(t) e PC ([O,T], Rn), Ce R”} ,

which of first is continuous function for all t [0, T], t#t;, i =12,..., p satisfying differential
equation (10), nonlocal integral condition (11) and for
t=t i=12,..p, 0<t, <t, <..<t, <T satisfies the limit condition (12) and additional

condition (13).

X0 =3IGEX) =y )+ X WLLF(x(4))+

O<ti <T

+E1(t){go(t,ff H(t,s, x(s))ds] -o| t,

O —y

H(t,s, x(s))dsﬂ +

+}W(t,s) f (s,x(s),max{x(r) |z [ hy (s.x(8)):1:h, s, x(s))]})ds (14)
0
for t e(ti,t”l], i=0,1..., p, where y(t) = E(t)- D - E(),

W (t,s) = [G(t,s) - E—l(t)G(s)] eAT=%) E(t) = B(t) +]'K(t,s)ds,
0

E*(t)e ™ (B(t) + j K(t,H)dH], 0<s<t,
G(t,s) = 0

;
—E7 (D[ K(t,0)doe ), t<s<T,
S
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eA(ts){B(t_) +th(t‘,9)d9J, 0<s<ft,
G(s) = 0

;
-jK(t‘,e)deem—S), f<s<T.
S

Theorem. Suppose the following conditions are fulfilled:

(Y1). The constant matrix A such that there holds estimate
H e/ H <e® O<a=const, t[0,T];

(Y2). Forall t,s €[0,T] holds

[E"o]

SM¢<oo;
PC

¢(t,}H(t,s,w(s))dsJ

V3). | f (L ®).w®)],. <M <o, axp}” F(vt))|<Me <o

R
(Y4).Forall t €[0,T], X,y € R" holds

(X0 y0) = T (6%, ) [S L)X =% [+ LO[ Y = Y2 ;
(Y5). Forall t €[0,T], xeR" holds

‘(P(t,xl)—(p(t,xz)‘g Lg‘ X, — X, ‘;

(Y6). Forall t,s<[0,T], xeR" holds
;
H(t,5,%) = H(t,5,%,)[ < Ly(s)] X, =X, |, 0 <[ L, (s)ds < oo
0

(Y7).Forall t €[0,T], xe R" holds
[h %) —h; (%) < L 0% =%, |, j=12;
(Y8).Forall x,yeR", i=0,1,..., p holds

| R —F Q)| <L | % =% |;
(Y9). p <1, where

te[0,T]

2T
p:sl+2|_3H E7(t) H jL4(s)ds+Sz, Slzzp:LGi max W (t,t,)|,
0 i=1
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S, = [ max W (t,s)\-[Ll(s) + L, (8)(1+ M (Lgy(s) + L52(s)))]d s.
0

te[0,T]
Then the nonlocal inverse boundary value problem (10)-(13) has a unique pair of solution
{X(t) € PC([O,T], R”);C € Rn} . The solution X(t) e PC([O,T], Rn) can be founded from
the following iterative process:
xX“(t)=J (t;x"‘l), k=123,...

X°(t) =w(t), te(t,t,,), i=012,..,p.

The solution we denote by w(t), i.e., X(t) = o(t) € PC ([O,T], R" ) . Then to find vector C this

solution @(t) of the equation (14) we substitute into following presentation:

C= D-E(t_)—go[f,}H(f,s,x(s))dsj— > G()e VR (x(t)) -
0

0<t;<T

—}G(s)eA(T‘S) f (s, x(s).max {x(z) | 7 [ hy (5,X($)):]:h, s, x(s))]})ds

for te(t;,t,,], i1=01,...,p.
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CUHTE3 PACHPEJEJEHHOI'O U TPAHUYHOI'O YIIPABJIEHUH TPU
MUHUMM3ALIAA KYCOUYHO-JIUHEMHOI'O ®YHKIIMOHAJIA

A. KEPUMBEKOB

1Kwvipevizcko-Poccuiickuu Crasauckuil yrnueepcumem, buwkex, Kvipevizcman.

E-mail: akl7@rambler.ru

AnHoTanusi. B craTbe uccieZoBaHBI BOMPOCH Pa3pellMMOCTH 3allaud CHUHTE3a, PpaclpeleieHHOro W
IPaHUYHOI'O YNPaBJICHUH NP MUHUMHU3ALUU KyCOYHO-JIMHEHHOro (QyHKIMOHANA, B Cly4yae YyIpaBJCHUs
KOJleOaTEeIbHBIMU  TPOLIECCAMH,  OMHUCHIBAEMBIMH ~ MHTErpO-Au((PepeHInalbHBIMA ~ YPABHEHHSIMH B YaCTHBIX
MPOM3BOJIHBIX C HHTErPAIbHBIM orieparopoM Openronpma. OyHKIUU BHELUTHETO U TPAHUYHOTO BO3ICHCTBHI HETMHEHHBI
OTHOCHTENBHO ympaBineHuit. [ns ¢yHkuuonana bennmana mnonydeHO WHTErpo-auddepeHiransHoe ypaBHEHHE
cneruduyeckoro Buga. OMucaH anroOpuT™M MOCTPOCHHS DEIICHHs 3aJa4d CHHTE3a, PACHPEACICHHOTO0 U TPAHUYHOTO
yIpaBJCHUH, M3JI0KEHA TIpOLeaypa OINpeAeeHUss ypaBHEHHH Kak GyHKOMHM ((QYHKIMOHAIIBI) OT COCTOSIHHS
YIIPaBJIIeMOro Mpolecca.

Kawuesble ciioBa: uarerpo-auddepeHiuansHoe ypaBHeHue, onepatop dpenronbsma, 0000MICHHOE pellicHHE,

¢dyukimonan beiMana, nuddepennuan dpenie, CHHTE3 ONTHMAIBLHOTO YIIPABICHUSL.

PaccmoTpuM 3a1a4y MUHUMHU3ALUU KYCOYHO-TMHEHHOTO (DyHKIIMOHATIA

1), 9001 = [| (VT 0= &) +( (T, 0 = £0) ex
i ) (1)

+j[a[|u(t,x)|dx+ﬁj|3(t,x)|dx]dt, a, >0
0 Q 4

Ha MHOXECTBE 000OIIEHHBIX PEIICHUN KPaeBOH 3a1auun

Vy —Av=/1]‘K(t,r)v(r, x)dz+ f[t,x,u(t,x)], xeQ, 0<t<T, @)
V(0,X) =y, (X), v, (0,X) =, (x), x€Q, @)
Iv(t,x) = Zn: ay (X)v,, (8, x)cos(v, x;) +a(x)Vv(t, x) = p[t, x, I(t, X)], x e y,0 <t <T, 4)

rae A— 3JUIMITUYECKUH orepaTop

AV(EX) = Y (3, (% (1), ~COOV(E X),

ik=1
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Q -obmacte mpoctpanctBa R" orpanmueHHas KyCOYHO-TIAAKOH KPHUBOI ¥, Q =0Qx[0,T)
byHKIUN K(t,z)eH(D), D={0<t,z<T}, §(X) e H(Q), & (X) e H(Q), v, (X) e H,(Q),
w,(X) e H (Q), a, (x),a(x) =0,c(x) >0 cunTtarorcss U3BECTHLIMU; V - BEKTOP HOPMAJIHM BBIXOJAIIEH
u3 toukn xey , f[t,xu(t,x)]e H(Q,),V pacnpenenennoro ynpasiaenus u(t,x)eH(Q,),
plt, X, 3(t, )] € H(y;), , V rpanmunoro ympasinenus H(t,x) e H(y;), r =y *(0,T); IIpu stom
a(x) m c(X) wusmepumbie ¢ynkuun, H(Y) -ruab0epTOBO MPOCTPAHCTBO — KBaJpaTHYHO-
cymMmupyeMbIX (yHKUM, onpeneneHHbix Ha MHOxkecTBe Y ; H,(Y) -mpoctpanctso CoOonesa

MEepBOro MopsaKa; A -mapamerp; T -(PUKCHPOBAHHBII MOMEHT BPEMEHH; OTHOCUTENIbHO (PYHKIHUU
BHEITHETO W TPAHUYHOTO BO3JICHCTBUH Oy/IeM CUHTATh, YTO

f,[t, x,u(t, x)] =0 V(t,X) € Qr; pglt, X, 9(t, )] =0 V(t,X) € 43 (5)

T.€. OHU MOHOTOHHBIE 110 PYHKIIMOHAIBHON IEPEMEHHOM.

Onpeodenenue. 1lo0 o0600wenHvIM peuwieHuem Kpaegou 3adauu (2)-(5) nowumaemcs ¢hynxyus

v(t,X) e H(Q,) , komopas emecme ¢ 0600uenHviMu npouzsoonvimu V,(t,X) u v, (t,x)

ydomemeopﬂem UHmMmezcpailibHoMy moofcdecmgy.

ik=1

[ @00 XD dx= | { J [ 0A 0~ 3 a3, (%, (6 )4, (61
Q t

—c(X)v(t, x)a(t, x) +(}LJ.OT K(t,7)v(z, x)dz + f[t, x,u(t, x)]a(t, x))dx (6)
+{ (Pt x, 86,001 -0V XL, x)dx} dt

npu mobbIx t, U t,(0<t <t<t, <T) mmsmoboii GyHkImu ¢(t,x) € H,(Q,) , @ TakKe HAYAIbHBIM

YCJIOBUAM B ciaabom CMBICJIC, T.C. paBCHCTBA

lim [ [v(t, X) ~y, (1, (9dx =0, lim [ v, (¢, X) ~y, (9 (x)dx =0
Q Q

BBINIOJIHAIOTCS JUIst TI00BIX QyHKIHA ¢, (X) € H(Q) 1 ¢ (x) e H(Q) -

Teopema 1. [3,4] Kpaesas 3a0aua  (2)-(5) npu  kadxcoou  nape  ynpasienull
{u(t, X), 3(t, X)} e H(Q;)xH () umeem eouncmeennoe obobwennoe pewenue v(t,x) € H,(Q; ).

B 3anmaue cunTesa mckomble ympasieHus u’(t,x) e H(Q;) u 9°(t,x) € H(y;) cleayeT HaXxOIHTh

Kak QyHKIMIO (PYHKIHOHA) OT COCTOSIHUS YIPaBIIIEMOT0 MpoIiecca T.€. B BUJIE

u®(t, x) = uft, x,v(t, x), v, (t, )], (t,x) €Q;, F°(t,x) = A, X, v(t, ), v, (t, X)], (t,X) €y,

45



BecTHUK AKTIOOMHCKOTO peruoHanbpHoro yausepcurera uM. K. XKybanosa, Ne2 (67), utons, 2022
DU3UKO-MaTEMaTHYCCKUE HAYKH

3aMeTI/IM, YTO COI'JIaCHO YCJIOBHUAM (5) YCTaHABJIMBACTCsA B3aMMHO-OJHO3HAYHOC COOTBETCTBHUC

MEXKY BJIEMEHTaMHU MPOCTPAHCTBA YIPABICHUMN {[u(t,x),S(t,x)]} U TPOCTPAHCTBA COCTOSTHUM

YIPaBIISIEMOTO Mpolecca {V(t, X)} .

s pynxkyuonana (1) onpedensiem ¢pyukyuonan Benimana 6 guoe

S[t, x, o(t, )] = min {jtT(an|u(t,x)|dx+ﬂL|9(t,x)|dx)dt+jQ||w(T,x)—é(X)”Zdx} @)

uel ,%eVv
3nece a(t, xX) ={v(t, X),V,(t,X)} -Bekrop-dbynkmmsa cocrosuus;, a  &£(X) ={<&(X), <&, (X)} -BexTop-
(yHKIMA KENAEMOro COCTOSAHHS YIPABISEMOIrO MPOLECCa B MOMEHT BpemeHu T ; || -HOopma
BEKTOpa; U - MHOXKECTBO JOITyCTUMBIX 3Ha4yeHMH ympasieHus U(t,X), (t,X) € Q, ; V - MHOXECTBO
JOIyCTHMBIX 3HaueHUH ynpasieHus H(t, x), (t,X) € y; .
Cornacno cxeme bemnmana-Eroposa [1;2] npemnonaras, uro S[t,X,o(t,X)] xak ¢ynxuus

muddepennupyema o t u kak GyHkuuonan auddepenuupyem no Opemre nepenuiieM (7) B Buie

_wm= i {ItT(aIQ|U(t1X)|dx+ﬂjy|‘9(t’x)|dx)dt

8‘{ uel,9ev

+ds[t, x, o(t, X); Aw(t, X)]+ o(At) + 5[t, X, (t, X); Aw(t, X)]},

(8)

rae Ao(t, X) = Aot + At, X]—oft, X], ds[t, X, o(t, X); Aa(t, X)] - muddepenuuan Ppeme, a o(At) u
o[t, X, o(t, X); Aw(t, X)] - GeckoHeuHO Mable BETMUYUHBI OTHOCUTEIBHO At .
[Mockoneky muddepeniman  @Dpeme  OTHOCHUTENBHO Aw(t,X) e H*(Q ) =H(Q )xH(Q;)

V(t, X) € Q; , ABIAETCSA TMHEHHBIM (DYHKIIMOHAIOM, TO MIMEET MECTO PAaBEHCTBO
ds[t, X, (t, X); Aw(t, X)] = jQ m’(t, X)Ao(t, X)dx = IQ(m(t, X)AV(t, X) +m, (t, )AV,(t, X))dx  (9)

rJe CUMBOI * - 3HaK TPAHCIOHMpPOBaHMA; BeKTOp-pyHkuusa m(t, X) ={m,(t, x), m,(t, x)} sBusercs
rpaguentoM byukumonana S[t, X, @(t, X)] u npunamnexur npocrpanctey H2(Q,) = H(Q, ) x H(Q,)
noutu npu Beex (t,X) € Q. 3amerum, uro M(t, X) onpenensiercss B 3aBUCUMOCTH OT (HYHKLMOHAJA
S[t, x, w(t, X)], T.e.

m(t, X) = m(t, x, S[t, X, &(t, X)]). (10)

Jlerko nmpoBepUThH, UTO CHPABELIUBO TOKIECTBO

46



K.)Ky6anoB atbiHiarsl AKTe0e eHIpiiKk yHUBepcuTeTiHIH Xabapuibichl, Ne2 (67), mayceim, 2022
®nznka-mMaTeMaTHKa FEUIBIMIAPH

j m*(t, X)Aaw(t, X)dx — j (M, (t, X)Av, (t,x)), ™ dx

(11)
+ j (m, (t, X)Av(t, X)) dx — j (M, (t, X)AV, (t + At, x)). ™ dx.
C yuerom cootHomienuii (9)-(11) paBencTro (8) nepenuiiiem B BUjIe
OS[t, X, o(t, . tat g
_szugﬁv {L (a_[ |u(t, x)|dx+ﬁf |9(t, x)|dx)dt+j m, (z, X)Av, (7, X)), (12)

+jQ [m,(t, X)Av(t, x) —m, (t, X) AV, (t + At, X) Jdx + o(At) + S[t, X, &(t, X); Aw(t, x)]}.

ITycte m,(t, x) € H,(Q;) . Toraa B unTerpansHoM Toxaectse (1.6) momaras ¢(t, x) =m, (t, X) u

t, =t,t, =t+ At nmeem

J (ma(z0av (. 0),  de= [ { J [ma. (30w (7.0 - Za.k<x>vxk (7., 0m, (7,%)

—c(x)V(z, X)m, (z, X) +(,1 jOT K (7,0)V(z,0)do + f[z, x,u(z, X)])mz(r, x)}dx
+{ (plr,x, 8z 91-a0W(z ), x)dx} dr.
C yueToM 3TOro TOKJeCTBa paBeHCTBO (12) mpencraBuM B BUE

_BEX o]\ in {J (aj juct fdx+ 4] ¢, X)|dx)dt

ot ueU,9ev

. Ait :+A{ I {mﬂ (z, X)V, (7, %) — Za,k(x)v (z.x)m, (7, %) = c(x)V(z, X)M,(7, X)

+(z joT K (z,0)V(z,0)do + f[r, %, u(z, X)])mz(r, x)}dx+ L (plz, % 9(z, X)]-a(x)v(z, x))m, (z, x)dxjdf

+f m.(t, %) Av(t X) m,(t x) AV, (t + At X) fix+ o(at) | dlt,x ot x); Aw(t, )] |
At At At
Ortcroza mepexofst K Npesieny Npu At — +0 1 TI0CIIe HPUBEACHIS IIOA00OHBIX CIIaraeMblX, a TaKKe

YUYUTBIBAsA COOTHOMICHUS

lim (A0 o(At) ~0, lim Ot, x, w(t, X); Aw(t, X)] _lim o,(At)
t—>+0 At t—+0 At t—>+0 At

=0

MOJIYYUM UCKOMOC (bYHKI_[I/IOHaJ'IBHOC YPaBHCHUC TUIIA bennmana

_SILx et )] {jQ(a|u(t, X)|+m, (t, X) F[t, x,u(t, x)])dx +

at uel,%eV

+ j (B9t )| +m, (t, x) plt, X, 9(t, )] ) dx + jo(z jOT K (t, 7)Vv(z, x)dr)mz(t, X)dx (13)

+j m, (t, X)V, (t, X) — j {Z 3, (v, (t,)m,, (t,x)+c(x)v(t,x)mz(t,x)}dx—_[y a(x)v(t,x)mz(t,x)dx},

k=1
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KOTOPO€ MMEET MECTO IoYTH 171 BeeX (1,X) €Q, u (t,X) €y, Jlanee UCIOb3ys pasioKeHHs

V)= Y% 02,00, V.0 =] vit, 0z, (9ax,

m, (t, x) = z m, t)z;(x), m,, (t,x)= JQ m, (t, X)z; (x)dx,
j=1
a TaxKe onpezieNieHne 0000IIEHHBIX COOCTBEHHBIX QYHKIMH 7, (X) [3 MOIydHM COOTHOIIEHHE

J'Q |:|ki—l 3 (X)v, (t,x) m,, (t, X) + c(X)v(t, x)m,(t, X) }dx + L a(x)v(t, x)m, (t, x)dx

= IQ JQ m, (t, x)D(4, x, y)v(t, y)dydx,

e D(2x,y) =Y 2,(0222,(y).

j=1

Teneps ypaBuenue (13) nepenuiiem B cleayoIEeM BUIE

_BSItxetx] {IQ(a|U(t, X)]+m, (t, %) £ [t, x,u(t, )]) dx

ot ueU,9ev

+] (8190 +m, (&, x) plt, x, 9(t, )] ) dx + jq(;t [, K08, x)dr)mz(t, X)dx (14)
(M 08,00) -m, (€0, DCx Ve Ve e
CorzacHo (2.1) 3T0 ypaBHEHHE CIELyeT pacCMaTPUBATH BMECTE C YCIOBHEM

ST x (T X)) = | T, %)~ £ dx (15)

Takum obpasom S[T,X,@(T,X)] cnenyer maxomuts kak pemenue 3amaun (14)-(15), xoropas
HaszbpIBaeTcs 3amgadyed Kommu-bemnmana. /[ mocTpoeHus pemieHus 3TOM 3ajayd CHavalla peniaeM
3a7a4y MHUHUMH3AIUU MpaBoi yactu ypaBHenus (14). TIpu 3ToM crefyer pa3auyarh CIEAYHONIHe
cllyJau:

1. U u V - OTKpBITbIE MHOXKECTBA;

2. U - OTKpHITOE, a V -3aMKHYTO€ MHOXECTBO;

3. U - 3aMKHYTOE, a V - OTKPBITOE MHOYKECTBO;

4.U UV - 3aMKHYTbIe MHOKECTBA.
PaccmoTpuM 3amauy MUHHUMH3ANMKA B ypaBHeHuu (2.7) B ciydae, Korma U W V- OTKDBITBHIE
MHOXecTBa. [IpuMeHss KiacCMUeCKuM METOJ peuleHUs 3aJaud SKCTPEMyMa, HaxoJHUM, 4YTO

«IIOIO3PUTENFHOE HA ONTHMAIBHOCTEY paclpeneientoe ynpasienue U°(t,X) ompenensercs

CIIETYIOLIM 00Pa3oM.
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1. B obnactu Q° =Q,, rae U(t,X) >0, uckomoe ynpasienne u°(t,x) OnpeaenseTcsi COrnacHo
YCJIOBUAM OITUMAJIBHOCTU B BUJAC PABCHCTBA
a+my(t,x) f,[t,x,ut,x)]=0, (t,x)eQy,

(16)

u ¢ dhepeHuanTbHOr0 HepaBEeHCTBA
m, (t, x) f,[t, x,u(t,x)] >0, (t,x)eQ/,
KOTOPBIE BBIIOIHSAIOTCS OJHOBPEMEHHO mouTH s Beex (t,X) € Q.
JuddepennnanbHoe HEPABEHCTBO SABISETCS TPYIHO MPOBEpPsieMbIM ycioBueM. OIHaKO, COTJIaCHO
(2.10), ero moxHO TIpeoOpa3oBaTh K BUAY
£ x,u(t, x)]f, [t x,u(t, x)] <0, (t,x) Q. 7)
[lyctpb BbImONHEHBI yeioBus ontuManbHocTH (16) u (17). Torna cornacHo Teopeme 0 HESIBHBIX
¢ynxusax u3 papencrsa (16) ynpasnenue U(t, X) onpenensercs oqHO3HAUHO, T.€. CYIIECTBYET
OiHO3HAa4Hasg QYHKIMA ¢, (-) Takasd, 4yTo
ul(t, x) = @ [t, x,m, (t, X, o(t, X)), ], (t, %) Q. (18)
2. B obmactu Q- =Q,, e U(t,X) <0, uckomoe ympasnenue u’(t,x) , COTIACHO YCIOBHAM
ONITUMAIIFHOCTH B BHJIE PAaBEHCTBA
—a+m,(t,x) f [t,x,u(t,x)]=0, (t,x)eQ;,
(19)
U 11U QpepeHnanbHOro HepaBeHCTBA
£ X, u(t, x)1 L It X, u(t, x)1 >0, (t,X) eQy, (20)
omnpenensiercs mo popmye
u’(t, x) = @,[t, X, m, (t, X, o(t, X)), ], (t,Xx) €Q;. (21)

Taxum 0Opa3oM MMeeT MECTO yTBEpKIEHHUE:

Teopema 2. Ilycmv U ssnsemcs omxpoimuim mHoxcecmeom. Ecau ¢ynxyus T[E X U(t, X)] 6
obracmu QF = Q,, 20e U(t,X) >0, yoosremsopsem ycrosuio (17), mo cywecmeyem gynxyus ¢,(-)

Komopas 0OHO3HAYHO ocyuiecmejisiem CuHmes pacnpedeﬂelmozo ONMuUMalbHoO20 ynpaeienus no

dopmyne (17).
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Ecnu ¢pynryus T[t,X,u(t,X)] 6 oonacmu Q; = Q,, 20e U(t,X) <0, yoosremsopsiem ycrosuio (19), mo
cywecmeyem Qynkyus @,(-) KOmopas OOHOZHAYHO OCYWECMEIsenm CUHME3 PACnPedeneHHO20

ONMUMAaIbLHO20 ynpasnenus no gpopmyne (21).
AHAJOTUYHO I10J03PHUTENBHBIE HA ONITHMAIILHOCTEY MPaHUYHOE yrpasienue $°(t, X)
OTIPEIEIIACTCS CIACTYIOIUM 00pa3oM.

1. B obnactu y; <y, , rae 9(t, X) >0, uckomoe ynpasnenne $°(t,x), COINIACHO YCIOBHAM

ONTUMAIBHOCTH B BUJIC PAaBEHCTBA
L+m,(t, x)p,[tx,u,x)]=0, (t,x)ey,
(22)

u 1uddepeHnanbHOro HepaBeHCTBA
Pt X, u(t, )1 f, [t x,u(t, x)] <0, (t,X) ey, . (23)
omnpezensercs no Gopmyie
F(t,x) =h[t,x,m,(t, X, o, X)), Bl, (t,x)ey. (24)
rae h () ¢yHkuua oqHO3Ha4YHO onpeensieMas U3 paBeHcTBa (22).
2. B obmactu y; <y, , tae 3(t,X) <0, uckomoe ympasnenue 9°(t, x) , COIIACHO YCIOBHAM

ONTUMAJIBHOCTH B BUJIE PABEHCTBA
- +m,(t,x)p,[t, x,u(t,x)]=0, (t,x)ey;,
(25)

u ¢ dhepeHnalIbHOr0 HepaBEeHCTBA

Pt X, u(t, )1 f, [t x,u(t, x)] <0, (t,X) e y;. (26)
ompezensercs no Gopmyie

F(t,x) =hy[t, x, m, (t, X, &(t, X)), AL, (t,%) € 5. (27)
rae h,(-) ¢yHkuus onHO3HA4YHO omnpenensemas M3 paBeHcTBa (25). OTHOCHTENBHO

TpPaHUYHOI'O YIIPABJICHUA UMCCT MCCTO YTBCPIKICHUC.

Teopema 3. ITycmo mnodcecmeo N - signsemcs omxpoimuim. Ecnu ¢pynxyus P[t, X, U(t, X)] 6 o6racmu
7t <y, 20e Ht,X) >0, yoosremeopsiem ycrosuio (23), mo cywecmeyem gynxyus h, (-) komopas

O0OHO3HAYHO OCYWecmensaen CUHmes SpaHuyHo20 ONMUMailbHO20 YnpasieHus no gopmyne (24).
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Ecnu @ynkyusn P[t,X,u(t,X)] 6 obnacmu y; <y, 20e 9(t,X) <0, yoosremeopsem ycrosuio (26),
mo cywecmeyem yrxyus h,(-) Komopas 0OHO3HAYHO OCYWeCMEIsem CUHmMe3 PACnpeOeieHHO20

ONMUMAIbLHO20 ynpasienus no gpopmyne (27).
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A. KERIMBEKOV
Kyrgyz-Russian Slavic University, Bishkek, Kyrgyzstan

E-mail: akl7@rambler.ru

Annotation. The article investigates the solvability of the problem of synthesis, distributed and boundary control
while minimizing the piecewise linear functional, in the case of control of oscillatory processes described by integro-
differential partial differential equations with the Fredholm integral operator. The functions of external and boundary
influences are nonlinear with respect to controls. An integro-differential equation of a specific type is obtained for the
Bellman functional. The algorithm for constructing a solution to the problem of synthesis, distributed and boundary
controls is described, the procedure for determining equations as functions (functionals) of the state of the controlled
process is described.

Keywords: integro-differential equation, Fredholm operator, generalized solution, Bellman functional, Frechet
differential, synthesis of optimal control.
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AnHoTauusi. HccienoBanel MyYJbTUIUIMKATOPBl  JBOWMHBIX psiaoB  Dypee-Xaapa B

AHU30TPOIIHBIX IIPOCTPAHCTBAX JIopeHua. HonyquH HeO6XO,I[I/IMBIe U OJOCTATOYHBIC YCJIIOBUA IJIA

TOr0 dTOOBI TIOCIIEAOBATENFHOCT A = {/1{(11],(22} IpUHAJUIe)KaNa KJIaccy MYJIbTUIUIMKATOPOB

m(l‘p'.f - Lq,s-)
Kuaruessie ciaoBa: psax @Pypee, cucrtema Xaapa, MYJIbTHUIUIMKATOpPbl pAnoB Dypse,

AHMU30TPOITHOE MPOCTPaHCTBO JIopeHIa

[Tycts X, Y - npoctpancTBa (hyHKIUI, onpeneneHHbIX Ha otpeske [0,1], Takux, yto X © L.
ITycto {¢}} - monuast opronopmupoBaHHas cucrtema. Ilycts GyHknuu f € X COOTBETCTBYET €€ psifl

dypbe 10 JaHHOl cucteme {@y}

oo

f~ Z APk,

k=1
rae aj - xkodhounuenter Pypbe Gynkuuu f mo cucreme {@;}. Bymzem roBoputs, uTO
HOCIIEIOBATEILHOCTE KOMILUTIEKCHBIX Urcell A = {Ay }ren ABIAETCA MYJIBTHILIMKATOPOM psI0B Pyphe

o cucreme {@;} u3 mpoctpanctsa X B nmpocrpanctso Y, eciu st Gpyukimu f € X ¢ psgom Oypbe

o)

Z APy

k=1

Hargercs Gynknus f, € Y, psg @ypbe KOTOPOH COBIAIAET C PSAIOM

z A @iy
k=1
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u oneparop Af = f, sBnsercs orpanndeHHBIM orepatopoM u3 X B'Y.
MuoxectBo m(X — Y) Bcex onpeneneHHbIX TAKUM 00pa3oM MYJIbTUIUINKATOPOB SIBIISIETCS
JIMHEWHBIM HOPMHUPOBAHHBIM IIPOCTPAHCTBOM C HOPMOM
Aoy = 1Allxsy -
Jlnist TPUTOHOMETPUYECKUX PSIOB U3BECTHA (pyHAaMEHTalbHast Teopema Maprunkesuya [1]:
Teopema. Ilycmb 1 < p < 0, A = {A,,,};nez - HOCICOO6aMeENLHOCb BEUCCMBEEHNBIX YUCEN,

V0081emBOPAIOUUX YCIOBUIO

2m+1
Fo) = sup( D e = Zual + 1A = il |+ suplnl < oo
meN K=om meZz

mozoa A - mynemuniuxamop 6 Ly[0,21) u
Al < cFo(A).
JlanbHenee pa3BUTHE TEOPUM MYJIbTUIUIMKATOPOB TPUTOHOMETPUYECKUX psAaoB Dypwe
MOKHO HaiTh B pabotax Jlusopkuna [1.U. [2, 3], HypcynranoBa E.Jl. u Taeyxanosoi H.T. [4-6],

Cwmaminosa E.C. u Tneyxanosoit H.T. [7], FOnuna B.A. [8].

PaccmoTpuMm  mocnenoBaTenbHOCTE A = {xl{c Besikas  mocnenoBatenbHOCT A

}(k.j)eﬂ
MOpOKAACT OIICpaTop /1, KOTOpLIﬁ Ha IMOJHMHOMAxX II0 CUCTEMC Xaapa ONpeaACIIACTCAd CICAYIOMIUM

obpa3zom:

N 2k N 2k
A dr@ | = > Haldw.
k=0 j=1 k=0 j=1

CornacHo knaccuueckoi Teopeme [Ianu-Mapuunkesuua [9],ecmu 1l < p < oown

sup |A{c| < 00, TO
(k,j)e

1Af 1L, < cpliflls,

1,1 .
nns Beex f € L,. Tounoe 3maueHme c, = max(p,p’) —1, rme ;+ o= 1 waiigeHo

Bypxxonnepom /1. [10]. MynpTuUIMKaTopsl 1o cucreme Xaapa usydaiuch B padorax C. Sno [11],
Hosuxoga 1.41., CemenoBa E.M. [12], Kporosa B.I'. [13] u ap.
Cornacno [12, c.127, teopema 12.1],ecin 1 < p < q < 00, TO

(it
1ANmez, — g = (;%I;QMHZ 6), )

A€ KOHCTAaHThI SKBUBAJICHTHOCTH 3aBHUCAT TOJIBKO OT P, (.
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HccnenoBannio MyJIbTHILIMKATOPOB psiioB Dypbe mo cucteme Xaapa B Oonee 0OOIMUX
MIPOCTPAHCTBAX MOCBSAIIEHBI padoThI [ 14-18]. Bopoc 0 MynbTHILIMKATOpax KpaTHBIX psaoB Dypbe-
Xaapa ocTaBaJiCs OTKPBITBIM.

[enpro HamIel pabOTHI SBISETCS UCCIICIOBAHUE MYJIBTUILTUKATOPOB ABOUHBIX PsioB Dyphe-
Xaapa B aHM30TPONHBIX IpocTpaHcTBax Jlopenna.

[Tycts f n3mepumas GyHKIUS, IPHHAMAIONIAS TOYTH BCIOTy KOHCUHBIC 3HAUCHUS:

m(o, f) = u({x:x € [0,1], |f] > o})

e Gynkuwms pacupeneneHus. OyHKIHs:

f () =inflo:m(o,f) <t}, t>0

Ha3bIBAETCS HEBO3PACTAIOIICH epecTaHOBKON QYHKIHH f .

Iycts f(x1,x;) - usmepumas Ha [0,1]? dynxuus, uepes f*1*2(t,, t,) 0603HaUMM (PYHKIHIO,
MOJIYYCHHYI0 ~ NPUMCHCHHEM  HEBO3pacTalomell  mepecTaHoBku K QyHKOuH  f(Xxq,X;)
MOCJIEIOBATEIBHO 110 TIEPEMEHHBIM X1, X;.

Ilycts p = (p1,p2), T = (74, T3) Takue, uto eciu 0 < p; < 00, 70 0 < 7; < 00, ecnu p; = 0,
T0 M T; =00, i =1,2. AuusorponnsiM npocrpancteom Jlopenua Ly;z[0,1]* [19] Hazsosem

MHOXECTBO (PYHKIIUH, U1 KOTOPBIX KOHEYHA BETMYMHA:

1

T2 6

1 1

ERREa dt Hdt2
Wlligeionr = [ | [ (eremiren ) 2] 5

t t,
0o \0

1

1 dt\z
31ech U anee, KOraa T = 00, HHTerpall ( ) o (@(®)° Tt)THOHI/IMaeTCH Kak sup ¢ (t).
t>0

Torma BC€pHa CJICAYIOIIasa T€opemMa.

_ _ 1 1 1 11 )
Teopema 1. Ilycms 1 <p<qg<0,0<7,§ <00, —= (———) = max{———,O}, i =
$i s Ty Si  Ti
1, 2. Tocoa nocnedosamenbHOCHb KOMIIEKCHbIX yucenr A = {/1{(11],?2}(}( - A6nAemcs
iJi)€

mynomuniukamopom uz Ly [0,1]% 6 Lg 5[0,1]* mozda u monsko mozoa, kozda

X

/ El\%\fz
1 1) 2(1 1 | <

z z Zkl(m q1 tk P2 Q2) sup |Aj1j2

kik>
= - 15j;<2k
ko,=0 \ k1=0 3
2 ! i=1,2

(0]

U 8epHO
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¢ 1

/ f1\é\fz
1 1 1 1

”Mlm(Lﬁ.?[0.1]2—> Lg;s[0,1]?) z| Z Z Zkl(l’l ‘h)+k2(pz qz) sup |A]1]2| .

Tk
k2=0 k1=0 15.],:52 i
i=1,2

30ecy u danee 6 ciyuae, koeoa &; = +00, COOMBEMCMBYIOWAS CYMMA 8 8bIPANCEHUU CNPABA

3AMEHAemcst Ha Cynpemym.

CaeacrBue 1. Ilycmp 1 <p<q< 0, 0<71,5 < 00, E (l—l) = ‘max{%—%,O}. Tozoa
+

3 s r

NOCIe008aAMENbHOCb KOMNIEKCHbIX Yucenl A = {/1{(} Aendemcsi MYJAbmuniukamopom us3

(k. j)en

L, 10,1] 6 Ly s[0,1] mozoa u monvko mozoa, kozoa

© 11 &\¢
<Z (2(5_5)k sup |)1{c|> > <K,
1<j<2k

k=0
npuyem

1
YL f
1lhney 0115 sgtonn = (- (2070 sup |4] |
k=0 1sjs2t
3ameuanue 1. B omauuue om pezyromamos pabom [14, 16], ymeeporcoenue cneocmeus 1

oxeamsiéaem cayuatl, koeoa r > S, a max sce cayvau 0 <r,s < 1
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AHHOTanusi. B Harosimell 3aMeTKe YCTaHOBJIEHBI HOBBIE JIOCTATOYHBIE YCIIOBHUSI O€3YyCIIOBHOW 0a3MCHOCTH
KOPHEBBIX (DYHKIUI TU(PEepeHIIMATBHBIX ONEPATOPOB BTOPOTO MOPSIKA C HHBOJIOIUCH.
KiroueBbie ciioBa: CoOCTBeHHBIC 3HAUCHIS, COOCTBEeHHBIE (DYHKIMH, Oa3uc, nuddepeHInalbHbIe OIepaTophl

nopsaka ¢ HMHBOJIIOIUCH.

OnHUM W3 CIIOKHBIX BOIPOCOB CIEKTPaJbHON Teopuu auddepeHnnanbHbIX 0onepaTopoB
OCTAIOTCSI BOIPOCHI 0Aa3MCHOCTH KOPHEBBIX (PYHKIMH TaKUX ONEPATOPOB ¢ OECKOHEYHBIM YHCIOM
KpaTHBIX COOCTBEHHBIX 3HAaU€HUI. B Takux ciydasx moka HeT pe3ynbTaToB, MO3BOJISIONIUX CYAUTh O
0a3MCHOCTH KOpPHEBBIX (YHKIUI B TepMHMHaxX KpaeBblX ycinoBuil. [Jnsg nuddepeHnmanbHbIx

OIEpaToOpOB C KpaTHBIM crieKTpoM B.A.WnpunbIM pa3pabotan meron [1], mo3Bosstonmii u3y4arh
BOMPOCHI 0a3MCHOCTU KOPHEBBIX BEKTOPOB B TEPMHHAX MPOM3BEAECHUS L2 -HOPM KOPHEBBIX

KOpPHEBBIX (YHKIMH B3aMMHO COIPSDKEHHBIX orepaTopoB. B paborte [2]  ykaszaHHas Teopus
6asucHoctu B.A. MnbpuHa pa3BuTa Ha ciaydyail nud@epeHnuanbHbIX ONepaTopoB ¢ MHBOIIOLUEH

CJIe/IyIOLIEr0 BHIA
Lu=-u"(x)+au"(-x)+q(x)u(x)+q, (x)u(v(x)), ~l<x<l. (1)

3necs —-l<a<l, xoodpduuments: q(X) u 0,(X) - mpoussonbHble (BooGuie TroBop,
KOMJIIIEKCO3HAUHble) (YHKIMH M3 Kiacca Ll(—l,l) , a uusomowust V(X)— abcooTHO

HenpepbIBHas (YHKIMSA, MPOU3BOJHAS KOTOPOIl CYIIECTBEHHO OIpaHMYeHa Ha [—1;1]. Ob6nactb

OIIpEIEIICHUS D(L) oneparopa (1) Bcroay miotHa B L, (—1, 1), IpUYeM KOHKPETHBIN BUJ 00JIacTH
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oTpeeneHus D(L) JUIS HalllUX PacCMMOTpPEHUN He moHagoOutcs. byaem cuutarh, 4TO D(L)

CONEP)KUT TONBKO (YHKIMH, aOCONIOTHO HEMpEephIBHBIE  BMECTE  CO CBOUMH IEPBBIMH
npou3BoaHbIMU Ha (-1;1).

B Harosimieii 3aMeTKe yCTaHOBJICHBI HOBBIE JOCTATOYHBIC YCIOBHS 0€3YCIOBHOW 0a3MCHOCTH
KOpHEBBIX (yHKIHiT onepatopa L.

Cnenys B.A. Unbuny [1], coOcTBeHHOW (yHKIMEH (MM KOPHEBOM (yHKIMEH

HYJIEBOIO mnopsjka) U, (X) ornepatopa (1), oTBeyaromel KOMITIEKCHOMY COOCTBEHHOMY 3HAYCHHUIO

A, Oynem Ha3bIBaTh 1000 HETPUBHAIBHOE PErylsipHOEe pemieHune ypaBHenus Lu=Au. T.e.,
coOcTBeHHOU (¢yHKIMell omepatopa (1) sBasercs nrobas GyHKUIUA U(X) € D(L) ,

ynoBiieTBOpsitonias ypaBuenuto (1) moutu Bcrogy Ha uaTepBaie (-1,1). dyHkImo ukl(x) € D(L)
OyneM Ha3bIBaTh MPUCOCAMHEHHOW (YHKIMEH MEPBOrO MOPsIKa, COOTBETCTBYIOIIECH COOCTBEHHON

$ynxmn U, o (X) U TOMY K€ KOMIUIEKCHOMY COOCTBEHHOMY 3HAUE€HUIO A, , eciu

Luy, (X) = AU (X) = Uy (X).

[MpucoennHenHast QyHKIUS J-TO MOPSIKA ONPEALIISETCS PABSHCTBOM

Lu, (X) = Aug (X) —Uy . (X).

[Ipeanonoxum BHIMOTHEHNE CISAYIOMINUX YCIOBUH.

1) Ilycrts {Uk (X)} = {uki (X)} cucTeMa COOCTBEHHBIX U NPUCOEIMHEHHBIX (DYyHKIMIA
omeparopa L monma u mummmansua B L, (-1,1). TTycTh GHOPTOTOHATLHO COTPSKEHHAS CHCTEMa
{Uk (X)} (Tak)ke TOJIHAs) COCTOMT W3 COOCTBEHHBIX M TNPHCOCTUMHEHHBIX (QyHKIui (B

BBIINICYKA3aHHOM CMBICJ'IG) q)OpMaJ'ILHO COIIPSKEHHOT'O K L orneparopa

L'v=-0"(X)+av"(-x)+q(x)o(x)-v'(x)ag, (v(x) p(v(X)), (2)

U BBINOJIHSETCS YCIOBUE (Uk (X) »Uj (X)) = 5kj .
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2) KparHocTh Bcex cOOCTBEHHBIX 3HAUEHHI paBHOMEPHO OrPAHUYEHO.

3) CoOcTBeHHbIe 3HauUeHUs MpUHAIeKaT napadosie Kapnemana, T.e.,

Im./A, < const.

AJIs1 BCEX HOMEPOB k .

4) sup Y 1<oo,

221 |3 -al1
Teopema 1 [2]. ITycTh BBIOIHEHBI YCIOBUS 1) - 4) 1 HHBOJIFOLIHS v(X) B (1) - mpou3sBosIbHAS

abCOIOTHO HempepbiBHAsK (PYHKIIMS, IPOU3BOIHAS KOTOPOH CYIIIECTBEHHO OTpaHUYEHA Ha [—1, 1].
Torma kaxxmas w3 CUCTEM {Uk (X)} = {Uki (X)} u {Uk (X)} oOpa3yer OecyclOBHOH 0a3uc B

L, (—1, 1) B TOM U TOJBKO TOM ClIydae, €Cliid CIIpaBeyIiBa pPaBHOMEpPHAs OLEHKA IPOU3BEICHMS
HOPM

[ucll, o], <™ ©)

JUIsL BCEX HOMEpPOB K .

3aMeTuM, YTO COOCTBEHHBIE M NPHUCOEAMHEHHBIE (QYHKIMH OIEepaTOpPOB L u L ¢
JBYXTOYCYHBIMU KPAeBBIMHU YCIOBUSMHU BCEr/Ia 00pa3yloT OMOPTOTOHAIBLHO COMPSDKEHHYIO Hapy
cucteM. TpeOoBaHME MOJHOTHI CHCTEM COOCTBEHHBIX M TMPHCOCAMHEHHBIX (PYHKIHMHA Takke He
SIBJISIETCS] OTPHUYCHHUEM, TaK KaK 0€3 MOJHOTHI HE MOXKET ObITh Oa3UCHOCTH TEX CUCTEM.

ChopmynupyemM TOCTATOUHBIE YCIOBHS O€3YCIOBHOW 0a3MCHOCTH CHCTEM COOCTBEHHBIX W

*
nprcoenuHeHHbIX (GyHKmit omeparopos L u L.

Teopema 2. IlycTh BBIOJHEHBI YCIOBUS 1) - 4) U MHBOIOIHSI V(X) B (1)- mpou3sBoJIbHAS

aGCONIOTHO HeTpepbIBHAsS (YHKIMS, IPOM3BO/IHAS KOTOPOi CyIIeCTBEHHO orpanHyeHa Ha [—1,1].
Torma kannasn 3 enerem {Uy (X)} = {Uy (X)} u {0, (X)} obpasyer Gecycronnoii Gasnc »
L, (~1,1), ecrm memoero yenorie

sup |u, (X)| sup |v, (X)[< M, Vk. (@)

—1<x<1 —1<x<1

CrpaBeuinBa TaKke ClieAylolas TeopeMa o 6e3yCciIoBHON 6a31UCHOCTH.

Teopema 3. IlycTh BhIONHEHBI YCIOBUS 1) - 4) U MHBOIIOIHS V(X) B (1)- mpou3sBoJIBbHAS

a0COJIIOTHO HeTpephIBHAS (DYHKIIHS, TPOU3BOIHAS KOTOPOH CYIIECTBEHHO OTpaHWYEHA Ha [—1,1].
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Jlnst  OecycinoBHOM ©OasucHoctH B L, (—1, 1) KaKIOU W3 CHUCTEM {Uk (X)} = {uki (X)} Hu

{Uk (X)} JIOCTaTOYHO, YTOOBI 3JIEMEHTHI 3TUX CHCTEM OBUIM PAaBHOMEPHO OTPAHUYECHHBIMH, T.C.

AOCTAaTOYHO BBIIIOJITHCHHUEC HEPABCHCTB
sup |u, (X)[< M, sup [u (X)|<M,, k. (5)
—l<x<1 —I<x<1

CrpaBeIuBOCTh YTBEPKACHHM TeopeM | U 2 HEMOCPEICTBEHHO CIAEAYIOT U3 TEOPEMBI 1, Tak

Kak KaxJioe u3 ycnoBui (4), (5) Buekyt cootHomieHue (3).
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SUFFICIENT CONDITIONS FOR THE UNCONDITIONAL BASICITY OF
EIGENFUNCTIONS AND ATTACHED FUNCTIONS OF BOUNDARY VALUE
PROBLEMS FOR A SECOND-ORDER DIFFERENTIAL EQUATION WITH
INVOLUTION

A.M. SARSENBI
M. Auezov South Kazakhstan University, Shymkent, Kazakhstan
e-mail: abzhahan@gmail.com

Annotation. In this note, new sufficient conditions for the unconditional basicity of root functions of second-
order differential operators with involution are established.

Keywords: eigenvalues, eigenfunctions, basis, differential operators of order with involution.
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MATEMATHKAJIAH DJIEKTPOHIBIK OKYJIBIKTHI )KOHE OKYIIBLIAPIBIH
BLIIMIH KPUTEPUIMAJIBI BAFAJIAYIbI QJEKTPOHIBI INIAT®OPMAJTA
TAMBIHIAY MOCEJIEJIEPI

9.K. KAFA3BBAEBA , )K. KAUJIACOB , I'. KYAHBIIIIEBA, A. CAPJKAHOBA
K.’Ky06anoB aTeingarel AKTe0e eHipiIik yHuBepcuTeTi, Akrede, Kazakcran

e-mail: aspet-k@mail.ru; jet-k@mail.ru

AnHoTanus. biniM Oepy camacbiHAa akNapaTThIK-KOMMYHHKAIUSIIBIK TEXHOJIOTHSIIAPAbIH
anmaparThiK KypaiIapsbl illliHeH KOMITJIEKCTi OKBITY aKeTi (3JIEKTPOHIBIK OKYIBIKTAP ) )KOHE TECTLTIK
OpTaHbl JailblHAY MEH THIMJI KOJIJaHy Mocelieci ©3ekTi Oomyma. KOMIUIEKCTI OKBITY MakeTi
(onexmponovlx oxyavikmap) Aen OKBITY MPOIECCIH OHBIH, Kypyda Kol eHOEKTI KaXeT eTeTiH
(camacel MeH MaWAaNbUIBIK JEHTeWiHE >KeTy[e), MYFaliM MEH OKYIIBIHBIH O31HIIK KbI3METTEpiH
MEHITIHIIe MEeKTeHTiH, TocTypai GopMacsiHAa MeEHITiHIIIE aBTOMATTAHIBIPATEIH OaraapiaMalnbiK
KYpalaapAbslH (KaJIbl MAKCATTaFbI )KOHE allapaTThIK KypaiaapMeH OaislaHbICThI IpaiBepep KoHe
T. 6., aKmapaT Ke3/epi, BHUPTyaJlJbl KOHCTPYKTOpJap, TPEHaXepiap, TECTUIK opTa) YHIecIMIIriH
anTapbl.

Tyiiin ce3aep. binim, aknapartanapipy, 3JOKTPOHJBI OKYJBIK, TECTIK OpTa, Oaranay

Kazipri Tanja KOMOBIOTEPIIK TEXHOJIOTHSIIAp Jiyopi KapkblH anmyna. Cebedi epKeHHETTIH
ecyl akmapaTThlK KaFaMHBIH ©CyiMeH TikeNel OaiflaHbICTHI koHe OUTIM MEH TEeXHUKAHBIH JaMy
JeHreil opOip agamaa camaibl J1a TepeH OUTIM MEH KOciOM Ky3peTTUTKTEpAiH OONybIH, ©CKEJIeH
YpIaKTBIH  OEJICeH/II MIBIFapMAIIbLUIBIKIICH JKYMBIC JKacayblH Tallall eTeldi. AKIaparTaHablpy -
KaJIBITAPUXU TPOLIECC, 3aMaHayH a/1aM OChI MpoLeccke OenceH 1l apanaca 6imyi kepek. Koramabl
aKnmapaTTaHIblpyAa Oinim Oepy KyHeciHiH aTKapaTbiH poJjii epekiie, ce0ebi OuniM Oip sKarblHaH
aKnmapaTThl TYTHIHYIIBI PETiH/E 9PEKET eTce, EKiHIII XKaFbIHaH, )KaHa aKIapaTThIK TEXHOIOTHsIap bl
Kacaylibl peTiHae ( Korapbl OUTIKTI MaMaHAap/bl JalbIHAAI HIBIFAPY ApKbUIbI) SPEKET eTeIl.

AKrMapartieH )KyMbIC ’Kacall alry Ka3ipri 3aMaH aJjaMbl YIIIH 0achIM/IbIKKa e OOJIFaHbIKTaH,

O1niM Oepy >Kyieci OKYIIBIHBIH ChIHU OiIay KaOileTiH MEeKTENTeH O0acTan KalbINTacThIpyAbl ( CHIHU
TYpFBIJIaH Oiyay O171iM, TYCIHY, KOJAaHy, Tajaay, CHHTe30€H curnarraiaabl, Oaranay) Ke3aeiai.

binim Oepyai akmaparTtaHaelpy Aen OimiM Oepy cajachlH  OKBITY MEH TopOHeNeymiH

MICUXOJIOTUSUIBIK-TIEJArOTUKAIBIK MaKcaTTapblH iCKe achlpyFa OarbITTalFaH Kasipri 3amanrbl MK-
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TEXHOJIOTUSUIAP/bI  ICHCAYJIBIKCAKTAY IIApTTapbhlH CAKTall OTBIPBINT KOJAHY MEH JaibIHIAYIbIH
olliCHAaMachIMEH, TEXHOJOTHUSACBIMEH OHE o3ipJiey TOKIpUOECIMEH KamTaMachl3 €Ty Tpolieci
Tycinineni [1].

Kazipri ke3nme Oumim Oepyni akmapaTTaHABIPYIBIH HETI3Tl TajamnTapbiHBIH Oipi — OKY
MIPOLIECIH AIEKTPOH/IBI OKYJIBIK HEMECE OKBITYIBIH KOoMIbIOTepIik KypangapeiH (OKK) xkacay xoHe
naiganany. OKy IpoLecciHe KOMIbIOTEPIIK OKYJIBIKTap, eCenTep KUHAKTAPhI, SHIUKIIONEAUsIIAp,
TecTiIey MeH OaKblIay, aHbIKTaMaJIbIK K yienep xkoHe 6acka qa OKK-nap keHiHeH KolgaHbIC Tabyaa.
OKK-ubI 6i1iM Oepy/iH aKmapaTTHIK TEXHOJOTHSUIAPBIHBIH HETi3ri Oip Typl peTiHae KapacThlpyra
6omansl. Kammer OimiM OepyiH aKmapaTrblK TEXHOJOTHSIAPHI JSCTYPIl OKBITY OSmicTepi MeH
TocUIAepiHAe Keilbip memarorukanblK Moceneiepii IICMIyIiH JKaHa Kypajjapbsl peTiHzae
naiansiiaas [2].

Omaii Gosca, OimiM Oepy canachlHIa aKNapaTTHIK-KOMMYHUKAIUSIIBIK TEXHOJIOTHSIIAP IBIH
anmaparThIK KypaiIaphl illliHeH KOMITJICKCTI OKBITY MTaKeTi (3JIEKTPOHIBIK OKYJIBIKTAP) )KOHE TECTLITIK
OpTaHbl JalbIHAAY MEH THIM/I KOJIJaHy Maceleci ©3eKTi 0oya.

KoMIuteKeTi OKBITY MakeTi (21ekmponoblK OKYAblKmap) — OKbITY TMPOIECCIH OHBIH, Kypyaa
KON eHOCKTI KaKeT eTeTiH (camackl MeH MailAaIblIbIK JCHIeHiHE )KETY/ I ), MYFalliM MEH OKYIIBIHBIH
©31H1K KbI3METTEPI1H MEIITIHIIE MIEKTEUTIH, JOCTYpJil popMachiHAa MEITiHIIEe aBTOMATTaHbIpaThIH
OarapaamMalblK KypaaaapablH ( JKalllbl MaKcaTTaFbl XKOHE allapaTThlK KypalgapMeH OaiIaHbICThI
ApaiiBepiep koHe T. 0., aKmapar Ke3aepi, BUPTYyalJlbl KOHCTPYKTOpJap, TpeHaxepiap, TECTIIIK
opTa) yisieciMairi.

JKanmer MakcaTTaFbl KOHE allapaTThIK KypaigapMeH OaillaHBICTHI ApaiiBepiep jkoHe T. 0. —
OapibIK aKmapaT TypJAepiMEH )KYMBIC jkacayFa MYMKIHJIIK Oepe/i.

Axmapar Kkesnepl -yHbIMIACTHIPBUIFAH aKMapaTThIK MAacCHBTEp — KOMIAKT JAUCKIJETi
SHIMKIIONEUSIIAP, aKIApaTThIK CaUTTap ’KOHE MHTEPHETTIH 13/1ey >Kyilenepi, OHBIH 1MiHAe - OL1iM
Oepy KoJIIaHbIChIHA OeHiMaenTeHaepi.

Buptyanapl KOHCTpYKTOpIIap — MaTEeMaTHKANIBIK XKoHE (PH3UKATBIK KOPHEK] )KOHE CHMBOJIIBIK
MOJIEJIBJIEP JKacayFa, OChl MOJIENbJIEPMEH SKCIIEPUMEHTTEP JKYPrizyre MyMKiHAIK Oeperi.

Tpenaxxepnap - aknapaTThIK OOBEKTLIEPMEH aBTOMATTHI JKYMBIC JAf/bUIAPbIH J1aMBITYFa,
TUIIIK OpTajarbl >ka3z0amma »oHE aybI3lia OaiJIaHBIC JKacayFa -dKpaHJa MOTIHII EHTI3yre,
rpaduKanbK 0OBEKTIIEpMEH Olepalys kacayra skoHe T.0. eHrizyre MyMKIHJIK Oepei.

TecTimik opTa - OKYHIBUIAD KOMIIBIOTEP apKbUIBI TOJIBIK HEMECE illiHapa TarchipManap
allaThIHAAN YKOHE TAINChIPMaHBbl OPBIHJAY HOTIDKECI J€ TOJIBIK HeMece iIIiHapa KOMITBIOTEpPMEH

OarajaHaTBIHIAM aBTOMATTaHJIBIPBUIFAH CHIHAKTHI KYpYFa jKOHE KOJITaHyFa MYMKIHIIK Oepeti.
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byn wmocenenepre MoH Oepyimi3, mNpaTuKaaa dJICKTPOHABI OKYJBIK IMEH  OKYJBIKTHIH
AJICKTPOHJIBIK HYCYAChIH IIATACTBIPY JKaFAaiiaphbl ©Te KUl Ke3ece .

[Ton GoiibIHIIA 3JEKTPOHIBI OKYJBIK Kacay KeIIeHIl OaraapiiaMaliblK Kypaiabl YiiaeciMIi
KOJIJaHYMEH OalIaHBICTBI, OKYJBIK OKBITY NpOIECIHIE MYFalJiM MEH OKYIIbl KbI3METTEpPiH
aBTOMATTaHBIPBIN, OKYIIIBI ©30€TIMEH OUTIM allyFa JaFJblUIaHabl. DJIECKTPOHABI OKYIIBIK MYFaIiM
KBI3METIH JKEHUIJACTY KYpajbl, 9pl OKYIIBIHBIH ©31HIIH TaHBIMJBIK KBI3METIH 1CKE€ KOCY apKbLIbI
OUTiMIl caHaJIbl MEHIepY KYpalibl OOJIBIT TaObLIA b

DIEKTPOHBIK OKYJIBIK - 01 OLTIM ayIIbUIap sl Aapaiail OKbITy/Aa )KaHa HHPOPMAaLUsIapabl
KETKI3yTe, COHJaii-aK Urepiired O11iM MeH OLTIKTep/Ii TECTTIK OaKbUIayFa apHaJIFaH MporpaMMalIbIK
Kypai.

binim Gepy kyieciHe 31eKTPOHAbl OKYJIBIKTap bl aiianaHblll, YIKeH TaObICTapFa KeTyre
0omanpl. DIIEKTPOHJIBI OKYJIBIKTApAbl MailaiaHy OapbICHIHAA OKYIIBI €Ki KAKThl OLTIM allajpl:
OIpiHITICI-TIOHIK O1TiM, KIHIIICi- KOMIBIOTEPIIIK OLTiM. DIIEKTPOHIBI OKYJIBIKTAPbI MMalilaTany
OlTiM adylIBIHBIH 63 OETIHIIEe [IBIFApMalIbUIBIK JKYMBIC KacayblHa, TEOPHUSUIBIK OLTIMIH
MPaKTUKAaMEH YIITAaCThIPYbIHA MYMKIHIIK Oepei. DIEKTPOHJIbI OKYNBIK apKbUIbl OLTiM amymibl
KONTETeH KOChIMIIIA MaTepHaj aja aiajpl, OChl allFaH MOJIMETTEPiH KOMIBIOTEP/IEH KOPTeHIiKTEeH
€CIHJIe JKaKChl CaKTaibl, 63 OCTIHIIE XYMBIC Xacay KaOuneri Kambimracaasl. OchUlaiina o kac
YpIAaKThl OKBITY/1a MHHOBAIIMSIHBI Tal1aaHyAblH — MIBIFAPMAaIIbUIBIK JKETICTIKTIH HET13r1 Ko3i.

COHIIBIKTaH SJIEKTPOHABIK OKYJNBIK Oys1 Ou1iM Oepy moHi OOMBIHIIA >KOFApbl FHIIBIMU-
OMICTEMENIK JKOHE TEXHHMKAJIBIK JCHTeWIe  KypbUIFaH, MEMJIEKETTIK OUIIM CTaHJapTHIHBIH
TajanTtapbl MEH HETri3rl AMJAKTUKAIBIK OIpJIIKTepiHE  TOJNBIKTall COWKeC KEJETiH, >KOFaphl
JUHAMHKAIBIK MJUTFOCTPAIUSCHl 0ap HETri3Ti OKY DJIEKTPOHIBIK OaceutbiM. OHOa Herisri
MaTepuagiapMeH KaTap HWHTEPAKTHBTI KOJDKETIMII  KypalgapIsbl, aHUMaIMsIap  MeH
MYJIbTUTUTHKAIUSUTAPABI, COHAAN-aK KEKEJIereH MPOoIeccTep MEH KYOBUIBICTAp/Ibl XKY3ere achlpy
MPUHLIMIITEP] MEH SJICTEPIHIH AMHAMHUKACHIH KOpCeTeTiH OeliHe KeCKIHIep eHel.

DNEKTPOHBIK OKYIBIKIIEH OKBITYIBIH HET13 MaKCaThI-OKBITY YPJIICIH Y31KCi3 KOHE TOIBIK
JeHreiiH  Oakbulay, COHBIMEH KaTap  OKYIIbLIApAbIH  aKNapaTThIK-i3/IeHIC  KaOineTiH,
IIBIFAPMAIIBIIBIK KAOUTeTIH JaMbITy. MyHBIH THIMII KaFbl: JIEKTPOHIBI OKYJBIKTa op cabakka
apHaJjFaH OeifHe KepiHic, aHbIKTaMa Ce3/IiK, JUKTAaHT, TeCT TalCblpMaliapblH, KalTanay cypakTapblH
naiganana anambi3. DIEKTPOHIBI OKYJIBIKTHI KOJNJIaHy apKbUIbl ca0aKTa TEeXHUKAIBIK KYpallaap/Ibl,
JTUIAKTHKAIBIK MaTepualgapIbl KOJJaHy THIMALUIC, OUTIM aTyIIbIHBIH TOHT€ KbI3BIFYIIBLUIBIFGI,
O11iM, OUTIK, AaFAbl JIEHIeHiH KaJbITAacThIpybl, OUTIMHIH TEpEeHJIri, TeKcepy TypJiepi, Oaranaysl,
MPaKTUKAIBIK JaFablIapIbl Urepyl apTaapl. biliM anymisutapAbsiH ©37epl /1€ alblHFaH aKMapaTThl

KOIIpiN ajbll, OHBIMEH 63 bIHFaiibIHA Kapai jKYMBIC 1CTEH aabl.
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Binepain Toxipuae 7-ChIHBIT TEOMETPHUCSHBIH ICKTPOHIBIK OKYJIBIFBIH JTalbIHIAY KY3ere
aceIpbuIIbI (1-cypeT) jKoHe COHBIMEH KaTap OKYIIbUIap OUTIMIH KpUTEepUHaabl Oaranaymaa TECTLTIK

opTa Kypy Xy3ere acolpbuinsl [3], [4].

reomerpus

1-cypet. Monynbie chIHBIN OaFaapiiaMachbiHa COMKEC Ma3MYHBI OepilireH

DIEKTPOHIBI OKYIBIKTBI KYPY/IaFbl HETi3T1 dTanTapsiH 0ipi 071 KypCThIH Ma3MYHBI.

OKynbIK Ma3MYHBIHBIH O€pityl MeH OLTIMA1 TeKCepy *KoIAapbiH [ 'eoMeTpusi-7 OKyIbIFbIHBIHA
apHan KYpbUIFaH 9JIICTEPMEH TYCIHIIpeniK. Ma3MyHbI ChIHBII OariapiamMachlHa COMKEC MOAYJIbJE
Oepinren. CoHbIMEH KaTap OChI OETTiH TOMEHTi Oeirinjae OUTiMAI TEeKCePYAiH KaJbIITACTHIPYIIbI
KOHE JKUBIHTBHIK Oaranayiapra apHaJFaH TalChlpMa peTTepi KepcerinreH. KampmTacTeIpymibl
Oaranaymap op6ip OesimMiie yuiH Oepijires.

Mpicanbl, «ymOYpBIITHIH OHCCEKTpUCAChl, MEIUaHAChl, OMIKTII1 >KOHE OpTa CBI3BIFBI»
OemiMiHze (2-CypeT) KalbIITAaCThIPYIIbl Oaranayra O6ec Tamceipma kentipiireH. 1-mi  «Ceitnemui
KEpEKTI CO37€PMEH TOJBIKTHIPHIHIAP» TaIllChIPMAChIH/Ia KEPEKTI CO3AepAl LI ajblll OpbIHIapbIHA
Koo kepek (3-cyper).  2-mii «/lypric(aypbic eMec) TYKbIpbIMAAp bl OENTiIeHIep» TalchipMaja,
OH JKarbIHJa LIApUIbI 1LIHJEr JKayanTapJblH JYpPBICBIH TaHJay KepeK. An 3-mr «YOYphIITHIH
AIIEMEHTIHIH aTayblHA COMKEC aHBIKTaMaHbl aHBIKTaHap» TAIllChIpMajia JOHTeIeKTEepIeri CYypaK IMeH
IyphIC KayaOblH KeCiHAIMEH Kocaqbl (4-cyper). «YIIOYpBIUTHIH 3JEMEHTIHIH aTrayblHa CoHKec
aHBIKTaMaHbI aHBIKTAHAAP» T.C.C. (5-CypeT).

JKubIHTBIK OaranayFa KaTbICThI, MbICAJIbI, 2-1111 TOKCAHJIaFbl TAIICBIpMaIap caHbl 6, OpbIHAAyFa
Oepinetin yakplT 40 MuHyT, an Oapnblk ymaid canbl 20. OH jKaK KOFapFbl OYpHIIITAa YaKbIT

KOPCETUITEH.
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2-cyper. KampImracThIpymisl skoHE 3-cyper. Tamncelpmaga KepekTi ce3aepii KHUBIHTHIK
Oaranaysapra LTIl abIl OpbIHIAPbIHA KOO

dpHaJIraH TalriCcbIpMajiap

feomerpusn ChIHEIN

| Toxepen | |

i Cypem
8 ﬁ BN facpil LA ARG Ha Aot rbach =
A e = :'
A : .
-

T | eAK Y|

4-cyper.Cypak MeH qypsic 5-cypeT. YOYphIITHIH 3JIEMEHTIHIH
KayaObIH KECIHAIMEH KOCY aTayblH Oenriiey

8 chIHBIN anredpa Kypcbl OOMBIHIIA OKYLIBIIApABIH OUTIMIH KaJbIITACTBIPYIIBI JKOHE
KUBIHTBIK Oarajiay TarchlpMajiapbl )KMHAFbIHBIH 3JEKTPOH bl HYcKachl “Classtime” Garaapiamacsl
apKBLIBI KacaJIbl.

barnapnama ete KOJDKETIMIII JKOHE TalaliaHyFa OHAl, yaKbITThI, KYII-XKITep/l YHeMIEH Il
&KoHe OYKi cabak OapbIChIHJA OKYIIBUIAPBIH KYMBICBIH Oakblaayabl KamMTamackl3 erefi. ChIHbII
HaKThI YaKbIT peKUMIHAE )KYMbIC icTel 1. COHbIMEH KaTap, OaFaapiiama op OKYIIBIHBIH KeKe )KYMBIC
pexuMiH Kamramachi3 eremi. “‘Classtime” OarmgapiamMacblHAa Ka3akK TUliHIAE HHTEpdeiic
KapacTeIpbUIFaH. barmapiaMaHbIH HETI3T1 apTHIKIIBUTBIKTAPHI:

» 8 Typmi cypak TypiH Kypyra: Oip Hemece OipHemie »ayaObl IypbhIC TalcChpMma,
KaJIFaH/IIBIH/IBIK; MOTIH; COUKECTEHIIPY; allIbIK CypaKTap; CypeT apKbUIbl OeliHeney Tarbl Aa 0acka
TarcelpManap Kypy MyYMKIHAIKTep1 KapacThIPbLIFaH;

» Bip yakpirra 300-Te meiiiH OKyIIbUIApI6IH KaTHICYBIMEH TECT KYMBICHIH OTKI3Y;

» Op cypakka ymai Oepill, OKyIIbUIApbIH XKayanTapblH aBTOMATThI TYpie Oaranay;

»  OkymbutapAblH JKayanTapblH, HOTIKenepi MeH Oaramapein PDF  nHemece Excel

(dhopmaThIHIa SKCTIOPTTayFa O0Iabl.

68



K.)Ky6anoB atbiHiarsl AKTe0e eHIpiiKk yHUBepcuTeTiHIH Xabapuibichl, Ne2 (67), mayceim, 2022

®du3nka-MaTeMaTHKa FbUIBIM/JIAPbI

CepBucIieH KYMBIC iCTEY YIIIIH MYFalIiM ©31HiH JKeKe MapakIIachlH alrybl kepek. by 6ipHemie

MHUHYTTHI aJIadbl.

Tecm mancolpmaiapblHbll KONME2eH Hbtcaudapbm aman 6mKeH JCOH.

[rp—
]

Ken HycKanbl cypak,

KycGenrinep

LUblH HeMece XanFaH
Xasbalwa cypakTap
CypbinTaybiL

g CypbinTayLubl
CypbinTaywubi (Kyctenrinep)
MaTiHai 6enekTey

O6nbicTbl 6Genriney cyperi

TanceipmanapasiH inriHae 6ip Hemece OipHENIe TYpBIC KayarThl
TaHJayMeH Karap, 0acka KbI3METTepAe Ke3IeCHeHTIH Hemece
Oackara KepiHeTiH KeJleciiel TarceipMaapsl 0ap.

1.Maminoi 6e1exmey.

Ci3 moTiHzi enrizeci3. OKyIIbl TIHTYIpMEH AYPBIC CO3/II KOPCETyi
KEpeK.

Tancelpma KypbUIBICH Keneciaei: JlypbIc xoHe Ty phIC eMec xKayarn
HYCKaJIapblH KepceTeTiH MoOTiHAl eHTri3iHi3. Ci3 »KacwlpaTblH
MOTIHJIETI CO3AEP/i JKaKIIara skaceipacki3. Ce3aepai HyKTell yTip
apKpUTBI  JKa3bIHBI3. JKayaObl nmypeic ce3nmiH OacelHma *
(Kkys1pI31Ia) OCNTiIeHI3.

2.  Cypanmaywvl  (coiikecmendipy). Okxymbl  Oepiiarex
OaraHIap/bIH TITIHECH XKOHE KOJJICHCHIHEH COMKECTITIH KOPCETeI.

3. Kazoawa cypakmap. byn TtancelpMaza kayalnl aBTOMaTThl

J Typae OaramanOaiifpl. MyFalliMHIH €31 OKYIIBIHBIH >KYMBICBIH,

OHBIH IIaFbIH 3CCeciH 6aranaybl KEPCK.

Myraiim op TarncblpMaHbl Oenrii Oip ynaiMeH Oaranaii anajsbl.

KacaraH TanceipManap >KMHaFbIH/A KON HYCKaJbl Cypak, KycOemnrijep, cypblnTayiisl Typiepi

naiaaaIaHbUIIbI.

8 chIHBIN anreOpa Kypchl OOMbIHIIA OKYyLIbIIApAbIH OuTiMiH Oaranay TarchlpManaphbl

JKUHArbIHBIH 3JICKTPOHJAbI HYCKACbIHAH MbICAJIAap KapaCTLIpaﬁbIK

8 cChIHBIN aiaredpa Kypcbl OOWBIHINA OKYIIBUIAPAbIH OLTIMIH JKUBIHTBIK Oaranay

TarchlpManapbl >KMHAFBIHBIH AJIEKTPOHIbI HYCKACBIH jkacay OapbIChIHIA 9p TOKCAaH OOMBIHINIA JKEeKe

TancelpManap Kypeuiabl. Mpeicanbl, 8- cyperre Classtime OargapiaMachlHBIH —KiTallXxaHAchl

KEJTIpUIreH.
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Kitanxaxa

8 Colibin 1 TOKCaHFa apHaniFaH anre6pa NakiveH TecT Tancoipvanaps + 15 = g O Ceconsmisecray Sy Ceconra Kocy [t Cvpaxrap woware wacay

) o, ara 6yma xacay
8 ChIHbIN 2 TOKCaHFa apHa/TFaH anre6pa MakiHeH TecT Tanchipvanapsl + 12 = g

) - B Tresh
8 Colibin 3 TOKCaHFa apHaNFaH anre6pa NakideH TecT Tancoipvanaphl * 9 = g

O @ @O @@

8 ChiHbIM 4 TOKCaHFa pHAFaH anre6pa NakikeH TecT Tancelpanapsl * 8 = g

6-cypet. Classtime 6arqapiamMachlHBIH KiTalXaHaChl

1 tokcan 8.1A OGemim. «KBampar TyOip >KoHEe HppaIliOHAI OPHEK» TAaKbIPHIOBI OOWBIHIIA
Oapabirbl 15 TanceipMa OHBIH IIIHIE KeNleciiei ecentep KapacTeIpbuibl (7-cyper, 8-cyper).
2 TokcaH 8.2A Gemim. «KBaapar TeHIeynaep» TaKbIpbIObl OOMbIHIIIA OApIbIFbl 12 TanceipMa

OHBIH IIIiHJE Keneciel ecentep KapacTeipbuiasl (9-cyper, 10- cyper ).

7-cyper. «KemHyCKabl cypak» 8-cyper. «llIbiH HEMece KalFaH»

3 Tokcan 8.3A Oemim: «KBaapar Tenumeynep», 8.3B Oemim: «KBamparteik GpyHKIU», 8.3C
O6emim: «CraTUCTHKA 3JEMEHTTEp1» TaKbIphITaphl OoOHbIHIIA 9 op TUNTI TalmcelpManap
KypacTeIpbuibl (9-cyper).

4 TokcaH 8.4A OeniM. «TeHci3nIKTep» TaKbIphIObI OOWBIHIIIA OAPIIBIFEl 8 TaNChIpMa OHBIH

miHe Keeci TanceipManap skacanast (10-cype).
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]

=

]

a

9-cyper. «Coiikectenaipy+1» 10-cyper. «XKa3zbamma cypakrap»

DONEeKTPOHJbl OKYJBIKTHl MMaijalaHFaHla  KOMIBIOTED  OKBITY YPIICIHIH OapiblK
Ke3eHJIepiHAe KOJIAHBUIAbI KaHa MaTepHalgapbsl TYCIHAIpreHae, OekiTKeHae, KalhTanxaraHnaa,
OUTIMiH, ICKEPJIITIH XKoHE AaFApLIapbIH OaKpUIaFaHa. TeCTUTK opTa OKyIIbLIap OLTiMIH TEKCEpy MEH
Oaranayzbl apHaiibl OaraapiaamManap apKblibl aBTOMATTAHIBIPY bl TUIM/II JKy3€reachblpyFa MYMKIHIIK

oepeni.

IMaiinanaran ogeduerrep Tizimi

1. TleroB A.A., Ilesubix E.I'. Wudopmaruzanus oOpa3oBaHus Kak (pakTop pa3BUTHA
obmecTBa . Kpatkuii kypc neKkuuu

2. bammakoB M.A. Pa3paboTka KOMIBIOTEPHO- OOYYalOUIMX CHUCTEM M KOMIIbIOTEPHBIX
yuebHuKoB. M. 2012.60 -6er.

3. Kaiinacos K. sxoHe T.6. D51eKTpOHABIK OKYJBIK. ['eomeTpus 7- cbinbin.- Anmatsl: BAIITO,
2022

4. Karaz0aeBa ©O.K., CepxanoBa A.A. xoHe 0ack. 8 ChIHbIN anredpa Kypchl OoOMbIHIIA
OKYLIBIIApJbIH OUTIMIH JKUBIHTBIK Oarajay TallchlpMalapbl >KMHAFblH JAalbiHAay.- AxTe0e:

«Ky06aHoB yHuBepcureti 0acrnacel», 2022.- 48 6.
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BOITPOCHI HOAT'OTOBKHU 9JIEKTPOHHOI'O YYEBHUMKA 110 MATEMATHUKE "
KPUTEPUAJBHOI'O OLIEHUBAHMS 3HAHUI YUAIIIUXCSI HA DJJEKTPOHHOUI
INJTAT®OPME

A.K. KATA3BBAEBA, ’K.KAWJIACOB , T.KYAHBIIIEBA , A. CEP)KAHOBA

AKTIOOMHCKHUI pernoHanbHbI yHUBepcuTeT uMeHu K. XKybanoBa. Axkrooe, Kazaxcran

e-mail: aspet-k@mail.ru, jet-k@mail.ru

Annoranusi. B cdepe oOpasoBaHMs W3 ammapaTtHbIX CPEACTB HH(GOPMAIMOHHO-KOMMYHUKAIIMOHHBIX
TEXHOJIOTUI aKTyaJbHBIM CTAHOBHTCS BONPOC IOATOTOBKH W 3((PEKTHBHOTO HCIIOJIB30BAHHUSA KOMILIEKCHOTO
obydaroniero makera (3JEKTPOHHBIX YYeOHHKOB) M TeCTOBOH cpembl. [log KOMIUIEKCHBIM OOYYalOIUM IaKeTOM
(NIeKTPOHHBIMU Y4eOHHKAaMHK) MMOHMMAIOTCS MPOrPaMMHBIE CPEACTBA (IpaliBepbl 0OIIero Ha3HAYCHHS U CBSI3aHHBIC C
anmnapaTHbBIMU CpEJCTBAaMHM M T.J.), HCTOYHMKH HH(OPMAIMU, BUPTYAJIbHBIE KOHCTPYKTOPBI, TPEHaXEPbl, KOTOPbIE
MaKCHMaJIbHO aBTOMaTH3HPYIOT Tpoliecc 00ydeHus B ero, TPYZ0EMKOM MOCTPOCHHUH (JOCTHKEHUH YPOBHS KayecTBa U
HOJIC3HOCTH), OTPAHMYHMBAIOINE CAMOCTOSTEIBHYIO 1SS TEIBHOCTD YUUTENA U YUCHUKA, TECTOBAs Cpesia).

KioueBsle ciioBa. O6paszoBanue, HHPOPMATU3ALWS, HIOKTPOHHBIH YIeOHUK, TECTOBAs Cpe/ia, OLCHKA.

QUESTIONS OF PREPARATION OF AN ELECTRONIC TEXTBOOK ON
MATHEMATICS AND CRITERION ASSESSMENT OF STUDENTS' KNOWLEDGE ON
AN ELECTRONIC PLATFORM

A. KAGAZBAYEVA, ZH.KAIDASOV, G. KUANYSHEVA ,A. SERZHANOVA
K. Zhubanov Aktobe Regional University, Aktobe, Kazakhstan

e-mail: aspet-k@mail.ru, jet-k@mail.ru

Annotation. In the field of education, the issue of preparation and effective use of a comprehensive training
package (electronic textbooks) and a test environment is becoming relevant from the hardware of information and
communication technologies. A comprehensive training package (electronic textbooks) is understood as software tools
(general-purpose drivers and hardware-related ones, etc.), sources of information, virtual constructors, simulators that
automate the learning process as much as possible in its labor-intensive construction (achieving a level of quality and
usefulness), limiting the independent activities of the teacher and the student, the test environment).

Keywords. Education, informatization, electronic textbook, test environment, assessment
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VIIK 517.956

KPUTEPUM EJJMHCTBEHHOCTH PENIEHUS HEJIOKAJIbHOM IO BPEMEHU
3AJAYA JJIS1 JUODPEPEHIIUAJTBHO-OIIEPATOPHOI'O YPABHEHUS I(1) — A C
OINIEPATOPOM TPUKOMMU A

B.J. KOLLIAHQRBI0000-0002-0784-5183]% ' 3 K AHATBEKKBI3bI, I. PAXBIMBEKYJIBI, C.
KYMAPBEKOB
Kazaxckuii HanlmoHanbHbINA YHUBEpCUTET UM. Ab-Dapabu

*e-mail: koshanov@list.ru

AHHoTanusi. B Hactosmiel cTaTthe MCCIEAyeTCs BONPOC €IMHCTBEHHOCTH PEUICHUS PEryNspHON MO BPEMEHH
samaun g anddepeHnuansHo-oneparopHoro ypasaenmst 1() —A ¢ omeparopom Tpukomn A . Tlopsmok
nuhdepeHnmanbHOro Beipaxkerus 1(+) cuuraeTcs IPOU3BONBHBIM HATYPAIbHBIM YHCIOM N. s auddepeHnnaIbHoro
BeIpakeHus 1(+) 3a7ar0Tcsl peryisipHbIe KpaeBble YCIOBHS O BpEeMEHHOW mepemeHHOH t. Omepartop A sBisieTcs
TIOPOXKAEHHON ypaBHeHHEM TpukoMu Av = yv,,(X,y) + Vyy(X,y). I'panndnsie ycnosus s onepatopa Tpukomn
3a7al0TCs yclIoBUEM Jlupuxie Ha SJUIMNTHYECKOW 9YacTW M JPOOHBIMU TPOU3BOIAHBIMHU CIEJAMH PEIICHUS BIOJb
XapaKTEepPUCTUK Ha TUMEpPOOIMYECKOW YacTH. YKa3bIBaeTCs, YTO JAHHBIA ONEpaTop SBISIETCS CaMOCOIPSIKEHHBIM
orepatopoM B L, (£2). CamocomnpskeHHOCTh onieparopa A rapaHTUPYeT CyLIECTBOBAaHHE ITOJHOH OPTOHOPMUPOBAaHHO B
L,(£2) cucteMsl cOOCTBEHHBIX (DYHKITHA, eciH {2 -- 007acTh, OTpaHMYCHHON KpuBOH JIAIMyHOBa M XapaKTepPHCTUKAMHU
BOJIHOBOTO YPaBHEHUS.

KaioueBble ci1oBa: runepOoIyeckre onepaTopbl BTOPOTo MOPs/Ka, PEryJsipHble KpaeBble 3a/1a4u 110 BPEMEHH,

KpaeBasd 3a/lada CO CMCIICHHUEM, €JMHCTBCHHOCTb PCIICHUS, COOCTBEHHEIC (byHKI.[Hﬁ, TMOJIHBIC OPTOHOPMHPOBAHHBIC

cucremsl. 2010 Mathematics Subject Classification: 35G05, 35G10, 35P05

1. B ¢ynkmmonansHom mpoctpanctse L,(0,T) paccMoTpum omnepaTtop B, OpOXIEHHBIN

g depeHINaTbHBIM BEIPAKEHUEM

n n-1
PO P OWO,  0<e<T @)

I(w) =

C pPETyJIIPHBIMHU KPAae€BBIMU YCIOBUSIMHU
YRz iw®(0) + B w® ()] =0, j=1,2,..,n (2)

rae p;(t)e c™=Io, 1], j=12,..,n
TpeooBanue 1. Ilpenmonoxum, uyTo 00IacTh oOmpeAeneHUs omeparopa B 3amaercs
perynspHsiMH B cMbIciie bupkroda kpaeBsiMu ycioBusimu [ 1]. lHade roBopsi, B ciydyae HEYETHOTO
n = 2p — 1 caenyromue aa onpenenutens 0y, 0, OTIMYHBI OT HyJs; B CIy4yae YETHOTO N =

2p cienyrouue ABa onpeaeauTens 6_4, 0, OTIUYHBI OT HYJIS.
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ComnpsoxeHHbI orieparop B* 3amaercs nuddepeHnnanbHbIM BEIpakKeHUEM
B*R(t) = I*(R), 0<t<T
1 00J1aCTBIO ONIPEICIICHUS
D(B*) = {ReW}[0,T]: V;(R) = O,...,V,(R) = 0}.

B pabore [1] mokazaHo cieayroliee yTBepKICHHE.

Teopema 1 [1]. Ilycmb obnracms onpedenenus onepamopa B 3adaemcs pecynsipHvimu 6
cmoicne bupkeogha kpaesvimu ycnoguamu. Toeoa obnacms onpedeneHusi onepamopa CONPANCeHHo20
B* 3a0aemcsa maxoice pezynapnvimu 6 cmuicie bupkeogha kpaesvimu ycnosuamu.

Hawm notpeOyercst Takke cienyroiiee yreepxacHue [3].

Teopema 2 [3]. Ilycmv onepamop B nopooicoen pezynsipuvimu 6 cmwvicie bupkeoga
Kpaesvimu ycaosuamu. Toedoa cucmema cobOCmeeHHbIX U NPUCOCOUHEHHBIX yHKYull onepamopa B
sa61s1emcs NoHou cucmemoti 6 npocmpancmese L, (0,T).

[Tpumensisi TeopemMy 1 wm TeopeMy 2 K CONPSHDKGHHOMY omepatopy B* , Moxem
chopMyIupOBaTh YTBEPKACHHUE.

Teopema 3. Ilycms eguinonnenvt mpebosanue 1. Toeoa cucmema cobcmeeHHbIX U
npucoeouneHuvlx hynxyuil onepamopa B* noana 6 npocmpancmese L,(0,T).

2. Ilycts 2 € R? - KoHeuHas 06IacTh, OrpaHudeHHas mpu y > 0 kpusoil JlamyHoBa o,

okaHumBaro1eiicst B okpectHoctu Touek O0(0,0) u B(1,0) manbiMu gyramMu "HOpMaJIbHOM KpuBOii"
2 3 2 3
0g,anpuy < 0 —xapakrepuctukamu OC: X — 3 (=y)z2=0,BC:x+ 3 (=y)z =1 ypaBHEeHus

Av = yv(x,y) + vyy(xry) = f(xy). (3)
3agaua T. Haiitu B (2 pemenue ypaBHeHus (17), y10BIETBOPSIIOIINE YCIOBUIO
4,31

1
u@,y; g, =0, op:(x—*+5y =7, 4)

x3/6D g/ (u(xo ())x /%) + (1 = 03D  (u(, (x))(1 =023 =0,  (5)

rac

3512/3 1
o) =u(s-[3] ). osx<y,

_ \42/3
U(X1(X))=U<X,—[¥] ), %SXS 1.

3I[CCL TpaHUYHBIC YCIIOBHA 3a0at0TCsA C ITOMOMIBIO ,Z[p06HLIX IMPONU3BOAHBIX Pumana-

JnyBumst [2]

d (* &®
piea0 =& [ 2O
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d t g®
1/6 _
D;Zg(x) = - fx (t_X)%dt.

OmnepaTop, COOTBETCTBYIOIIUM KpaeBod 3amade T oOo3HauuMm udepe3 A. CoOCTBEHHBIC 3HAYCHUS
onepaTtopa A OyaeM HyMepoBaTh Mapol LIETOYUCICHHBIX MHIEKCOB 1),. CoOCTBeHHBIE (DYHKLIUU
oreparopa A 0003HAYUM Yepe3 Uy, (X, y) COOTBETCTBYIONIMX COOCTBEHHBIM 3HAUCHUEM 1)1, .

B pab6ore [4] mokazaHo cieayroliee yTBepKICHHE.

Teopema 4 [4]. Oniepatop A sIBISIETCSI CAaMOCONPSHKEHHBIM B IPOCTpaHCTBE Lo ((2).

Kak crnencrBue nanHou reopemsl K 3akimrodaem, 4to coOCTBeHHbIE GYHKIMN {V;, (X, y),m =
1,2,...,} onepatopa A 00pa3yroT MOJNHYIO cuctemy QyHKIui B L, (2).

3. Ilycts 2 - xoHeuyHass 00nacTh W3 mpensiaymiero myHkra. B obmactu Q = 2 X (0,T)

paccMOTpUM YPABHCHUC

n .

0"u(x,y; t) 0" u(x,y;t) 0%u(x,y;t)  0%ulx,y;t)

T-I_ij(t) ==y + +f(x,y;t),(x,y) eN, 0
j=1

otnJ 0x? dy?
<t<T (6)
C KpacBbIMHU YCIIOBUAMU I10 t
Uy(u(xy;)) =0, v=12.,n (xy) €N (7

Y C YCTIOBHSAMU TIO (X, Y)

T (8)
x 818Dt (o (x); ©)x~2/%) + (1 = x)%/° D1° (u(u (x); )1 = x)72/%) = 0,

)

1 4
U(X,y;t)lao =0, O-O:(X_E)2+;y3 =

rac

2

3x173
u(xo(x);t) =u X;—[7 ;]

o
IA
=
IA
N[ =

3(1—x)§
u(y,(x);t) =u X,—ITl st

OmnepatopHas 3aIUCh BhIIIETpUBEACHHOM 3a1auu (6)-(9) umeeT BuI
Bu = Au(x,y;t) + f(x,y;t), (x,y;t) €Q. (10)
3necek oneparop B neicTByeT IO NMEPEMEHHOM ¢t M €ro CBOICTBA NPUBEACHBI B IYHKTE 1.
Omnepartop A AelCTBYeT 10 epeMeHHbIM (X, Y) U €ro ClIeKTpalibHbIe CBOMCTBA PUBEACHBI B ITYHKTE

2.
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B 1aHHOM TIYHKTE JOKaKeM KpPUTCPUH EIMHCTBEHHOCTH PEUICHHUS OJHOPOIHOTO
oneparopHoro ypaBHenus (10).
Teopema 5. [Tycts BeinonHeno TpedoBanue |. Torna ogHOpoAHOE ONIEpaTOpPHOE YpaBHEHHE
Bu = Au (11)
umeem monvko mpusuaivroe peuwiernue w € D(B) N D(A) moeda u morvko moeoa, xoeoa
a(B) N a(A) # 0, (12)
20e 6(B) u a(A) - cnexmpul onepamopos B u A coomeemcmeaenHo.
Funding: Astopsl 6sl1H moaaepxkanbl rpantoM AP 08857604 MOH PK.
KiroueBble cjioBa: TUiepOOIMIECcKre ONEPaTOPbl BTOPOTO MOPSIIKA, PEryJIsIpHbIE KpaeBbIe 3a1auu
110 BPEMEHH, KpaeBas 3a/1a4a CO CMEIIEHHEM, €IMHCTBEHHOCTDh PEUICHHUs, COOCTBEHHBIE (PYHKIIUH,

IIOJIHBIC OPTOHOPMHUPOBAHHBIC CUCTCMBI.

2010 Mathematics Subject Classification: 35G05, 35G10, 35P05
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Typajbl Macese 3eprreneni. Mynaarsl 1(+) -- nudbepeHnnanapK OpHETiHiH Ke3 KeJIreH HaTypal n
canbira TeH. Ocer 1(+) -- auddepeHranpK epHerine yakbIT allHBIMAIBICH! t OOMBIHINA PETYIISPIIbI
IIETTIK MmapT Kodbuiaasl. An A omepaTopbl AV = YUy, (X,y) + vy, (x,y) TpukomMu TeHaeyiHeH
tybiHaaiabl. Ocbl TpukoMu TeHZeyiHe IMIeKapalblK MIapTTap 3JUIMNTHKANBIK Oemirinae upuxie
mapTel Oepiieni, an runepOoyianblK OeiriHae XapaKTepUCTUKAHBIH OOWBIHAA IMISHIIMHIH 13iHE
OeJIIIeK TYBIHIBLIBI IapTTap Koibutaasl. Ochl TpukomMu A onepaTopbiHbIH Lp({2) KeHIiCTIriHIE 63-
e3iHe TYHiHaec eKeHIir kepcerinaeai. ©3-e3iHe Tylinaec A onepatopsl L,((2) KEHICTIriHAE TONBIK
OpTOHOpMaJIaHFAaH MEHIIIKTI (GyHKHUsIIap KyieciHiH 0ap O0IybIH KaMTaMackl3 ereai. MyHarsl (2 --
OOBLIBICHI, XKOFAPHI JKaFbIHAH, SJUTMITHKAIBIK Oeuiri JISmMyHOB KUCBIFBIMEH HIEKTEITeH, ajl TOMEHT1
Karbl TepOeTTic TeH Y 1IH XapaKTePUCTHUKAIAPbIMEH IIEKTEIITeH.

TyiiiH ce3ep: exiHII peTTi runepOoabIK orepaTopiap, yakbIT OONBIHILA PETYISPIIbI HIETTIK
€cernTep, >KbUDKBIMAIIBI INETTIK €Cel, MICMIIMHIH JKaIFBI3JbIFbl, MEHIIIKTI (YHKHSIAp, TOJBIK
OPTOHOpPMAJIAHFaH JKYyHesep.
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CRITERIA FOR THE UNIQUENESS OF THE SOLUTION OF A TIME-NONLOCAL
PROBLEM FOR THE OPERATOR-DIFFERENTIAL EQUATION I(-) - AWITH THE
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Annotation. In this article, the question of the uniqueness of the solution of a time-regular problem for the
differential operator equation I(-) — A with the operator is investigated Tricomi A. The order of the differential expression
L(+) is considered an arbitrary natural number n. For the differential expression [(+), regular boundary conditions are given
for the time variable ¢. The operator A is generated by the Tricomi equation Av = yv,,(x,y) + vy, (x,y). The
boundary conditions for the Tricomi operator are given by the Dirichlet condition on the elliptic part and the fractional
derivatives of the solution along the characteristics on the hyperbolic part. It is indicated that this operator is a self-adjoint
operator in L,(2). The self-adjoint of the operator A guarantees the existence of a complete orthonormal system of
eigenfunctions in L,(£2) if 2 is a domain bounded by the Lyapunov curve and the characteristics of the wave equation.

Kumouessie ciioa: second-order hyperbolic operators, regular boundary value problems in time, boundary value
problem with fractional derivatives, uniqueness of the solution, eigenfunctions, complete orthonormal systems.
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MMOCTPOEHUE MHOTI'OITEPHOJIUYECKOI'O PEINEHUAA OJHON CUCTEMBI
UHTETPO-IU®PEPEHIIUAJIBHBIX YPABHEHU B YACTHBIX ITPOU3BOIHBIX

7K.A. CAPTABAHOB!,  M.AUTEHOBAZ I A. ABIMKAJINKOBA'
LAxmiwobunckuil pecuonanvhwvlil ynueepcumem umenu KIKybanosa, Axmooe, Kazaxcman
23anaono-Kazaxcmarnckuil ynugepcumem umenu M. Ymemucosa, ¥Ypanock, Kazaxcman

E-mail: sartabanov42@mail.ru; gulsezim-88@mail.ru; agalliva@mail.ru

Annoranusi. Hccnenyercss cuctema wuHTrerpo-guddepeHunansHpx  ypaBHeHH. [locTpoeH MaTpunaHt,
[IPUBEACHBl MHTEIPAJIBHBIC IIPEACTABICHUS MHOIONEPUOJUYECKOrO PEIICHUs, IIOJYy4YEHbl JOCTaTOYHBIE YCJIOBHUS
CYILLIECTBOBAHUS U €IMHCTBEHHOCTU MHOTIOIIEPUOJUYECKOIO PELIEHUS paCCMaTPUBAEMOM CUCTEMBI.

KnaloueBble caoBa:  uHTerpo-audpdepeHInanbHOe  ypaBHEHHE, MaTpPHLAHT, pe30JbBEHTAa,  SIpO,

MHOTOIICPUOANIHOCTb.

Paccmotpum unTerpo-auddepernnaibHoe ypaBHEHUE B YACTHBIX MPOU3BOIHBIX

7+60

Du(z,t)= Az, tu(z,t)+ J.K(r,t, s,o (s, o)ds + f(z,t), (1)

riae u(r,t) — HUCKOMasi BEKTOP-(DYHKIMS TepeMEeHHBIX (T,t)e RxR™; D, =8/8T+<c, 8/8t> —
orepatop nuddepeHpoBanusi, C — MOCTOSHHBIA M -BEKTOP, <c,6/6t> — CKaJISIpHOE MTPOU3BEACHHE
BeKTOpoB € m /ot =(8/ét,,...,0/dt,); 0 =0, +CS=t—CT+CS — XapaKTepHCTHKA OMepaTopa
nuddepenuuposanus D, mo HampasieHusM BekTopHoro monst dt/dz =c,seR= (— oo;+oo); A(r,t)
u K(r, t,s, a) — Nxn-matpuipl, f (Z’, t) — N - BeKTOp-(PyHKIHS.

HccnenoBanueM TEOpUM HHTErpo-Au(pepeHINaIbHbIX YPAaBHEHUH 3aHUMAIUCh MHOTHE
aBTopbl. Kak m3BectHo, B.BonbpTeppa ucmnonb3oBan uHTErpo-auddepeHnnanbuble ypaBHEHUsT B
3a/layax HacjeJCTBEHHOU ynpyrocTH [1], 000cHOBaI CyllecTBOBAHHUE NMEPUOIUUYECKUX (PIyKTyalnuit
B OMOJOTMYECKHMX acCOIMaNUsX, co3nain obmyro Tteoputo ¢yHknuoHano [2]. B pabGore [3]
paccMOTpeHbI paclpocTpaHeHne pe3yabTaToB M.Ypabe Ha cucteMbl HHTErpo-TudhepeHInaTbHbIX
ypaBHeHMH. MHTerpo-nuddepeHnnanbible YpaBHEHUST HAaXOASAT NMPUMEHEHHUS B 3aJadax TeOpHUHU
HacnegcTBeHHOCTH [4]. MccnenoBaHWI0 TOYTH TEPUOTUYECKUX PEIICHHH CHCTEM YpaBHEHHUH ¢
KBa3UIEPUOAMICCKAMH TpPaBbIMU dYacTsMH mocBsiieHa [5]. B [6, 7] wuccrnemoBanbl moutH

NEPUOIMYECKHUE pEIIeHUs] HHTEerpo-aupdepeHInalbHbIX ypaBHEHUH THIIA TepeHoca. Bompocs

CYIICCTBOBAHUA U MTOCTPOCHHUA MHOTOICPUOJUUCCKUX W IMCCBAOIICPUOJUUCCKUX peH_IeHI/Iﬁ CUCTEM
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UHTETPO-TuGPEpeHINATbHBIX ~ yPAaBHEHUH, COJEpXKAIIUX MPOCTPAHCTBEHHYIO IEPEMEHHYIO
paccmorpens! B [8]. Tlo pasnuuHbiM npodieMaM TEOpUH MEePUOJHISCKUX U HOYTH ePUOJHISCKIX
KoyieOaHuii ObUTH M3II05KeHBI B [9].

Ilenp paboThl — YCTaHOBUTH JIOCTATOYHBIE YCJIOBMS CYIIECTBOBAHUS U €JUHCTBEHHOCTHU
MHOTOIIEPUOANYECKOTO peleHust uHTerpo-auddepenunansuoro ypasHenus (1) ¢ omeparopom
audQepeHIpOBaHUS 110 HANIPABJIEHUIO BEKTOPHOTO MOJIS.

Hpez[nonome BBIIIOJIHCHHBIMHU YCJIOBUA (0, a))'HepI/IOI[I/ILIHOCTI/I, HEIIPEPBIBHOCTHU II0 7T € R

U HenpepbiBHOM auddepernupyemoctu mo t e R™:

Az +6,t +qo)= A(r,t)eCeI(RxR"), ge Z™, @)

K(r+9,t+qa),s,0')= K(r,t,s,a)e C(o’e'o’e)(Rx R™ x R x Rm), qeZ™, (3)

rtso
K(t+6,t+qw,s+6,t+qo—c(r +8)+c(s+0))=K(r,t,s,t—cr+cs), qe 2™,

f(z+0,t+q)=f(r,t)eCCI(R=xR"), gez". (4)

3mech e =(1,...,1) — M -BekTOp, MOKA3aTeNH CTEMEHH TIAAKOCTH 10 t = (t,,...,t, ); Z™ — MHOXeCTBO

TeNTIOYHCIIEHHBIX BEKTOPOB ( = (0,,...,d,, ), q@ = (0,@,,...,q,,@, ) — KPATHBI# TIEPHOJ C KPATHOCTHIO

g Inepuoaa a)=(a)l,...,a)m), IICpuoabl @, =9, @yy..., @, — PpaluOHATIBHO HCCOHU3IMCPHUMBIC

m
ITOJIOXKHUTCIIBHBIC ITIOCTOSAHHBIC.

Paccmotpum onHOpoiHOE HHTETPO-Au( depeHITnaTIbHOEe YpaBHEHNE

T+6

D.u(z,t)= Az, tu(z,t)+ IK(T,t, s,o (s, o)ds, (5)

T

COOTBETCTBYIOIIEE HEOJHOPOJHOMY YypaBHeHHIO (1). YuuTeiBag o =0,+CS IO H3BECTHOH
METOJUKE [6] IOCTpOEHHsI MaTpUIlaHTa ypaBHeHuss D W= A(z',t)w OIIPEIEIUM MaTPULLY W(r0 , T,t)

Ha OCHOBC MHTCTPAJIBHOTO MAaTPUUIHOT'O YPAaBHCHUA

W(z,,7,t)=E + IA(s,t —c(r —s)W(zy,s,t—c(z —s)Hs (6)
c ennHU4yHOU N -matpuueit E . 3amerum, uto B cuiy ycinoBuit (2)-(4) marpuia W(S,r,t) ABIISIETCS
(9, o, a)) -TIepUOUYecKoit o S,7,t !

W(s+6,7+0,t+qm)=W(s,7,t) e CO%I(RxRxR"), qeZ".

Pemienue nnTerpansHoro ypaBHenus (6) uiieM B Buje psia

W(z,,7,t) = in (74,7,1), @)

m=0
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YICHBI KOTOPOI'O HAXOAUM U3 PEKYPPCHTHBIX COOTHOIIICHHUH:

W, (zy,7,t)=E, W,(z,7,t) = .TfA(s,t—C(r—s))ds, s

o

W, (70, 7,) = [ A(s.t—cle )W, 4(r0,8,t —c(r—s))ds, m=12,..,.

To
HeHOCpeI[CTBeHHO MO>XHO Y6CI[I/ITBC${, 4To psaa (7) CXOAUTCA abCOJIFOTHO U pPaBHOMEPHO.

[TonoxkuM, YTO MaTpULAHT W(z'0 , z-,t) ypaBHeHus (5) mma Bcex 7>7, um teR"
YIIOBJIICTBOPSIET YCIIOBHIO "\N (,, z',t)” <Te ") ¢ nocrostuusvu T > 1, p>0.
HemnocpencrBeHHo#l mpOBEpKOM MOKHO YOEIUTHCS, YTO MATPHUIAHT W(rO T, t) obmamaer
CBOMCTBOM MHOI'OIIEPHOIUYHOCTH 10 7,7 U t:
W(r0 +0, T+9,t+qa))—W(TO,T,t)=O, geZ".
Hcnosnb3ys 3ameny

U(Z‘,t)ZW(TO , T,t)\/(Z',t), (8)

OJTHOPOJIHOE ypaBHEHHE (5) MPUBOIUTCS K BUIY

7+0
D v(z,t)= J.Q(ro 7,1,8,t—c(r —s)\(s,t —c(r —s))ds 9)
¢ appom Q(z,,7,t,5,6)=W *(z,,7,t)K(z,t,5,6 W(z,,S,0). OTMeTHM, 4TO Ha OCHOBE yCIIOBHIi (2)-
(4) snpo Q(z,,7,t,5,t —c(z —$s)) obmanaer cBoifcTBOM:
Qr, +6,7+6,t+0qw,5+0,t+qo—c(r+6)+c(s+0))=Q(z,, 7,1, 5,t—c(r—s)), e Z".

Jlnst matpunianTa V(z'O , z',t) ypaBHeHus (9) umMeeM MaTpUYHOE UHTETPAJIbHOE YpaBHEHUE

T n+6

V(co.m.t)=E+ [ [Qlzo.mt—clr—n)s,t—clc —s)V(zo,5,t—c(r —s)ldsdp . (10)

To 1

Pemenue naterpansHoro ypasuenus (10) nmem B Buze:
V(ryz,t)= DV, (7.7,t) (11)
m=0

C HayaJbHBIM IIPUOIMKEHHEM V) (ro ' T ,t) =E.V, (z‘o , z',t) HaXxOJIMM U3 COOTHOIIEHHS

V. (z,7,t)= J' IQ(ro,n,t —c(r-n)st—clc=s)V, ,(z,,s,t—c(r —s))dsdy, m=12,....

Tornma
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Vm(Z‘O,T,t)= j ij(ro,n,t—C(r—n),s,t—c(r—s))dsdn . (12)

Snpo wuHTErpo-IUQPEepeHIINATLHOIO YPaBHEHUSI OIPENENAeTCs 4Yepe3 PEeKyppeHTHBIE

COOTHONICHHUS. Y CTaHOBJICHEI CIIPAaBCAJIUBOCTD CICAYIOMIUX OLECHOK

Quro it —cle—nhst—cle— ) < Q¢ L=y (o cejeqr ) g,
(m-1) m!
OrmeruMm, 49TO0 Bce wurepupoBanHele sapa Q, (r,,n,t—c(r—n)st—c(r—s)) obGmamator

CBOMCTBOM:
Q,(z, +0.n,t+qw—c((z+0)-7n),st+qo—c((r +6)-s))=Q, (r,.m.t—c(r—7),s,t —c(r —s)).
Ha ocnoBanuii ycnoBuit (2)-(4) MOXHO mMOKa3aTh, YTO MaTpuuaHT V (z‘o T, t) (6’ 0, a)) -

TieproIaHa 10 7,,7,t:V (7, + 6,7 +6,t + qw) =V (z,, Tt)eC(ooe(RxRxR ) qez™.

79,7, t

K psany (11) Bocnonp3oBasuucs (12) umeem:

TN+l o

V(zy,7,t)= E+J I ZQm(ro,n,t—C(r—n),S,t—C(T—S))dsdn. (13)

7o n M=
Psn iQm (TO i t= C(r - 77), s, t— C(Z' - S)) CXOAMTCA a0CONIOTHO M PAaBHOMEPHO K

HEeNpephIBHOW  (YHKIIUU R(r0 7, t— C(z' - 77), S,t— C(z' -S ) , Ha3bIBAEMOE pPE30JIbBEHTON sapa.

Pa3pema10mee AAPO YAOBJIECTBOPACT HHTCIPAJIbHOMY YPABHCHUTIO

R(zy,m,t—c(z —n),s,t —c(r —5)) = Q(z,, mt —c(z —77),5,t —c(z —5)) +

+ j J.Q(ro i t—c(z—n)s,t—c(z —s)R(ry,n,t —c(z —n),s,t—c(r —s))dsdy.  (14)

non
Pemenue ypaBuenus (14) HaxoauM METOJOM TOCIEIOBATEIBHBIX MPUOJIMIKEHUN U UILEM B

BU/JIE pAla

o0

R(zo.mt—clz—n)st—c(r—s)=> Qu(r.mt-clr—n)st-c(r-s). (15)

m=1

[Tpumenus pe3onbBeHTY (15) K (13) nmMeem

V(e e.t)=E+ ] [Rlepmt—cle—n)s.t—cle s))dsdy.

0 7

Tanee ¢ yaetom (8) mmeem U(z,,7,t)=W(z,,7,t N (z,,7,t). Ortenm U(z,,7,t)
u (z‘o,r,tm <|w (ro,r,t)"[\/ (7, r,t)” <Tre”™™) »=Q,0-p<0. (16)
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3apava. Haiitu ¢yHKIIHIO U(T,t), YJOBJIETBOPAIOIIEH Ul BCEX 7>7, U t e R™ unterpo-
muddepeHnranTbHOMY ypaBHEeHHIO (1) 1 HAYaJIbHOMY YCIIOBHIO

u(zy,t) = plt) e CE(R™). (17)

Teopema. Eciu BeimonHensl ycioBus (2)-(4), (16) u (p(t) eC/ (Rm) , TO CYIIECTBYET

€IMHCTBEHHOE MHOTONEPUOJANYECKOE PEelICHUE u*(z',t) 3amaun (1), (17), ompenensiemoe B BHIE

u” (r, t) = J-U (ro ,S,t— C(r - s))f (S,t - C(r - S))ds U YIIOBJIETBOPSIONIEE YCIIOBHIO

u*(r,tm <Tyf,.
JlokazarenbctBo. Pemenue 3amaun Komwu (1), (17) umem B Buae
u(z,t)=U(zy, 7, p(t —c(z — 7, ) + IU (s,z,t—c(r —3))f(s,t—c(r —s))ds. (18)
B (18) mpennonarasi, 4To BeKTOp-(GYHKIIUSI (p(t) mobas u3 C; (Rm) , MCTIONb3ysd HEOOXOAUMOE U
JOCTaTOYHOE YCIIOBHE MHOTOIIEPHOIUYHOCTH Y MOeTkaHoBa-CaprabaHoBa
u(z, +0,t):u(ro,t)eciff)(Rx Rm) (19)
uinem cpeau perrenwuii (18) Muoronepuoanyeckoe perrenue cucrems (1). Bocmons30BaBimch

ycnoBueM nepuoaudHoctu (19) ans pemenus (18) umeem

o) =U(ro.70 + 0.0ft — (e + 0)— 5)+
[0l t—cl(es +0)- )T (st —cl(ey +6)-s)is

To

(20)

3aTeM BO BTOpPOM ujleHe IpaBoil uacTu (20) coBepiiast CABUI MHTEIPUPOBaHUS Ha mepuon & u
yu4uTbiBass ¢ -TIEPHOAMYHOCTH  MaTPHIAHTA U(TO,T,t—C(T—S)) U BEKTOpP-(QyHKIHHA
f(r,t—c(r—s)) pemias ee METOJIOM IOCIEOBAaTEIbHBIX NPUOIMKEHHUH, 10 XOAYy HCHOIb3Ys

(bOpMy.Hy TUIlIa CBCPTKU W TIPUMCHAA MCTOA IIOJIHOM MaTeMaTUYEeCKOM WHAYKIUH, HMCEEM

O (t)z ]QU (TO ,S,t— C(r0 - S))f (S,t - C(z'0 - s))ds . Tem cambpiM

7o—mé

0 (0)=3 [Ulzys.t—clr, —5)) (5.t —clr, —5))ds =

- TU (z,,5.t—c(z, —s))f(s,t —c(z, —s))ds. (21)
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IToncraBnss (21) B (18), ncnosb3ys rpynmnoBoe CBOMCTBO, MOTYYHM:
u*(z,t)= IU (z5,8,t—c(z—3))f (s,t—c(r —s))ds . (22)

CxoguMoCTh HECOOCTBEHHOTO WHTErpaja B mpaBoid dYactu (22) obecrieunBaercs

orpaHHueHHOCTHI0 BekTop-(ymkimu f(7,t—c(r —s)).
OTMeTHM HEKOTOpBIE CBOMCTBA BeKTOp-dyHKIMH U’ (7,1):
1) ¢yHkuus u*(z',t) YIIOBJIETBOPSIET HHTETPO-Iu(depeHnansHoMy ypaBHeHHo (1) u mpu
T — 7,+0 oOpamaerca B ¢ (t);
2) OHa SBISETCSI MHOTOIICPHOANYECKOM (QYHKIMEH 10 7 U T ¢ BEKTOPOM-IIEPHOIOM (6’,0));

3) Hu*(r,t)”sr;(lfo,rne |f(r.t-c(z-s))= sw |f(r,t-c(r—s)|<f,, f,=const.
o

7,t)eRx

4) Pemenne U(7,t) exuHCTBEHHO.

Yro u TpedoBanock A0Ka3aTh.
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UMITYJIbCTI KBASUCBI3BIKTBIK KYHWEJIEP/IIH
BOJI’KAHBAWTHIH HIEIIIM/IEPI

3.T. HYTAEBAL, M. AXMET?, M.TJIEYBEPITEHOBA'
1K. JXKybanoe amvinoazvlt Akmebe exipaik ynusepcumemi, Akmebe, Kazaxcman
20pmanvik-Lllvizeic Texnukanvix Ynueepcumemi, Ankapa, Typxus

E-mail; zahira2009.85@mail.ru; marat@metu.edu.tr; madinal970@mail.ru

AHHOTanusl. Makanaga KBa3WUCHI3BIKTHIK HMITYJIBCTI MU QGEpEeHINANIBIK TEHACYIep JKYHECIHiH Y3UIicTi
00ynKaHOAMTBIH, aCUNITOTUKAJIBIK OPHBIKTHI IIEHTIM/ep] 3epTTenreH. Y3u1icTi 60JKaHOaNTBIH (YHKIMS YFBIMBI OipHere
TOyeJCi3 aifHBIMAIIBICHI Oap (GYHKIUsIIAp KIIAChIHA JICHIH KCHEHTIIIIM, YaKbIT alHBIMAJIBICHI OOHBIHINA O00KAaHOANTHIHIBIK
YFBIMBI eHri3inreH. KBa3su3bICHIKTBIH HMMITYJIBCTI JKyHenepaiH OoypkaHOAMTBIH Y3LMicTi IIemimzaepi YUIH ajibIHFaH
TEOPHSUIBIK HOTHIKENIEP/Ii pacTalThIH WILTFOCTPALMSIIBIK MbICaap KeITipijireH.

Tyiiin ce3mep: KBa3suCHI3BIKTHIK KYiie, UMITYJIbCTI JXyie, O0KaHOAWTHIH (DYHKIH, Y3UTICTI OOmKaHOAWTHIH

(I)yHKLII/Iﬂ, ACUMITOTHUKAJIBIK OPHBIKTBUIBIK.

Makayia KBa3WCBHI3BIKTBHIK WUMITYJIBCTI TUDPEpeHIHANIBIK TeHACYIEp >KYHWECIHIH Y3UIICTI
O0ikaHOANTBIH, aCUNTOTHKAIIBIK OPHBIKTHI IIEHIIMIEPIH 3epTTeyre apHaiFaH. bipHele Toyenci3
alfHBIMaJIBICEl 06ap (QyHKIUMsUIap KIIachl YIIIH YakKbIT aifHbIMabIChl OOMBIHIIA OOKaHOANTHIHABIK

YFBIMBI €HT131JITEH.

Maxkanaga u = (ul,...,up) BekTOphl ymiH ||ull; = Irsl%gluil HOpPMachiH, al A = (aij),
i,j =1,...,p kBaapar MaTpuiacsl yiuiid ||A|| = In,ax Z?zllai ]-| HOPMACHIH KOJIJIAHbLIa Ibl, MYH/IaFbl
<i<p

|"] — abcomroT mama Genrici.

2

l-anbikTama [1]. lenenren, k; = (K1 £ KZ? ),i € Z, Ti36er1 O6epincin. Erep Temenaeri

i K
maprrap:

(a) opOip OyTiH i1 < i, YIIiH max ”Ki_Hn - Ki” - 0,n — oo,
i1<i<i,

(b) op6ip HaTypan n yuriH ”Kmn"‘ln — Km, || = &y TEHCI3Ir
opbIHAANaThIHAAl £y > 0 caHbl MeH [, — 00, m, — 00, n — oo Ti30eKkTepi TaObUIaTBIH OO0JIca, OH/IA
K; Ti30er1 Oonxcanbatimeiy AT aTaiajbl.

HaxTel canmgapabH T;, i € Z Ti30erid KapacTeIpaMbI3, 0J1 Keleciieit kacuertepre ue: 1) |t;| =
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00, |i| = 00; 2) Ke3 KeNreH OH T, T CaHIapbl YIIiH T < Tj4q — T; < T OpbIHIATIAIbL.

CaH Ty3yiH/Ie aHBIKTAJIFaH )KOHE Y31IiC HYKTelepi CaHAIBIM/IbI JKUBIHAAP/IbI KYPAHTHIH, OyFaH
KOca y31UIic HYKTeNepiHe OipyKaKThl MIEKTepl 6ap OapIibIk p-enmieM i O6TIKTI y3lmicci3
dbyHKUMsUTap KUBIHBIH F apKpuibl Oenriierimi3. Erep dyHKumsuiap optypii OoJica, oHIa Y31Iic
HYKTEJIEPiHIH XKUBIHAAPHI Oipieit 00Tybl MIHIETTI eMec. byl KUBIHIAPBIHBIH MIOFBIPIIAHY (IIIEKTIK)
HYKTeJepi 60nMaiiabl, api eKi *KarblHaH IICHEeIMETeH.

¢, xoHEe ¢, dyHkuusIapsl F )KUbIHBIHAH aJIBIHFaH OOIIKTI y3l1icci3 pyHKUusIap OOJICHIH.

.. .. . o . o
[llenenren /| € R uHTEpBaNbIHA THECLT PYHKUMANAPABIH Y31IiC HYKTEIEPIH COMKECIHIIE T;" = JKIHE

Ticpz , 1 =1,..,k nen 6enrineiimiz. Erep op6ip i =1, ...,k ymin |Ti¢1 - ’l'l-¢2 | < & MIAPTHI HKOHE

[Tldf;(ﬁz] HHTEpBaJIbIHAH OacKa apajbIKTa XaTaTbiH Oapiblk t € | yunid ||, (t) — P, (D) < ¢
IIAPTHI OpBIHAJICA, OHJIa OYIT GYHKUMsIIAp | MHTEPBAIIBIHAA £-9K6U6aIeHmmi ien atanaasl. Erep ¢4
KOHE ¢, (YHKIMSIAPHI | HHTEPBAIBIHIA £-DKBUBAJICHTTI OoJica, oHa Oy pyHKIusuiap 6ip-0ipiHiH
€ -ManauvinOa OpHANacKaH Jen aiTtaapl. OcblHAAW MaHaWIapAblH KOMEriMeH AaHbIKTaJIaThlH
TONOJOTUSIHBI B-mononoaus nen ataiael [2].

p-eniemal 0emiKTi y3uricci3 GpyHKuuAmapasiH F KUBIHBIH jKOHE aHBIKTaly 00bIch R X S,
S © RP Gonatein p-emmemai g(t, x) BekTop QYHKIHICHIH KapacTeipambi3. Erep op0ip x € S, S C
S yurin g(t, x) GYHKIUMACHIHBIH Y31TiC HYKTENIepi MEH X allHBIMANBICBIHBIH Y31J1iC HYKTEJepi OpTaK
oonca, onna g(t, x) dynkumsce! F(S) KuUbIHBIHAH albIHFAH Jem aTanaabl. Erep opOip OekiTinreH
x € S ywin F(S) xubiHbiHaH ansiaFad g(t, x) meH h(t, x) ¢pyHkuusiapsl F KUBIHBIHAAFbIIAN € -
HKBUBAICHTTI OoJica, oHMa onap /| © R uHTEpBaNBIHAA £-9K6UBAIEHMMI JIETI aTaabl.

KymbicTa KapacThIpbUIAThIH O6IKTI y3UTicCi3 QyHKIUsIAp Y31IiC HYKTEIEPIHE COT )KAKTHI
y3iiicei3 JkoHe OipiHII TeKTi y3iaicTepre ue 601abl.

3epTTeyliH MaKcaTblHa COMKeC MMITYJBbCTI KYHEHIH Y3UIic HYKTelepi TeMeHJeriae typae
QITBIHATBL

Ti:iT+]/i,iEZ, (1)

MyHaarel ¥; € R, i € Z — 6omkanOaiTeiH Tiz0ek, an T > 4 cauwl suply;| < T/h, h = 3 mapTeia
i€z

KaraTTaHJbIPATHIH/IAN CaH.
2-aHbpIKTaMa. Y3iJgic HyKTenepi T;,i € Z, 0ONaThiH, IICHENTeH >KoHe OOIiKTi y3imiccis
¢: R = RP dpynknuscer 6epincin. Erep remeneri maprrap:

(a) opOip OyTiH i1 < i, YIIIH max |Ti+ln -ty — Til -0, n - oo;
11<t<liy

(b) op0ip HaTypay n ymrix |6mn+ln -ty — Hmn| > &0,
(©)Ve>030(e) >0ty,ty € (1, Ti41, TIEZ: |t; — ty] < a(e) =
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lp(t) — ()l <&

(d) op6ip menenren uuTepBanIarsl B-romonorusaa @(t + t,) = @(t), n - oo;
(e) opbip Harypan n xoHe @ (t) MeH @(t + t,) QyHUUATAPBIHBIH Y311iC HYKTEIEpiH
KaMTBIMaiThIH [S, — 8, s, + 0] C [an T Om,+1, — tn] WHTEPBAJIbIHAH
anpIHFaH Ke3 keared t ymid ||@(t + t,) — @(t)|| = &, Tencizmiri
opbIHAaNaThIHAal £y > 0, § > 0 caHmapbl >KOHE HAKTBl CaHIAPIbIH t, — 00, S, = 00, N — 0,
Ti30ekTepi MeH OYTiH caHmapablH [, — 0, m, = 00, n — o, Ti30eKTepi TabbUIATHIH 0OJICa, OHJIA
@(t) byHKUUACH y3inicmi 6oaxcandOaimolH €T aTajiabl.
3-aHpIKTamMa. Y3urc Hykrtenepi T;, i € Z, OonaThiH, t aHBIMAJIBICBI OOWBIHIIA OOIIKTI
ysimiceis f(t,x) € F(S), f = (fi, -, fp) Oynxmmsce 6epincin. Erep xeneci maprrap:

(a) op6ip OyTiH iy < i, ywin max |ty — t, — ;| 20, n - oo;
11<i<ly

(b) op6ip HaTypay n ymin |Tmn+ln -ty — Tmnl > &,
(©)Ve>030(e) >0 ty,t, € (T;,Tip1, TEZ: |t — t5] < 0o(e)

= Sl;p”f(tl,.X') - f(tz,X)” <g;
(d) op6ip menenren untepBanaa sup||f (t + t,, x) — f(t, x)|| =0, n - oo;
s

(e) op6ip Harypan n yurin f(t,x) nen f(t + t,, x) GyHIUSIAPBIHBIH Y3iTic
HYKTeJIEpiH KAMTBIMAUTHIH S, — &, S, + 8] S [Tmn o T+, — tn]

WHTEpBaJIbIHAH alblHFaH Ke3 kenred t ymnu inf||f(t + t,, x) — f(t,x)|| = &, TeHcizairi
S

OpBIHIANATEIHAANH £, > 0, § > 0 caHmapbl KOHE HAKTHI CAHIAPIBIH t, — 0, S, = 00, N — 00
Ti30ekTepi MeH OYTiH caHmapnabiy l, = 0, m, — 0, n = oo Tiz0ekTepi TadbUIATBIH 0oJica, OHIA
f(t, x) yHKUMACH t boubiHwa y3inicimi bonxcanbatimoin yHKyUs T aTaaabl.

4-aupIKTaMa. Y3itic Hyktenepi T;, i € Z, 6omateid, 6emikti y3imiceis f(t, x) byHKumsICH t
OoiibIHIIA Y3UTiCTI O0KaHOANTHIH (DYHKIIMS OOJICHIH JKOHE IIEeHeNTeH p-onmemai G;(x) € S, i € Z,
BEKTOpHI OepiiciH. Erep Temeneri maptrap:

(a) op0ip OyTiH iy < i, ymIiH max sup”GiHn(x) - Gi(x)” - 0,n - oo;
11<i<ly S
(b) op6ip Hatypan n yuriH inf ”Gmn+ln (x) — G, (x)” > & TEHCI3Ir
s

OpBIHIANATBIHAAW &, > 0 caHmapbl, OYTiH caHmapablH L, = ©, m, — ©, n — o Ti30eKTepi
tabbLIaTeiH Ooica, ouma (f(t, x), G;(x)) xyObl bonocanbaiimein IET aTaNaIbl.

Keneci uMnynbCTi KBa3UCHI3BIKTHIK JKYHEHI KapacThIPaIbIK

87



BecTHUK AKTIOOMHCKOTO peruoHanbpHoro yausepcurera uM. K. XKybanosa, Ne2 (67), utons, 2022
DU3UKO-MaTEMaTHYCCKUE HAYKH

x'(t) = Ax + f(t,x), t +1;
Ax|i—p, = B x,

(2)
myHnarel t € R, x € §; A € RP*P, B € RP*P — kommyTatuBTi Matpunanap; 7;, i € Z — (1) typinge
Oepinren ysimic mykrenep; f(t,x): R XS - RP — t GoiibiHma 6okanOainTeiH Gynkiws. det(l +
B) # 0.

benikti y3imiccis @:R—>RP ¢ = (@1,¢3,...,¢p) Oyaxkuusnapbiapiy D € F  imki

KeHicTirin  enrizemiz. Ownparbl  HOopMma ||@||l; = suplle(t)|| apxpuel  anbikTamager. @ (t)
teR

(YHKIMSACBIHBIH Y3iic coTTepi (2) KyieHiH y3imic corTepiMmen Oipneit 0omaabl.

KeHICTIKTIH 3J1IeMeHTepi MbIHA/Iail KACUETTEPre ne OOJICHIH:
(D1) 6apabik @(t) € D ymid ||@(t)||; < H opbiHaanateiHaai o H caHbl TaObUIAIbI;
(D2) opbip ¢@(t) €ED vyurliH HAKTBl CaHAApP SKUBIHBIHBIH IIEHENITeH  WHTEepPBaJIbIHIAFbI
B — tomonorusina @(t +t,) = @(t) , mynmarel t, (2)-kyieneri f(t,x) dyHKuMACH yIIiH
TaHJIAJIFaH t,-MeH Oipjaei Ti30ekK.

(2)-xkyiieHi 3epTTey YIIiH, OFaH COiiKec OIPTEKTI MMITYJBCTI XKYHEHIH (yHIaMEHTAJIbI
MaTpHIACHH Koganbuiass: X (t,s) = eAC=9 ([ + B)i([s't)), t>s.
A+ %Ln([ + B) MaTpuLACchIHBIH MEHIIKTI MoHepiH A;, j = 1,2, ..., p, KapacTbIpaMbI3 JKOHE
MEHIIIKTI MOHJEPiHiH HaKThI OoIikTepi ReA; YIIiH MbIHA IAPT OPBIHAAJICHIH JET YHFapaMbl3:

(A1) m]aX:ReAj =1<0,j=1,2, .., p.

Onmnati 6ouica,

IX(t, )|l < Ke *E9),t > 3)

TeHci3Aairi opeiHAanateiHgail K = 1 xone 0 < a < —A canmapbl TaObUTAIBL.

Keneci maptrap Kaxxet 60yabr:
(A2) GapnbIk t € R, xq, X, € Symnin||f (¢, x1) — f(t,x2)|| < L¢||x; — x3|| opeiHmanateinmaii  ox
Ly TYpakTBICHI TaOBLIAMIEL

(A3) Gapneik (t,x) € R X S ymiin ||f (¢, x)|| < My opeinanateianait on My caHbl TaObLi1a/bl;
(A4) % <a;
7 ;

1-nemma. 9(t) ynyuscer (2)-orcyiieniy wenencen wewimi OOVl yulin o
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I(t) = f X(t,s) f(s,9(s))ds, teER

UHmMe2pablK meyoeyoiy wewimi 601Ybl KAHCemmi JHCIHe HCeMKILIKMI.

D KUBIHBIH/IA KEJIECi ONepaTop bl CHIi3eIiK:

Mp(t) = f X(t,s) f(s,o(s))ds, teER, ¢ €D.

2-nemma. D kenicmiei I1 onepamopvina Kamvlcmvl UHBAPUAHIMMBL.

3-nemma. Il onepamopwr D kenicmiciniy iwinoe KolCyuibl onepamop.

1-teopema. Ecep (A1)-(AS5) wapmmapel opvinoaica, onoa (2) sHcyiieHiy acumnmomuxkaiblk
OPHBIKMYL, Y3INiCmi OOIHCAHOAUMBIH JHCANbL3 weimi 6ap 601a0bi.

Keneci uMmynbeTi KBa3UCHI3BIKTHIK JKYHEHI KapacThIPAJIBIK:

x'(t) = Ax + f(t, x), t + 1 4
Ax|i—g, = Bx + Gi(x), Q)

myHnarsi t E R, x € S; A € RP*P, B € RP*P — xommyraTuBTi Matpunaiap; 7;, i € Z — (1) Typinme
Oepinren y3inic nykrenep; (f (t,x), G;(x)) 6omxanbaiiteH xyn. det(/ + B) # 0.

TeMeHeri mapTrap OpbIHIAIAIbI €Tl YHFapabIK:
(A6) GapnbiK i € Z, x4, %, € S yuiin||G;(x1) — G;(x2) || < Lg||x1 — x2]| TEHCI3Ir1
OpbIHAANATBIHIAN OH L; TypakThICHl Oap Oonabl;

(A7) sup||G(x)|| £ Mg opelnnanaTeiagail o M, caHbl TaObIIAIb;
X€S

(A8) KMy KM _y
a 1—e %2 ’

(A9) Ky, Kls
a 1—e@ 7

1
(410) KLy +—In(1 + KLg) < 1.

2-teopema. Ezep (Al)-(A2), (A6)-(A10) wapmmapwur opeinoanca acone (f(t,x), G;(x))
acyoul  bondcanbamein  6oaca, onoa (4) owcyleniy AcCUMNMOMUKANBIK OPHBIKMbL,  Y3LLiCHi
O0AHCAHOAUMBIH HCANRbL3 UlewiMi 6ap 601a0bi.

1-mbican. AnapiMeH y3UTCTI OoikaHOANWTHIH (DYHKIUSHBIH Y3UIIC HYKTEJIEpIH aHBIKTAI

anambiz. O yurin
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Aipr =pli(1—A),i €L (5)

JIOTHCTUKAJIBIK OeliHeneyiH Kapacteipambis. Erep u € (0,4] Oonca, (5 ) TeHumeyniH Oapibik
merrimaepi [0,1] uarepBanbinga sxkaTasr [3].

An [4] xymbicta [3 + (2/3)/?, 4] unTepBansiHan anelHFaH OpoOip [ YIIiH JOTMCTHKAIBIK
TEHJICYAIH menimMaepi 60mKaHOAUThIH ¥;, I € Z Ti30€TiH KYPaThIHABIFBI IOJICIICHTCH.

T,=4i+y;,l€EL (6)

Ti36erin KapacTeipaibiK. (6)-Ti30ek (1)-Ti30exTiH aepbec xKaraaibl 00aFaHABIKTaH, opoip OyTiH i; <

i, YIIIH n — 00 Ke3/le max |Ti+ln — t, — Tl-l HOeJITe YMTBUIATBIH KOHE opOip HATypal M YIUiH
11<i<ly

|Tmn+ln — t, — Tmn| > € TEHCI3/IT OpbIHAANATBIH OH &, CaHbl koHe t,, = 6l,, l,, m, Ti30ekrepi
TaObLIAIBI.

BomkanOaiiTeiH QyHKUMAHBI Kypy YiuriH bepHymiu mporecidn KoigaHambi3. Srau, [5]
MaKajgagarbl HOTHIKEr'e COMKEC BIKTHMMAABIFbI 1/2-r¢ TeH, Ke3IEeMCOK aHbIKTaiFaH 1 MeH 3
CaHJIapBIHBIH IIEKCI3 Ti30eriH Kapacteipambi3. Omaii 6onca, 7; = 1,3, i € Z 60mkaHOaNThIH Ti30eTi
TaObLIa/IbI )KOHE OYTIH CaHIap/bIH IEHET€H MHTEPBAIBIHAH AJIbIHFAH 3pOIp { YIIIH T;y; = T;, JKOHE
OapibIK HaTypal n YIIiH |Tmn+ln — Tmnl = |1 — 3| > g, TeHci3airi opbIHAATATEIH OYTiH CaHIBI
[, » 00, m, - o, n— oo TizdekTepi Oap Oonabl.

®(t):R - R dynkmusicsr P(t) =1;, t € [7T; Tiy1), | € Z TeHAEYl apKbUIbI aHBIKTAIFaH

Tmpt Tmp+1

3
byuknust GonceH. P(t) oH & , 0 =7 CaH;apel koHe tp =4l , s, = -

, n€EN

Ti30eKTepiMeH Y31IiCcTi 60KaHOAUThIH GYHKLUS O0NIaIbl.

2 -mbIcaj. KBa3uCBI3bIKTBI UMITYJILCTI )KYHECIH KapacThIPaJIbIK

x; = 4x, + 0.024x2 — 0.027x3 + 0.008P3 (1),
x3 = —6x; + 0.018xZ + 0.036x; + 0.007d(v),
xp = —0.5x3 + 0.025x3 + 0.013x% — 0.12d3(1),

3

B¥ilemg, = =31 +0.001xF + 001423 +0.05; r 27, (7)
3

Axy|—g, = e 0.011x3 + 0.01x2 — 0.06y;,

3
Ax3li=p, = —g%a Tt 0.003x? — 0.023x; + 0.04y;,

MYHIarbl ¥, T;, | € Z Ti30extepi MeH ®(t) QyHKIMACHL, coliKeciHime l-MbIcaia aHBIKTaJIFaH

0opKaHOANTHIH Ti30EKTEp MeH y3imicTi OomkanOanTeiH (yHkimsa. 1.4 skone 1.5 memmanap [6]
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OOMBIHILIA ( f(t, x), G(x)) KyObI 00DKaHOAWTBIH 00JIa IBL.

A MeH B marpunanapsl KOMMYTAaTUBTI )KOHE

1l2 4 0

[3in )
|
|

1 | 1
A+=In(I+B) = - - ,
+ T n(l + B) 6 3an 0
0 0 0.5 1l 2 /
S—3zin
MaTpPUIIACKIHBIH MEHIIIKTI MOHJIEpi MbIHAaW Oonamel: A4 = —0.5 — %an, KoHe A3 = —%an +

2v/6i. a = 0.2 xone K = \/2 mounepinge (Al)-maptsl opsinnanasl. byran Koca, My = 0.01468,
Mg = 0.06086, Ly = 0.01728, L; = —0.01104 »xone H = 0.3 Gosranpa, (7) xyie ymin (A2),
(A5)-(A9) maprrapsl opbIHIANAAbL. 2-TeopeMara coiikec, (7)-KyieHiH aCHMITOTHKAIIBIK OPHBIKTHI
¢(t) = (d)l(t), ¢, (1), ¢3 (t)) KaJIFbI3 IerriMi 6ap 0oazipl.

bactankel MoHmepi Oenrici3 OOnFaHABIKTaH OOJHKaHOAWTHIH (YHKUMSHBIH MICIIIMIH
Mmozenbaey MyMmkiH emec. Con cebenri, 6acranksl Moni Y4(0) = (0.0556 — 0.075; 0.065) Ten
OonateiH Kepirinec Y(t) = (1,[}1 (1), Y, (t), Y (t)) IIEMIMIH KapacThIpaMbI3. Y aKbIT apTKAH CalibIH
Y(t) byukuusceHbH rpaduri 6omkaHGaiTeiH ¢(t) memiMidii rpadurine sKakpHAaWAbL SrHu
00mKaHOANUTHIH MISIIIM/II CHITATTAlThIH KMCHIKTHIH OpHbIHA Y (t)-HiH rpadurin KapacTeipambi3. 1-

cyperre Y (t)-HiH KOOpMHATAIAPHI, &1 2-CYPETTE IICIIIMiHIH TPACKTOPHUSCH KOPCETLITEH.

0.1

5 of et A o
0 1 b 2I0 3I0 4I0 5I0 SIO I

-0.1

70
t

0.2 T T T T T T T
e oWW\NWMMN\MWNV\NMMMWNWN\IWMNV\NWWNMNVW
-0.2 - - - . - - .
0 10 20 30 40 50 60 70

0.08

¢ FURTUT

o

-0.02

Cypert 1 — ¢(t) y3inmicti 60mKaHOANTHIH MIENTIMHIH KOOPAWHATANIAPbIHA )KaKbIHIAUTHIH Y (t)

(YHKUHUSACBIHBIH KOOPAWHATAIaphI
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0.06
0.04

£ 0.02

-0.02

Cyper 2 —(t) y3imicti 60mkaHOaNTBIH () YHKITUSCBIHBIH TPACKTOPHUSICHI
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HEIIPEJICKA3YEMBIE PEHIEHUA
VUMITYJIbCHBIX KBASUJIMHEVMHBIX CUCTEM

3.T. Hyraesal, M. Axmer?, M.T.ey6eprenona’
1K. JXKybanoe amvinoazelt Akmebe oHipiik ynusepcumemi, Akmebe, Kazaxcman
20pmanvig-Lllvizvic Texnuxanvix Ynusepcumemi, Ankapa, Typkus
E-mail: zahira2009.85@mail.ru; marat@metu.edu.tr; madinal970@mail.ru

AHHOTanus. B cTaThe Mcciae0BaHbl pasphIBHBIE HEMPEACKa3yeMble, ACUMITOTHYECKH YCTONYMBBIE PEILECHHS
CHUCTEM KBa3WJIMHEHHBIX HWMITYJbCHBIX JAu(QepeHIraIbHblX ypaBHeHHH. [loHATHe (QYHKIMM C  pa3pbIBHOW
HEeMNpeCcKa3yeMOCTH PaCIIMPEHO JI0 Kilacca (QYHKIHH ¢ HECKOJILKUMH HE3aBUCUMBIMHU IIEPEMEHHBIMU 1 BBE/ICHO MOHTHE
HETpeACKa3yeMOCTH IO BpeMeHHOH mnepeMeHHOH. [IpuBeneHbl WILTIOCTPUPOBAHHBIE HPUMEPHI, MOATBEPKIAIONIUE
MOJIyYCHHBIE TEOPETUUECKUE Pe3yNIbTaThl U HENPeACKa3yeMbIX pa3pbIBHBIX PEUICHUN KBa3WIMHEHHBIX MMITYIbCHBIX
CHCTEM.

KaroueBble cinoBa: KBasuinunHeiHas cucteMa, UMITyJIbCHasl CUCTEMa, HENpeackazyeMas (QyHKIS, pa3pbIBHAS
HerpezckazyeMasi QyHKIus, aCHMITOTHYECKast yCTOHIUBOCTD.

UNPREDICTABLE SOLUTIONS OF IMPULSIVE
QUASILINEAR SYSTEMS

Z. Nugayeva!, M. Akhmet?, M. Tleubergenova®

1 K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan
2 Middle East Technical University, Ankara, Turkey
E-mail: zahira2009.85@mail.ru; marat@metu.edu.tr; madinal970@mail.ru

Annotation. Discontinuous unpredictable, asymptotically stable solutions of systems of quasilinear impulsive
differential equations are studied in the article. The concept of a discontinuous unpredictable function has been extended
to the class of functions of several variables, and the concept of unpredictability with respect to a time variable has been
introduced. Examples with numerical simulations are presented to illustrate the theoretical results for discontinuous
unpredictable solutions of quasilinear impulsive systems.

Keywords: Quasilinear system, impulsive system, unpredictable function, discontinuous unpredictable function,

asymptotic stability.
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OF OJITHOM HEJOKAJIBHOM 3AJIAYE JIJI1 YPABHEHU S
TEIVIOITPOBOJHOCTH C KYCOYHO-ITIOCTOAHHBIM KOO®PUIHUEHTOM

V.K. KOMJIBILIOB 2, M.A. CAJIBIBEKQRB 2 [0000-0001-8450-8191]
'Mucruryr Maremaruku 1 Marematideckoro Mojenuposanus, Anvatsl, Kazaxcras.
?Kazaxckuii HAIIMOHANBHBINA YHUBEPCUTET UM. anb-Dapabu, Anmatsl, Kazaxcran.

e-mail: koylyshov@mail.ru

AHHOTanusl. 3a7a4y TEIUIONPOBOAHOCTH C Pa3phIBHBIMH KO3((HUINEHTAMH JaBHO M XOPOIIO HCCIECHYIOTCS.
Crnenyet otMetuth pabotsr [1-5] , Hanbonee Gimu3Kkue Mo TeMaTuke K Harieil pabore. B pabore Camapckoro A.A. [1]
MeronoM GyHKIHU ['pHHA M TEIUIOBBIX MOTEHIMAIOB JOKa3aHa KOPPEKTHOCTH MEPBOM HAYaIbHO-KPAEBOW 3a/1audl Ui
ypaBHEHHS TEIUIONPOBOJIHOCTH C pa3pbIBHBIM K03 (uuneHToM. A B paboTe ka3zaxcraHckux MaremarukoB E.J. Kum n
b.b. baiimyxaHoB [2] METOZI0OM MOTEHINAJIOB, CBEJICHUEM K HHTETPAILHOMY YPaBHEHHIO TOKa3aHa KOPPEKTHOCTH MEPBOM
HayaJlbHO-KpaeBOH 3ajJayul Uil JBYMEPHOTO YpaBHEHUS TEIUIONPOBOJHOCTH C pPa3pbIBHBIM KoddduimeHTom
TEIIONPOBOIHOCTH B MOJIYIPOCTPAHCTBE.

B pa6otax [3-5] C mOMOIIBIO TEMJIOBBIX MOTECHIMAJIOB JOKa3aHO CYIISCTBOBAHUE KIACCHYCCKHX PEIICHUH
Pa3IUYHBIX KPAeBBIX 3a/1a4 AJIsl ypaBHEHHUH MapaboIMIecKoro THUIA.

B ciryqae Ge3 pa3pbiBa CrieKTpasibHAsl TEOPHA 3THX 3a/ad IOCTPOCHA NMPAKTHYECKH HMOIHOCTHIO. 31eCh MOKHO
OTMETUTH PaboThI [6-16].

B nanHO# pabore 0DOCHOBaHO pelleHHE METOJIOM pa3/ielieHHs NEePEeMEHHBIX HadalbHO-KPaeBbIX 3ajay Juls
ypaBHEHHS TEIIONPOBOJIHOCTH C KYCOYHO-MIOCTOSIHHBIM KO3()()UIIMEHTOM TEIIONPOBOAHOCTH IPH OOLIMX HENOKAIBHBIX
YCJIOBHSIX U PaCCMOTPEHBI HEKOTOPHIE YaCTHBIE CIy4au.

KaloueBble cjioBa: 3a7aud  TEIUIONPOBOJAHOCTH C  Pa3pbIBHBIMH  KOA(GQHUIMECHTaAMH, ypaBHEHHUS

TEIJIOIIPOBOAHOCTH.

IlocTanoBKa 3a7a4n.
B o6mactu 2 = {(X,t) 0<x<l,0<t<T }, tpeGyercs Haitti pyukimo U(X, 1)

YIOBJIETBOPSIOLIEE YPABHEHHUIO

u -k, , 0<X<X, _ (D), o
u —kau,, X,<x<lI
HaYaIbHOMY yCITOBHIO
u(x,0) =e(x), 0<x<I, )
IPAHUYHBIM YCIIOBHSIM
a,,u, (0,t) +a,u, (I,t) +a,u(0,t)+a,u(l,t) =0,

<t<T, 3)
a,,u,(0,t)+a,,u,(l,t) +a,u(0,t) +a,u(,t) =0,

94



K.)Ky6anoB atbiHiarsl AKTe0e eHIpiiKk yHUBepcuTeTiHIH Xabapuibichl, Ne2 (67), mayceim, 2022
®nznka-mMaTeMaTHKa FEUIBIMIAPH

1 YCJIOBHSIM COTIPSDKEHUS
u(x, —0,t)=u(x, +0,t), 0<t<T, (4)
ku, (X, —0,t) =k,u, (X, +0,t), 0<t<T, (5)

MeTtoa peeHus.

Pewenne 3amaun (1)-(5) mmem B Buge  U(X, 1) =Y (X)-T() =0 . TMoxcrasuss B
ypaBHenue (1) u ycnoBus (3)-(5), u pa3aesnsisi nepeMeHHBIE MOIY4YaeM CIIEIYIOUIYIO CTIEKTPAIbHYIO
sagaay (mpu T (X, t)=0)

Ly {— kY"(X), 0<Xx<X,

—k2Y"(x), X, <x<I

} =AY (X), (6)

a,,Y '(0) +a,,Y'(l) +a,Y(0) +a,Y () =0,
a,,Y '(0) + a,,Y (1) + a,,Y (0) +a,,Y (1) =0, (7)
Y(x,—-0)=Y(X,+0), kY'(x,—0)=k,Y'(x,+0), (8)
OyHKIUA T(t) seusercs pELLIEHUEM ypaBHEHUS T '(t) + AT (1) =0.

Hetpyano y6eautbes, uro 3aaaya (6)-(8) HecamoconpspkeHHas. ConpsbkeHHas 3a1ada K 3ajgade (6)-

(8) umeer BU:

. kiZ"(X), 0<Xx<X,
=
kZZ"(x), x,<x<I

} = AZ(X) )

k2A,Z'(0) - k?A,Z (0) —k2A,Z(1) =0,
K ALZ'(1) +k; ALZ (1) + kA, Z(0) =0,
kZ(X, —0) =k, Z(%, +0), Kk’Z'(x,—0)=kZZ'(x, +0), (11)

(10)

a, a, aj auj

A- (
rac A MHHOPBI MaTpUIIbI
: a21 a22 a‘23 a24

TRy

a, 1<i< <4,

j
CobcTBeHHbIe 3HaUeHU 3a1au (6)-(8) u conpspkeHHoi 3aaayn (9)-(11) coBmagaror.

I{OKaSaHBI CJICAYIOIUC TCOPCMBI.
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Teopema 1. Jlna moOeix Qynxuumii @(x) € C[0,1] N C?[0,x0] N C?[x,1] u f(x,t) €
C(Q) N C2(Qy) N C2(Q;), ynOBIETBOPAIOMNX KPAEBBIM YCIOBUAM (3) U YCIOBHAM CONpsiKeHus (4)-
(5), cymiecTByeT eIMHCTBeHHOe Knaccuueckoe pemenue u(x,t) € C(Q) N C*1(Qy) N C*1(Q))
3agaun (1)-(5).

Teopema 2. Jnsa  mo6oit  dynkiuu @ (x) € W(0,1) n W2(0,x,) N WE(x, D)
YIOBJICTBOPSIONICH KpaeBbiM ycioBusM (3) u ycioBusMm conpspkenust (4)-(5), u moboit f(x,t) €
L,(Q) cymectByer eauHcTBeHHOE 00001eHHOE pemenne u(x,t) € sz’l(ﬂ) sagaun (1)-(5). D10

pelieHue SBISETCs CUIIBLHBIM pemeHueM 3a1a4u (1)-(5) 1 ynoBIeTBOpSET OLICHKE

2 2 2 2 2 2
lll, a0y + el 2 gy + el 200y < €I oy + 1012000y + 10Nz, 0}

[[anee ACTAJIbHO U3YYHUM HCKOTOPBIC YACTHBIC ClIyUau.

—kY"(X), 0<Xx<X,

Ly = =AY (X),
1) —KXY"(X), X, <x<I ) (12)
kY'(0) +k,Y'(1) =0,
Y(0)+Y(l) =0, (13)
Y(X, —0)=Y(x, +0), kY'(x,—0)=k,Y'(x, +0), (14)

B sToM ciiyyae  coOCTBEHHBIE 3HAUEHUS U COOCTBEHHbIE PYHKIIMU OyIyT paBHbBI
. [ (2n +1)arx
sinf ———— |, 0<Xx<X,,
k,

Sin((Zn +1)k7zr(| ~X)

Ay =(@n+)ar)’, v (x)=C

J,x0<x<l,

r= klk2
kzxo + kl(l - Xo)

N3BectHO, uTo 3anaya (12)-(14) HecamoconpskenHas. ConpsikeHHasl 3a/1a4a UMeeT BU:

—k2Z"(x), 0<x<X
z=9 ) Ot =Z(x),
~k3Z"(x), x,<x<I

k2Z'(0) +k2Z'(1) =0,

k,Z(0) +k,Z(1) =0,

K.Z(x, —0) =K,Z(x, +0), k2Z'(x, —0) = k2Z'(x, +0),
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B sTOM ciyyae coOCTBeHHbIE 3HaYCHUS U COOCTBEHHBIE (PYHKITUHN OyIyT paBHBI

1 sin (2n + D arx
k,

1

), 0 <X <X,
=(@n+Dar)’, Z (x)=C/

1 ((2n+1)7zr(l—x)j x <x<l
k, k,

T.€. COOCTBEHHBIEC 3HAYCHHUS COBIIAIAI0T, & COOCTBEHHbIE (DYHKIIMH OTIMYAIOTCS Ha

KYCOHHO'HOCTOHHHBIﬁ MHOKHUTCJIb. OKa3BIBaeTC$I, cIeayromasn 3aaadya CaMOCOIIpsA>KECHHAas

kV'(X), 0<Xx<X,
Lv = = Av(X), (15)
K2V'(x), %, <x<I

3 3

k2v'(0) + k2v'(l) =0,

JKv(0) + /K, v(l) =0,

3 3
\/kTv(xo —0) = \/Ev(xo +0), k2V'(x,—0)=k2V'(x, +0), (17)

B sToMm cinyyae HeTpyaHO yOeaUTHCS,UTO COOCTBEHHbIE 3HAUE€HUSI U COOCTBEHHbIE (YHKIIUHU Oy1yT

(16)

paBHbI

1 sin((2n +1)MXJ, 0 < X< X,,

~(@n+Darf, v,0=clVe ‘ (18)
2n+)ar(l - x)]
, Xo < X<,

sin
o e

Cob6ctBennbie pynkmuu 3aaa4u (12)-(14) u (15)-(17) ornuvaroTcst HA KyCOYHO-TIOCTOSIHHBIN

MHOHUTENb. Tak Kak 3a1a4a (15)-(17) camoconpsikeHHast, To coocTBeHHbIe (QyHKIUU (18) oOpasyer
6a3uc Pucca. Torna o u3BecTHO# Teopuu, coOcTBeHHBIE PyHKIMH 3aaauu (12)-(14) Takxe oOpazyer

0asuc Pucca.

—k2Y"(X), 0<x<X,

y = = AY (X),
CKAY'(X), X <x<| (19)

kY'(0)—k,Y'(1) =0,
Y (0) =0, (20)

Y(X%—-0)=Y(X +0), KkY'(x,—0)=k,Y'(x,+0), (21)
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CoOcTBeHHbIE 3HaUeHUs U cOOCTBeHHBIE PyHKIMU 3a1a4u (19)-(21) OynyT paBHBI

[ (2n7zrx)
, 0< X< Xy,

sin
1
_ 2
A _(Znnr) ’ 2nzr (| —X)J
———= | X, <x<|,

2

Y, (x) =CH [

ComnpsixenHas 3a1a4a k 3aaaue (19)-(21) umeer Bua:
—k7Z"(x), 0<x<X
12 " ’ - /IZ (X)’ (22)
-k, Z2"(x), X, <x<lI
k,Z(0)—k,Z(l) =0,
Z!(I) — 0’ (23)

K,Z(X, —0) =K,Z(X, +0), K’Z'(Xx, —0)=kZZ'(x, +0), (24)

CobcTBeHHbIE 3HAYEHUS U COOCTBEHHBbIE (DYHKIMH CONpsOKEHHOW 3amaun (22)-(24) Oyayt

paBHBI
1 2narx
k—cos , 0<X <X,
1 1

A =@2na), Z.(x)=C

, = (2nar) 1 (Znﬂr(l—x)j
—COS| ——— |, X, < X <,
k2 2

Urtak, coocTBeHHbIe 3HaueHUs 3a1auu (19)-(21) u conpshxenHou 3anaun (22)-(24)
COBIAJAIOT, HO cOOCTBEHHBIE (PyHKIIMU pa3Hble. Jlanee, HEOOXOAUMMO TOCTPOUTH NPUCOSTUHEHHBIE

(bYHKHHH. Hepr,ZLHO JA0Ka3aTb, YTO CUCTEMA COOCTBEHHBIX H MPpUCOCANHCHHBIX (bYHKI_II/Iﬁ 06pa3yeT

0e3yCIIOBHBIN Oa3uc.
Jlanee pacCMOTPHM CIEIYIONIYIO 33729y

2)
—k2Y"(x), 0<X<X
o 12 " 0 - //iJY (X)’ (25)
-kY"(x), x,<x<I
k.Y'(0) + k,Y'(1) + &Y (1) =0,
Y (0) =0, (26)

Y(X —0)=Y(X +0), kY'(X,—0)=k,Y'(x,+0), 27)
CrnekrpanbHas 3a1a4a (25)-(27) umeet nBe cepun COOCTBEHHBIX 3HAYCHHIA:

AP = (2ru,)?,

AY =(@n+1ar)’, (n=012,..)
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(04
roe M, -xopuu ypasmenns ClOL =—_——, (MoxHO mOCTPOMTH rpaduK).

2r 1

CoOcTBeHHbIE (YHKIIMA UMEIOT BU/I;

Sin((2n +1)7zk2(X+1)J+
k, + Kk,

L @n+Dzk —k,) COS((Zn + D7k, (X +1)j, ~1<x<0,
Y, (x)=C Alkrie) otk
" i @Dk (x-1))

k, +k,
@Dk, —k,) COS((2n +1) 7K, (X —1)} 0<x<l
a(k1 + kz) k1 + k2

HerpynHo mpoBepuTh, 4TO COOCTBEHHBIC (DYHKIIUU YIOBJICTBOPSIOT I'PAHUYHBIM YCIOBHSIM
(26) u ycnoBusim conpsikenus (27).

Hcnons3zyem Teopemy Pymie. 3BecTHO, 4TO

ctgx=0:>x=%+7zn,
TOrga
U, =§+ﬂn+5n, 5, <o

Otcroma

Ctg/un:_ < = e = @ — 0,

2ru, 2r(72Z+7zn+5nj r(2n+1)7z +25,)

99



BecTHUK AKTIOOMHCKOTO peruoHanbpHoro yausepcurera uM. K. XKybanosa, Ne2 (67), utons, 2022
DU3UKO-MaTEMaTHYCCKUE HAYKH

A9 =@2ru) =(2n+D)z + 35, )r?,

AY =((2n+ar)’,

C
< F —0, npu Nn—>oo (HEYCHIJICHHO PEryJIspHEIE )

OTcroga MOXHO yTBEPIKIaTh, YTO CHCTEMa COOCTBEHHBIX (YHKIIHI HE 00pa3yeT 0e3yCcIIOBHOTO

Oasuca.
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Anparna. Kosddummentrepi y3imicti napabosanbik THITI TEHAEYIEPi KONTETeH aBTOpiap OYpPHIHHAH JKaKChI
3epTrereH. byt enbextepe ecentep NOTEHIMANIAP 9ICIMEH HHTETPANBIK TeHALYIEPTe KeNTipiiin, KodhhunueHTTepi
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ON ONE NONLOCAL PROBLEM FOR THE EQUATION
THERMAL CONDUCTIVITY WITH A PIECEWISE CONSTANT COEFFICIENT
U.K. KOLYSHKOV!? M.A. SADYBEKOV?!?

LInstitute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan.
2Al-Farabi Kazakh National University, Almaty, Kazakhstan.

e-mail: koylyshov@mail.ru

Abstract. Parabolic type equations with discontinuous coefficients have long been well studied by many
authors. In these papers, the problems are reduced to integral equations by the method of potentials and the well-
posedness of various initial-boundary value problems for equations of parabolic type with discontinuous coefficients is
proved. In the case without a discontinuity, the spectral theory of these problems is constructed almost completely. In
this paper, we substantiate the solution by the method of separation of variables of initial-boundary value problems for
the heat equation with a piecewise constant heat conduction coefficient under general non-local conditions and consider
some special cases.

Keywords: Heat equation, discontinuous coefficients, spectral theory, nonlocal conditions, separation of

variables method.
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YCJIOBHA PASPEIIMMOCTH JPOBHO-HATPYKEHHOM KPAEBOM 3AJIAUN
TEIUVIOITPOBOJHOCTH

M.T. KOCMAKQBA[0000-0003-4070-0215] 1 v[ A X MIA HOB A [0000-0003-1040-2495]
I.K. KYMAI'YJIOBA
Kaparangunckuil ynuepcutet nuMenu akagemuka E.A. bykerosa, Kaparanna, Kazaxcran
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AHHoTanusi. B pabore paccMmaTpuBaeTcs KpaeBas 3ajada s ApOOHO-HArpYXEHHOTO ypaBHEHHS
TEIUIONPOBOAHOCTH B MEpBOM KBajpaHTe. HarpykeHHoe ciaraeMoe MMeeT BHJ JpOOHOM HPOM3BOIHON B CMBICIE
Pumana-JInyBuiLIs 0 IPOCTPAHCTBEHHOM IEPEMEHHOM, IPUUYEM NOPSIOK IIPOU3BOAHOM B HArPY>KEHHOM 4JICHE MEHBIIIE
nopsiaka andgepeHnuanbHoi yacTi. lccnenoBaHne OCHOBaHO Ha CBEJCHMM KPaeBOW 3ajJaydl K WHTErpajJbHOMY
ypaBHEeHHIO BoibTeppa BTOpPOro poja. SApo MONy4eHHOrO UHTErpPAIbHOIO YPABHEHMS COACPKUT CIIELUAIbHYIO
¢ynkmio — ¢ynkuo Tana Paiira. IToxydeHs! ycnoBus pa3penImMOCTH HHTETPAIBHOTO YPaBHEHHS U MOKa3aHO, YTO
CYIIECTBOBAaHWE W E€AMHCTBEHHOCTb PEIICHWII HMHTETPAJIbHOTO YpPaBHEHHs 3aBHCHT Kak OT IOpsAAKa JpOOHOM
IIPOU3BOJHON B HArpyKEHHOM CIIara€MOM HadallbHO-KpPAaeBOH 3a/1auH, TaK U OT 3aKOHA JBMKEHHUS HATrPy3KHU.

KnaioueBble cioBa: 1poOHas NPOM3BOAHAS, HAarpy>KeHHOE YpaBHEHHE TEIUIONPOBOJHOCTH, HHTETPaJIbHOE

ypaBHeHue, pyHKIus Tuna Paiita.

1. IlocTanoBKAa 3aga4n

BaxupM pazgenom B Teopuu auddepeHIHaNbHBIX YPaBHEHUH SBISIOTCS HarpyKEHHBIC
ypaBHEHHsI, B KOTOPBIX HArpy>XeHHOE CllaraéMoe COJIEPKUT Iu(QepeHInaTbHbI WX UHTETPo-
muddepeHIMaNbHBIN oniepaTop, BKIOYAIOLINI Onepaliio B3ATHs ciela OT UCKOMOM (pyHKIMM Ha
MHOTr000pa3usaX U3 3aMbIKaHUS OOJIACTH OIpPEJENICHHUs PEICHUs] Pa3MEPHOCTH CTPOTO MEHBIIIE ee
pasmepHocTH. [IOBBIICHHBI WHTEpEC K HM3YyYCHHIO TAaKUX YPAaBHEHHHA MOXXHO OOBSICHUTH, KaK
paciupsonmmcs 00beMOM UX IpuiiokeHud [1], Tak U TeM (akToMm, 4TO HarpyKeHHbIE YpaBHEHUS
—3TO 0COOBII Ki1acc ypaBHEHHI co CBOMMU cnieniduueckumiu 3a1adamu [2]. MaTepec npeacTaBisoT
KpaeBble 33a4M sl IPOOHO-HArpYy>KEHHOT'O YpaBHEHHsI TEIUIONPOBOJHOCTH, KOT/Ia Harpy>KeHHOE
claraeMoe mpejcTaBiieHO B (opme npoOHoi mpousBoaHou. B pabotax [3] - [4] HarpyxeHHOE
cimaraeMoe - cien JIpoOHOW mpowm3BojaHOW Pumana-JImyBwmis Ha nuHuu X = t. BosHukaromiee
CUHTYJIIPHOE MHTErpajibHOe ypaBHEeHUE BoibTeppa MMeeT HemycTOW CHEeKTp MPH OMpedeeHHbIX

3HAYCHUSAX MOpsAIKa ApOoOHOW MPOM3BOAHOW. B naHHOH cTaThe HarpyKeHHOE ciiaraeMoe - ciel
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npoOHoIi TTpon3BoaHONM Pumana-JlnyBwis Ha nuHuK X = tY, U TIpU OLIEHKE sipa MHTErPAIILHOTO
YpaBHEHHS HCIOJIB3YeTCS aCUMITOTHKA (QyHKIMU Tuma PalTa mpu MaybIX 3HAYEHUSIX BPEMEHHU B

3aBUCHMOCTH OT 3aKOHa JIBIDKCHHUs HArpy3Kku. [10100HbIe 331241 Hcclie1oBaIkch B padotax [5] —[7].

B o6mactu G ={(X,t )| X>0;t > 0} naitrn pemenue ypasnenus
U =u,+ /1{ ) D(fxu(x,t)}‘x_y(t) +f(x,1), 1)
Y/IOBJIETBOPSIOLIEE YCIOBUAM
ul_ =0;ul_ =0 2
31€ech:

D(f X f (X) - IpOU3BOAHAsA B cMbiciie Pumana-JInyBuiist nopsiaka ,3 , 1< ﬂ < 2 .Torna wis
uckomoit Gpyrakmmu u(x, t) € L,(G).
y(t) — HenpepbIBHAs Bo3pacTaromas QyHKIus 1 7(0) =0.

Beenem 0003HaueHUA
u(t)={rDo’?XU(><,t)}\X= o (xt =jTG (x,&,t—7)f (&,7)d&d 7 . 3)
00

Torna perrenue 3axaun (1)-(2) MoxxHO npeacTaBuTh B BUje [8]

W(xt)=—2] [G(x &t - o)ulr)ddd 7 + f,(x.t). @
rac
_ 1 (x-¢)° (x+£),
G(x,&,t)= m{exp[— Tj - exp(— Tj}
- pynkuus ['puna.

C y4eToM COOTHOIIEHUS

! (x, & t-7)E = e”(zrj

rae erf(z) = \/% fOZ e~¢* d& — unrerpan ommnGoK, u3 (4) momydnm

u(x,t):—/lj'erf(z\/tT o)z + f,(x,t).

Taxk kax [9]

e —H(—— S —2§j
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rac

K

M. pi2)=3

—,a>0,4eC,
K=oK!F(aK+ ,B) a>0./€

- ¢yakuus Paiita, To
erf (2) :1—¢(—%;1; —22]_

Toraa npexacrasnenue (4) nepenuiieM B BUe

X

u(x,t) =—ij'; K(Z\/:j,u(f)dﬂr f,(x1), (5)

rie
X 1 X
K 1| -l
E= e = .
K (5) mpumenum oneparuio qpodHoro auddepenurporanus mno gopmysie (3).
Nmeem
X 1 X
r Dﬂx K = Xiﬁ _eliﬂYl (_ ] =
" [ [2\/t—_z'D [F(l—ﬂ) b t-7
S ( - j "2(2) 1< p<2
=7 - =- <p<
Jt-=7 13 t—7 15 <p=<2,
rze
e’ (z)=3 ‘ 1eC,5eC, (7)

mol(en + p)0(S - pn)

- ¢pynkuus tuna Paiira [9, ctp.23]. [1pu BeuMCIeHUH UCTIONB30BaIK (OpMYITY aBTOTpaHc(hopMauu
(2.2.3) u3 [9, cTp.24]

[Tonyunnu uHTErpaIbHOE YpaBHEHUE

u®)+A[ K, (L )u(@)dr = £,0); 1< <2, ©®)
rae

£® =D 5 (A x=o

5, 451
K/,(t,r)z—(y (,_:)_)T eléﬁZ(— 7; (E)Tj 9)
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Iycrs () ~t“ mpu t > 0,0 >0,

Paccmotpum ciydan.

1 ! y(t) y(t)
O<w<—= I|l=|-——| >+, 2= —Jt-r =22
a) @ 2,:> | | ‘ ht—z't—m '_t_z- n

— c yuetoM popmyisl (2.2.7) u3 [9, ctp.24] nmomyuum

8 2-B2 t~«B
— _ 4w 2

Tak kak 1< <2,

> z t —0 t—>0
§) =, = L= mpu U —> U . Pag (7) cxogurcs aGCOIIOTHO I JIF000Tr0 Z
) 5 Jioz p (7)
u3 C [9, cTp.23].
e%ﬂ% ., 1
= 1 B .
4\ Vs ) r @ g
tw(@1-p)
K (t,7)~ —7="npu t—>0.
[Mockoneky @ > E n 1<B<2 | 10 wunrerpamsHsii omepartop ypasHeHms (8),

JEHCTBYIOIINI B KJIacce HEMPEPbIBHBIX (QYHKIMH, OyneT orpanuueHHbM pu w (1 — B) +1/2 > 0.
CrnenoBatenbHo, mpu 1< B<2uwB-1)<1/2 UHTErpajbHOe ypaBHeHUE (8) ¢ aapom
(9) ogHO3HAUHO pa3pemo.

1 w
B) W= p = z= \/% - 1mpu t = 0. Pax (7) cxomures abeomotHo st mo6oro Z uz C

[9, ctp.23]. Tlockombky w =% u 1< <2, 10 unrerpamsusiii omeparop ypasrerus (8),
JeHCTBYIONIUI B KJIacce HEMPEPhIBHBIX (PYHKIMA, OyAeT OrpaHUYEHHBIM.

CrnenoBatensho, mpu 1< B<2 nw =§ UHTerpaibHoe ypaBHeHue (8) c supom (9)
OJTHO3HAYHO Pa3pelrInmo.

Teopema. UnrerpansHoe ypasaenue (8) ¢ sapom (9) mpu 1< <2 u y(t) ~t” (=
OKpecTHOCTH TOYKU t=(0) OJHO3HAUHO pa3pelnMo B Kjiacce HeNpepbIBHBIX (GYHKIMM Ui J1H000H

. N 1
HEMPEPBIBHOW MPaBOM YacTH, €CIU W = >
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Anparna. JKywmpicta OipiHmi KBaapaHTTa OONIIEKTi-KYKTEIreH XBUIYOTKI3TIMTIK TEeHICYl VINIH IIEeTTiK
ecenTep KapacTeIpblutaapl. JKYKTeNnreH KOCBUIFBIII KeHICTIKTIK aifHpIMabIFa KaThICTHl PuMaH-JInyBHIITE MarbIHACKIHAA
OOIIIEKTIK TYBIH/IBI, aJl XYKTENTeH MYIIEETi TYBIHABIHBIH peTi TuddepeHnnanisK OeTiKTiH peTiHeH Kinmn TypiHae
OepinreH. 3epTTey IIETTIK €CenTi eKiHII TeKTi BonpTreppa MHTETpanAbIK TeHACYiHE KeNTipyre Heri3ienreH. AJbIHFaH

MHTETPANJBIK TCHIACYIIH ©3€ri apHaibl (YHKUIUSHBI - PalT TUNTI (YHKUUSHBI KaMTUABL Makanana HHTCTPajIbIK
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TEHJEYAIH MEIMAUIIK MapTTapbl albH/bI KOHE UHTETPAIIBIK TeHACYAIH MIeniMaepiniH 6ap 0oyybl MeH Oipereiiiri
OacTanKpI-IIETTIK €CENTiH JXYKTENTeH KOCBUIFBIMIBIHBIH O6JIIIeK TYBIHIBICHIHBIH pETiHe 1€, )KYKTeMe KO3FalIbICHIHBIH
3aHBIHA J1a TOYEIl eKeHIIr1 KOpCeTUIi.

KinTTik ce3aep: Oemmiek TyIHIB, )KBUTYOTKI3TIIITIKTIH )XYKTEITEH TEHACY1, HHTErpaNIbIK TCHALY, PaliT THITI

GyHKIHSA.

CONDITIONS FOR THE SOLVABILITY OF A FRACTIONAL-LOADED BOUNDARY
VALUE PROBLEMS OF THERMAL CONDUCTIVITY

M.T.KOSMAKOVA, D.M. AKHMANOVA, E.K. SHUMAGULOVA
Karaganda University named after Academician E.A. Buketov, Karaganda, Kazakhstan
e-mail: svetlanamir578@gmail.com, danna.67@mail.ru, elmira09@inbox.ru

Abstract. The article considers a boundary value problem for a fractional-loaded heat equation in the first
quadrant. The loaded term has the form of a fractional derivative in the sense of Riemann-Liouville in a spatial variable,
and the order of the derivative in the loaded term is less than the order of the differential part. The study is based on the
reduction of the boundary value problem to the Volterra integral equation of the second kind. The kernel of the resulting
integral equation contains a special function — a Wright type function. In the article, the conditions for the solvability of
the integral equation are obtained and it is shown that the existence and uniqueness of solutions to the integral equation
depends both on the order of the fractional derivative in the loaded term of the initial-boundary value problem and on the
law of motion of the load.

Keywords: fractional derivative, loaded heat equation, integral equation, Wright type function.
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AnHoTauusi. B pabore paccmarpuBaercss HadyalbHO-TPAHWYHAS 3a[ada JJIsi OJHOMEPHOTO
ypaBHeHHsI THIa byccrHecka B BBIpOKIAIOMIelcsi 00JacTu, MPeACTaBIsAIoNmell co00i TPEYTroNbHUK.
MetoaMu TEOpUM MOHOTOHHBIX OIEPATOPOB U APHUOPHBIX OLEHOK YCTAHOBJICHBI TEOPEMBI 00 MX
OJTHO3HAYHOU CJTa00M pa3peluImMOCTH B COOOJICBCKUX KiIaccax. Y CTAHOBJICHA TEOpEMa O MOBBIIICHUN
TJIQJIKOCTH C1a00T0 PEeUICHHUS.

KuaroueBbie ciaoBa: YpaBHenue Ttuna byccunecka, Bripoxxmaromascs ob6macts, Ciaboe

pelieHue.

Beenenmne. Teopus ypaBHeHuil byccuHecka u ero Moau@ukanuii Bceraa NPUBJIEKAET
BHUMaHHE KaK MaTeMaTHKOB, TaK W NPUKIAJHUKOB. YpaBHeHHEe byccmHecka, a Takke HX
MOTU(UKAIIH 3aHUMAIOT B)KHOE MECTO MPH OMUCAHUY JBMKEHUS JKUKOCTH U Ta3a, B TOM YHUCIIE,
B TEOPUU HECTAMOHAPHOW (uibTpalmu B mopucthix cpenax [1]-[13]. JlomonuurtensHo 31€CH
otMeTuM Juiib paboTel [14]-[19]. B mocneanue roapl rpaHUYHbIC 3aJa4d JUIS 3THX YpaBHCHUIN
aKTHUBHO WCCIEIYIOTCS, TaK KaKk OHM MOJCITUPYIOT MpPOIeCChl B TOPHCTHIX cpenmax. lIporeccl,
MPOTEKAIOIINE B MOPUCTHIX CPEIax, 0COOYI0 BAKHOCTh MPHOOPETAIOT IS TITYOOKOTO OCMBICIICHUS U

MOHMMAaHMS B 33/1a4ax pa3Belku U 3 (HeKTUBHON pa3pabOTKU HEPTIHBIX U Ta30BbIX MECTOPOKICHUH.

1. ITocTaHoBKAa rPAHUYHON 3a1a4H U OCHOBHOM pe3yabTaT. [lycts 2, = {0 < x < t}, 3.2,
—rpannmna 2, 0 < t < T < oo. B obnmactu Q,; = {x,t|x € 0, t € (0,T)}, mpencrapnstomienr codoit
TPEYTOJIbHUK, pACCMAaTPUBACTCS TPaHUYHAS 3aj1a4a I ypaBHeHHs THITa byccnnecka

Oru — Oy (|ul0yu) = f,{x,t} € Qut, (1.1)

C I'PaHUYHBIMHU YCIIOBUSIMHU
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u=0,{xt}er,=0d0,x(0,T), (1.2)
rae f (x,t) — 3aganHas QyHKIUS.
MOKHO HEIOCPEJCTBEHHO IMOKa3aTh, YTO HEIMHEHHBIH omepartop Ay(v) = —0,(|v]|0d,v)
rpanngHoi 3aqaun (1.1)—(1.2) obnamaet ciieyrOmuMy CBOMCTBAMH:
Ag(v): L3(2;) = L3/2({2;) — XeMUHENIPEPBIBHBIN OIIEPATOP, (1.3
||A0(v)”L3/2(.Qt) =< C||v||1%3(nt)' c>0,Vv € L3(£2), (1.4)
(Ao(v),v) = allvll}, g, @ > 0,Vv € L3 (£2,). (1.5)
B paboTe HaMu yCTaHOBJICHBI CIICAYIOLIHE TEOPEMBI.

Teopema 1.1 (OcHoBHOI pe3ynbTat). [Iycme

f € Lsj2((0,T); W 73(20)). (1.6)
Toeoa epanuunas 3a0aua (1.1)—(1.2) umeem eouncmeennoe peutenue
u € L3((0,7); L3(2:)) N Lo ((0,T); H~H(421)). 1.7
Teopema 1.2 (O rnaakoctu). Ilycmo
f € L3/2((0,T); Lz /2(02¢)). (1.8)
Toeoa pewenue epanuunou 3a0auu (1.1)—(1.2) oonyckaem 0onorHumenbHyo 21a0KOCHy, m.e.
U € Lo ((0,7); L2 (12¢)), (1.9
[ul"/?u € Ly((0,T); H3 (20)), (1.10)
deut € L35 ((0,T); Wi (£2,)). (1.11)

2. BcnmomorareibHble HAYAIBHO-TPAHWYHBIE 3a7a4i B Tpamenusx. /s 1okazarenscTBa
Teopemsr 1.1 cHadanma MBI PacCMOTPHUM BCIIOMOTATENIbHBIC HAYaIbHO-TpaHWYHBIC 3a1adn. IlycTh
0, ={0<x <t} 00, —rpanmmna 2, &, <t <T <00,8 > >..>6,>..,&, 2 0npum -
. B obmactu QI ={x,t|x € Q,t € (&, T)}, mpencrarmsioneii cobOW  Tpamneruo,

paccMaTpruBaACTCA HAYaJIbHO-T'PpaHWYHAA 3aa4a JId YPaBHCHUA TUIIA EYCCI/IHCCKa

Opttn — Ox ([Um|0xtim) = frn, {x, t} € Q2. (2.1)
C TPaHUYHBIMHU

Up =0,{x,t} € 27t = 00, X (g, T), (2.2)
1 Ha4aJIbHBIM YCJIOBUSAMU

Uup =0,x €0, = (0,¢&), (2.3)

rae fr(x,t) — cyxxenune ¢pyukimu f(x,t) (1.6), 3a7aHHO# Ha TpEYroabHUKE Q,, HA Tpameuo Q.
Panee, B pabotax [1-2] HaMu ObUTH YCTaHOBJICHBI CICIYIOIINE TEOPEMBI.
Teopema 2.1. Ilycmo
fm € L3j2((em, T); W3_/% (20)). (2.4)
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Toeoa nauanvho-epanuynas 3aoauda (2.1)—(2.3) umeem eduncmeenHoe peuternue

U € L3 (&, T); L3(020)) N Leo (&0, T); H™1(12,)). (2.5)

Teopema 2.2. [lycmo
fm € L3/2((&m, T); L3 /2(2)). (2.6)
Tocoa pewenue epanuunoti 3adauu (2.1)—(2.3) donyckaem 0onoiHumenbHy enadkocms, m.e.
U € Lo ((€m, T); L2 (12¢)), (2.7)
|um|"* 1t € Lo ((m, T); Ho (20)), (2.8)
O¢thm € Ly((€m, T); Way3(020)). (2.9)

OTMeTuM, 4TO ISl HUITUHAPUIECKUX 00JIacTel Mog00HbIE K TeopeMe 2.2 pe3ysbTaThl HMEIOTCSA

Takke B padotax [21, 22].

3. Joka3areabcTBo Teopembl 1.1. CymecrBoBanue. [Ipexzae Bcero, ajig Kaxaoro m u
COOTBETCTBYIOIICH 33aAaHHON (YHKIHH f, (X, t) COracHO YTBEP)KACHUIO TeopeMbl 2.1 MBI UMeeM
YCTaHOBJICHHBIM CYIIECTBOBAaHHE €AMHCTBEHHOTO PEIICHHS Uy, (X, t) HaYaIbHO-TPAHUYHOW 3a7a4yu
(2.1)—(2.3).

[MpomomkuM QYHKIUHU Uy, (X, t), fr (X, t) ¢ Tpanenyu Q) HyjIeM Ha BeCh TPEYTOJbHHK Q¢ U
0603HAUNM X COOTBETCTBEHHO 4epe3 il (X,t), fr (X, t). DTH mpomOKeHHbIE HYIEM (YHKIHH
OyZayT yIOBJIETBOPATH YPaBHEHUIO

Ortim — Oy (|tim|OxTim) = fin, (£} € Qe 3.1)
C TPaHUYHBIMHU YCIOBUSMHU
Uy =0,{x,t} € X\ (3.2)
N3 (3.1) nonyvyaem
(0Tl (1), V) + ao (L, T (), v) = (fin(t), v), Vv € H1(2),t € (0,T), (3.3)

e ag(t, Uy, V) = (Ao (t, Upm), V), Ag(t, tyy) = —0, (| Ty |0y Tiy,) ¥ (:,+) — CKaNsIpHOE TIPOU3BEAEHHUE
(p.9) = f o[(—=d)~Yldx, Yo, € HTH(Q), t € (e, T), (34)
2y

re d2 = -2, = (—d2) " —d2P = %, §(0) = $(1) = 0,V € HTH(Qy).

OtMmeTnM, 4TO ONM3KHE K CKaJSIPHOMY MPOU3BEICHHIO (3.4) MOHATHUS MCIIOIb30BAIUCH YXKE B
paborax [21, 22].

Omneparop A, (t,t,,) ob1amaeT CBOWCTBOM MOHOTOHHOCTH B COOTBETCTBHH CO CKaJISPHBIM
npousBeneanem (3.4). Jlns pemennit {fi,,(t)};m=1 YCTAHOBHM pPaBHOMEpPHBIC MO HHJACKCY M

anpuopHsble oneHku. 13 (3.1)—(3.4) Oynem umeTsb:
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1 t
AN Ol + f (DI, 0 d <
f 1, o 1 (Dl <
2V2 (Y. 3/2 a [t . 3
Sgﬁfo ||fm(T)||L3,2mt)dT+§fo [t (Dl 0T <

V2 (T @t
/2 i >
<35 ), PO +5 [ Mm@ i

OTCIO,I[a MBI I10JIYy4acM

4 2 3/2

(3.5)

lam (D113, + @ f I (1,007 < 3= IF O, t € OTL (36)

B (3.5) MBI BOCTIONIB30BIIMCH COOTHOMIEHUIMH (1.5),
——||ﬁm(t)||12,_1mt) = (T, (t), U, (t)), Tak Kax f,,(t) =0 Ha X,

2dt
1n®ll,, o < 1F Ol a0

a Taxxe HepaBeHcTBoM IOnra (p~1 + ¢! = 1):

E d d
DE| = |(d*/PD ( 1/q—>|<—DP+— a
IDE] |(d )\d P _pl I qquEI,

rze
V2 3
D= ”Wm(t)”L3/2((2); E = win(®lly)y d= E' P=5 4= 3.
Hakoner, u3 (3.6) u nepaBenctna (1.4)
||A0(t’uﬂ)||L 3/2 220 — ” 'LL”LS(-Qt)

CIETYFOT CIETYFOIHE COOTHONIEHHS
i, » u* —cmabo B L,((0,T); H(12,)),

t, > u cnabo B L3(Qx),
i,(T) - n cnabo B H™*(2r),
Ao(t,1,) - h(t) cnabo B L ((0,T); Layo(£2;).

(3.7)
(3.8)
(3.9)

(3.10)

Teneps npoaomxuM QyHKIMH Ty, (t), Ag(t, U, (t)), ..., c 0061acTu @, HylEeM Ha OECKOHEUHYIO

0071acTh Q,¢, T1IC

x =0, t<0,
Q_xt =13X E'Qt' te (O’T],
x€Np, t>T;

1 0603HAYMM TH HPOJOIKEHUS COOTBETCTBEHHO Uepe3 iy, (t), Ag(t, Uy (1)), ..., T.c.
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0, t<0, 0, t<0,
U (t) = {11, (£) € H1(), t€(0,T], v(t) = v(t) € H (), te€(O,T],
0, t>T; 0, t>T.

(3.11)

B pesynwrare, aisa nponomkenuit (3.11) Oyaem uMeTs:
(T (), 2(D)) + (Ao (£, T (1)), 2(D)) =
= (fm(t), D(t)) — (U, (T), 9(£))6(t — T), t € RL. (3.12)
Nanee, Bbibupast u3 {Uy, (t)}m=q 1360 CXOAAILYIOCS MOMIIOCIEN0BATENBHOCTD {1, (t)}5-q 1
Hepexo/isl K Mpeeiy MpH [ — 00, IMEeM
(@' (), 5(1) + (h (), 2(1)) = (f (1), (1)) — (n, B(£))5(t — T), t € RY,
rae i(t), h(t) u f(t) — npomomkenus bynkumii u(t) (3.7), h(t) (3.10) u f(t) va R, T.e., oTciona

HoJTy4aeM
@' (t) + h(t) = f(t) —nd(t —T),t € R™. (3.13)

Teneps, cyxast paerctso (3.13) na Bpemennoi uarepsan (0, T), morxydaem
u'(t) + h(t) = f(t), t € (0,T), (3.14)
u'(t) € L3/2((0,T); Lz/2(2¢)). (3.15)

Jlanee, ¢ 0THOW CTOPOHBI, U3 YCIOBUS MOHOTOHHOCTH omnepaTtopa Aq(t, v) (cM. Huxke JleMmy

4.1) Oynem umeTh

Y, = jo ' (40 (£:8,0) = 40(£,v(©), 8u(®) = v(©) dt 2 0

C Ipyro# cTopoHsl, u3 (3.3) nomyyaem

JOT <A0 (t, ﬁ#(t)) ,ﬁﬂ(t)> dt =

T B 1 5
:fo (f”(t)),ﬁﬂ(t))dt—EHﬁM(T)”H_lmT). (3.17)

Takum o6pazom, u3 cootnomenuit (3.16)—(3.17) cnenyer, 4ro

T . 1 -
Y, = jo (fu(t),ﬁu(t))dt—§||ﬁﬂ(T)||Z_1(ﬂT) - JO (Ao(t, L, (£)), v(t))dt —

—j (Ao(t,v(®), 1, (t) —v(6))dt Vv € L3((0,T); L3(2,)). (3.18)
0

Tenepb, WCMONB3Yys CBOWCTBO C€IabOW CHU3Y TMOJYHENPEPHIBHOCTH HOPMBI B 0OaHAXOBOM
MIPOCTPAHCTBE

TS 2 -
lim inf ||uu(T)||H_1(QT) = ||U(T)||121-1(12T)'
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nMEECM

T 1 T
0 < limsup ¥, < f (@, u®)dt =5 a2 gy ~ J (h(t), v(t))dt —
0 0

T
— f (Ao(t,v(D), u(®) —v(®))dt Vv € L3((0,T); L3(2y)). (3.19)

B cBoro ouepenp, u3 (3.14) MbI moaydaem
T T 1
f (f (), u(t))dt = f (h(t),u(t))dt + > ||u(T)||,2,_1mT). (3.20)
0 0

T[oacTasisis BeIpaskeHue 11 | OT( f(t),u(t))dt u3 (3.20) B HepaBencTBo (3.19), ycranaBiuBaeM

CJICAYIOIICC HEPABCHCTBO

T
f (h(®) — Ao (t, v()),u(t) — v(0))dt = 0
0

vu(t) € L3((0,T); L3(2p)). (3.21)

Tenepr ans 3aBepiieHHs TOKa3aTeNbCTBa TeopeMbl 1.1, T.e. CyIIECTBOBAaHHS pPELICHUS

rpannuHoit 3amaun (1.1)—(1.2), Hamiell Hesblo SIBISIETCS: MMOKa3aTh CIPABEUIMBOCTD CIICAYIOIIETO
paBeHCcTBa

h(t) = Ag(u(t)). (3.22)

Hcnons3yeM CBOMCTBO XeMUHENPEPBIBHOCTH orepaTopa Aq(t, v) (1.3). Ioacraenss B (3.21)

Bmecto U(t) = u(t) — Aw(t), A >0, w € L3(Q,;), moydaem

T
f (h(t) —Ap(t,u(t) — Aw(t)),w(t))dt = 0 Vw(t) € L3(Qy¢).
0

Orcrona, ycrpeminsisi A = 0 +, momydaem Tpedyemoe paBeHCTBO (3.22). YacTb CylecTBOBaHHUS

peumenus B reopeme 1.1 nokaszana.

4. JloxazareabcrBo Teopembl 1.1. EquncrBenHocts. [lokaxewm, uro omneparop Aq(t,u) B
3amaue (1.1)—(1.2) O6ymer obnamaTh CBOMCTBOM MOHOTOHHOCTH, €CITH BBECTH COOTBETCTBYIOIINM
00pa3oM CKasIpHOE TIpou3BeeHune. J{iist 9To# e BO3bMeM B KaueCTBE CKASIPHOTO TIPOM3BEICHUSI

(o) = f ol(—d2)1yldy, Yo, € H1(2,),Vt € (0,T), (4.1)

¢

e d? =2 = (—d2) "Wy —dZp =, P(0) = h(t) = 0, Vi € H-1(Q,), Vt € (0,T).

ey
CrpaBeanuBa cieqyoias JemMma.
Jlemma 4.1. Onepamop A, (t, W) sensiemcsi MOHOMOHHBIM 8 CMbLCLE CKATISIPHO20 NPOU3BEOCHUS
(4.1) 6 npocmpancmee H=1(£2;), m.e. cnpasednusvi nepasencmea:
(Ap(t,uqy) — Ap(t,uy), uy —uy) =0, Vuy,u, € DW2,), Vte (0,T). (4.2)
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K nokazareancrBy Jlemmsr 4.1. s kaxaoro t € (0,T) oneparop Ay (t, u) = —0, (|u|d,w)
SIBIISICTCS. MOHOTOHHBIM U yciioBue (4.2) BeimonHeHo (coriacuo [20], rn. 2, m. 3.1). JleficTBUTENBHO,

C OHHOﬁ CTOPOHBI, UMCEM

1
(Ao(t,0) — Aot ) — ) =5 i (=dD el — [PIY)(=dD) (@ —P)dx =

1
=5 (ele = [YlY)(@ —P)dx, Vo, € DU2,), Vt € (ty,T).
0¢

C npyroii CTOpOHBI, U3 YCIOBUS BBITYKIOCTH (DYHKIIMOHATIA

1
160 =3 [ plwPdx, 9 eD@), vie©D),
¢

cleayeT

J'&o) =] (&), =) 20, Vo, €D(2), Vt € (0,T).

Taxum oOpa3oM, nosydaem

(lele — Y1) (@ —P)dx =0, Vo, € D(2,), Vt € (0,T),

¢
T.€. HepaBeHCTBO (4.2) yctanoneHo. Jlemma 4.1 nokazana.

Temneps MbI TOTOBBI TIOKA3aTh IUHCTBEHHOCTH perneHus B 3amaade (1.1)—(1.2). ITycts uy (t) u
u,(t) ecrp nBa pemenus 3amaun  (1.1)—(1.2). Torma wux pasHocts u(t) = uy(t) — uy(t)
YIIOBJICTBOPSIET OJJHOPOIHOM 3a/1aye:

u'(6) + A (6, ug () — Ap(t,u2(8)) =0,
(u'(8), u(t)) + ((Ao(t, us (£)) = Ao (t, uz(£)), us (£) —uz(t)) = 0

1, 6Jarogapsi CBOMCTBY MOHOTOHHOCTH omieparopa A (t, u), umeem:

d
W' (), u(t)) = T lu()If-1q, < Oreu(t) =0.

EnuncrBennocts pemienus 3aaaun (1.1)—(1.2) noka3zana.

DT0 3aBepiuaeT Jgoka3zarenbcTBo Teopemsr 1.1.

5. Joka3areabcTBo Teopembl 1.2. Ham 1ocTatoyHO MoOKa3arh CyIIECTBOBAHME PELICHUS, a
€IMHCTBEHHOCTH cieqyeT u3 Teopemsl 1.1.

[Ipexne Bcero, A KaxJI0ro m M COOTBETCTBYIOIIEH 3aJaHHON (GyHKUUU f,(X,t) cormacHo
YTBEP)KICHUIO TEOpeMbl 2.2 Mbl UMEEM YCTAaHOBJICHHBIM CYIIECTBOBaHHE 0oJjee riajkoro (4em B
Teopeme 2.1) eIUHCTBEHHOTO pemieHus U, (X,t) HavanpHO-rpaHuuHON 3amaun (2.1)—(2.3) mis

cooTtBecTByromIeH Tpareimu Q. TIpogomkum GyHKIHH Uy, (X, t), frn (X, t) ¢ Tpaneuun Q) HyIeM
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Ha BECh TPEYroJbHUK (Q,; M O0003HAYMM HMX COOTBETCTBEHHO uepe3 i, (x,t), fm(x,t). Dtn

[POJIOJDKEHHBIC HyJIeM (YHKIUH OYIyT YIOBICTBOPSATH YPABHEHUIO
atam - ax(lamlaxam) = fm' {x' t} € Qxt»
C 'PaHUYHBIMHU YCIIOBUSAMHA
Uy =0, {x, t} € Xyt

N3 (5.1) monyyaem

(5.1)

(5.2)

(0l (£), V) + @ (t, U (1), V) = (fu (), v), Vv € HT(20),t € (0,T), (5.3)

rie ag(t, U, v) = (Ao (t, TUpm), V), Ag(t, tyy) = —0x (| Ty |0xTiy) ¥ (:,+) — CKaNsIpHOE TIPOU3BEACHHUE

(0, 9) =j o[(—=dD)"Pldx, Vo, € HT' (), t € (g, T),

0¢
te d2 =5, f = (—d2) " —d2P = ¥, $(0) = P(6) = 0, vip € HTH(@y).
[Tepernmem ypaBHeHue (5.3) B BUC
1 -
0t (), (=02)70) + 5 ([T (O (1), v) = (fn(@®, (=07 'v),
Vv € Hy,(2,), t € (0,T),
rae Hy () = {ple, 079 € Hy(2)}, mm
1 -
(0t (6, 7) + 5 (| (O |t (8, v) = (fn(®, D),

vo = (—02) v € H}(Q,), t € (0,T),

Hanee, u3 (5.4) nmoydaem cienyroiiee paBeHCTBO

(B¢t (6), T (£)) + 5 (| () iy (£), =028 () = (fin (6), T (), £ € (0, T).

au3 (5.5), cnenoBaTenbHO, Oy/1IeM UMETh
1d  _ ) 4 5 1 2
73t Oy +5 o< (an@ra )] ax=

= (fm (D), Tn (t)), t € (0,T),

HJIN XE

%Ilam(t)”fzmt) +gf0tfm [ax (|am(r)|§ﬁm(f))]2dxdf =

= [ {fun (D), n(D))d, t € (0,T).

311eCh UCIIOJIB30BAaHO cJIeayromee paBCHCTBO

(5.4)

(5.5)

(5.6)

1 2
=2 o [ (D1 (O Z i (D) = 5 [, |0 (lm(@®)Em ()| dx, t € (0,T).(5.7)

[Tokaxxem ero cmopaBemMBOCTh. BHawane npeoOpasyem seByro dYacTh paBeHcTBa (5.7).

HOK&)KGM, 4TO UMECT MECTO PaBEHCTBO
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1 - - ~ - -
=5 Jo, [T Oy ()05 (D)dx = [, T ()] [0 (1)) dx. (5.8)
JlecTBUTEIIBHO, UMECM:
[T,]% npu i, > 0,
|am|am = 0, npu am(t) =0,

—[—ﬁm]z, npu t,, <0,

20y, 0y Ty, npu i, >0,
Ox (| | Trn) = 0, mpu Uy (t) =0,
2[—1y,]0, 0y, Tpu i, <O.

Takum o6pazom, orcioaa momydaeM: Oy (|, (£) |y, (t)) = 2|8y, (t)|0xUm (), T.c. paBeHCTBO

(5.8).

AHaNOrnyHOE UMEET MECTO U JIJIsl IpaBoi yactu paBeHcTBa (5.7). [lomyuaem

3
[Uy]z, mpu Uy >0,

1
|t 2T, = 0, npu i, =0,
3
—[-t,,]2, 1wpm i, <O,
3
( ] 20, DU Ty > O,
0 (|t |3l = J 0, npu i, = 0,

E[—am]l/zaxam, npu i, < 0.

Ortciona noyuaem: dy ([T, ()Y 21, (8)) = % |, (£) /%05 Ty (t), T.€. BEPHO PABEHCTBO:

4 2
9 Ozt 1/2~m dx = Um Oxlim 2dx.

t

Tak xak u3 Teopemsl 2.1 Mbl UMeeM, 4TO QYHKUUH Uy, (t) orpaHuyeHbl B L3 (Qy:), MOITOMY

npaBasi yacTh (5.6) orpaHndeHa npu BelmosHeHUH ycioBus (1.6) teopemsl 1.1. Otcrona u3 (5.6)

BBIBOJIUM, 4TO
il,, orpanudeHsl B Lo, ((0,T); L,($2;)), (5.9)

05 (| Ty | i) orpanmuensl B Ly (Qye), T.€. [T |Y %8y, € Lo ((0,T); HE ().  (5.10)
N3 coornomenntii (5.9)—(5.10), ypaBuenus (5.1) u ycnorwuii (1.4), (2.6) ycTaHaBIUBaeM OIEHKY

JUISl TPOU3BOIHOM MO BpEMEHU ¢

01, orpannyeHsl B L3, ((0,T); W;ﬁ(!)t)). (5.11)
CrefioBaTeIbHO, MBI MOKEM 3aITHCATh
Uy, = u cnabo B Lo ((0,7); Ly(024)), (5.12)
1
|t |28y, = x cnabo B L,((0,T); Hi(2p)). (5.13)

Takum oOpazom, Ha ocHOBE cooTHOMIeHui (5.11)—(5.13) ycranaBnuBaeM
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l,, = U CHUJIBHO B L3((0, T); L, (.Qt)) U IIOYTH BCIOAY,
u, nanee, ucroibiys (5.10) u npumenss Teopemy 12.1 u [Ipennoxenue 12.1 u3 ([20], ra.1, m.12.2),

a taxke Jlemmy 1.3 u3 ([20], ri.1, m.1.4), B pe3ynbTaTe uMeeM

1

1
| i |28, = |u|zu cnabo B Ly((0,T); HE(2,)), T.e. x = |u|Y?u. (5.14)

Jlemma 1.3 ([20], rn.1, .1.4). ITycmb O — ozpanuvennas obnacms 6 RF X R}, gy u g — maxue

@yuxyuu uz Ly(0),1 < g < 00, umo
||gu||Lq(0) <C g, gnusBO.

Tozda g, — g cnabo B Lg(0).
N3z (5.11), (5.13) u (5.14) nonyyaem Ttpedyemsbie yrBepxaeaus (1.9)—(1.11). Teopema 1.2

IIOJIHOCTBIO JOKAa3aHa.

3akuiouenue. B pabote n3ydeHbl HaYaIbHO-TPAHUYHBIE 33]]a9H JUISI OTHOMEPHOTO YPaBHEHUS
tuna byccuHecka B o0OsiacTH, IpeicTaBisionied co0oil TpeyrosbHuUK. MerogamMu Teopuu
MOHOTOHHBIX OIEPaTOPOB U APUOPHBIX OLIEHOK J0Ka3aHbl TEOpeMbl 00 UX OJAHO3HAUHOW ciaboi
paspenMOCTH B COOOJIEBCKUX KJIaccaxX, a TaKKe TEOPEMbl O MOBBIIMIEHUU IIAAKOCTH C€1aboro

penieHusl.

BuaarogapuocTu. D10 uccienoBanue ¢uHaHcupoBaHo Komurerom Hayku MuHHCTEpcTBa

obpasoBanus u Hayku Pecryonmku Kazaxcran (I'pant Ne AP09258892, 2021-2023rT.).
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YHIBYPBIIITAYBI BYCCUHECK THUIITI TEHJAEY YIHIH IHETTIK ECEII

M.T. JOKEHAJIMEB !, A.C. KACBIMBEKOBA 2, M.I'. EPT AJIMEB *?
MaremaTrka jx0HE MATEMATHKAIIBIK MoJIeTbieY MHCTUTYTHI, AnMatel, Kasakctan
2 On-dapabu ateingarsl Kazak yiTTeiK yHuBepcuTeTi, Anmarsl, Kazakcran
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Anparna. JKyMmpIicTa yiOoyphIi O0JIbI TA0BIIATHIH IETPaIAIMsUIBIK aiiMaKTarbl bycCHHECK THITIHIH OipemmeM i
TeHAeyi YLIiH 0acTamnKbl-IIeKapajblK ecell KapacThIpbLIaabl. MOHOTOHIBI OIEpaTopiap TEOPHSCHl MEH arpHOPIBIK
Oaramay omicrepiMmeH Co00JIeB CHIHBINTAPBIHAA OJIAPIBIH Oip MOHMI 9JNCI3 aXBIPAaTBIMIBUIBIFEI TYpabl TeopeMaiap
aHBIKTAJIIBL. OJICi3 MEMIMHIH TETiCTITiH apTTHIPY TYpaibl TeopeMa KYPBUIIHI.

Tyiiin ce3aep: byccuHeck THIITI TeHACY, NeTPATAIMSIBIK aliMaK, dJICI3 MICTiM.

BOUNDARY VALUE PROBLEM FOR A BOUSSINESQ-TYPE EQUATION IN A
TRIANGLE

M.T. GENALIEV!, AS. KASYMBEKOVA 1?2, M.G. ERGALIEV 12
! Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
2 Al-Farabi Kazakh National University, Almaty, Kazakhstan

E-mail: muvasharkhan@gmail.com; kasar1337@agamail.com; ergaliev.madi.g@gmail.com

Annotation. The paper considers an initial boundary value problem for a one-dimensional Boussinesq-type
equation in a degenerate region representing a triangle. Using the methods of the theory of monotone operators and a
priori estimates, theorems on their unambiguous weak solvability in Sobolev classes are established. A theorem on
increasing the smoothness of a weak solution is established.

Keywords: Boussinesq type equation, Degenerate domain, Weak solution.
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VIK 517.95
MPHTH 27.35.45
PEIIEHUE TPAHUYHOM 3AIAYU
TEIUIONTPOBOIHOCTH B KOHYCE

H.K. T'YJIBMAHOB!, M.T. JZKEHAJIMEB?, M.U. PAMA3AHOB!
1KaparanauHckuil yauBepcuteT umenu akaaemuka E.A. bykerosa, Kaparanna, Kazaxcran
2ZJIHCTUTYT MaTeMaTUKHU U MaTeMaTU4ecKoro MojenupoBanus, Aimartsl, Kazaxcran

e-mail: gulmanov.nurtay@gmail.com; muvasharkhan@gmail.com; ramamur@mail.ru

AnHotauus. B pabote paccmarpuBaeTcs KpaeBas 3a/iaya TEIJIONPOBOIHOCTH B HEIMIUHAPUIECKON 00JacTH,
MIpeCTaBIISAIONIe cO00 MepeBEepHYTHIA KOHYC, TO €CTh B OOJIACTH BBIPOXKIAIONICHCS B TOUKY B HaYaJbHBI MOMEHT
BpeMeHH. [Ipy 3TOM rpaHUYHBIE YCIOBUS COJAEPIKAT MPOU3BOJHYIO 10 BPEMEHHON MEPEMEHHOM, Ha MPaKTUKE TaKOro
polia 3a1auy BO3HHUKAIOT MIPH HAIMYHUU YCIOBHUS COCPEIOTOYCHHON TeTIOEMKOCTH. JJoka3aHa TeopeMa o pa3perrnMOCTH
KpacBOH 3aJaud B BECOBBIX MPOCTPAHCTBAX CYIICCTBEHHO OTPaHWYCHHBIX (QyHKIW. cciaemoBaHel Bompoca
Pa3peuIMMOCTH CHHTYIISIPHOTO HWHTETPAIFHOTO YpaBHEHHWS BoibTeppa BTOpOro poma, K KOTOPOMY peIylHpoBaHa
nucxonHas 3amada. /i1 pemieHHs MONYyYCHHOTO CHHTYISIPHOTO HHTETPAbHOTO ypaBHeHHS BompTeppa mpuMeHsETCS
METOJ] paBHOCHJIEHOH perynapusanun Kapinemana — Bekya.

KiroueBble cjioBa: HeWIMHApPHUYECKas 00JacTh, KOHYC, KpaeBas 3ajada TEMJIONPOBOJHOCTH, CHHTYJISIPHOE

HHTErpanbHOE ypaBHeHHE BonbTeppa, meton perymspusannu Kapiemana-Bekya.

B OonbumimHcTBE paboT 007acTh, B KOTOPOWM MILIETCS pELIEHHWE TpPaHUYHOW 3aJayu, B
HayvalbHbII MOMEHT BPEMEHHU HE BBIPOXk/1aeTcs B TOUKY. B pabotax [1-3] npu pemeHnu Takoro pojaa
3ajjad TpPUMEHSEeTCs METOAMKA, 3aKIIOYaloIasicsl B CBEACHMM HELMJIMHIPUYECKOW 00JacTu K
WIMHAPUYECKOH. MIMeeTcst nenblif psit paboT, TOCBAMICHHBIX YUCICHHBIM METOAAM PEIICHHUS TAKHX
3anay [4-6].

B nanHo#t paGoTe paccmarpuBaercs ciedyiolas TpaHWYHas 3afaya B obmactu G =

{(r,t):0<r<tt>0}

u 5 1 d ( 2v_16u>_0 "
dat @ r2v-1 ogr r or) @
(2 ou + au) = g(t) 2
ar " ac)l._, ~ I (2)
ou
2v-1_ " —
T arl q(t), 3)

rne 0 <v <1. K sromy tumy 3amad B oOueM ciiydae HE NPUMEHUMBI METOJAbI pa3AeieHUs
MePEMEHHBIX ¥ MHTETPATBHBIX MTpeoOpazoBanuii. OTHOMEPHBIE IO MPOCTPAHCTBEHHOH TTePEMEHHOM
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KpaeBbI€ 337]aui B BBIPOKJAIOIIMXCS 00JIaCTsIX HCCIeA0BaHbl B paboTax [7-9]. MeTogoM TerioBbIX
MOTEHIIMAJIOB TMOJOOHBIE KpaeBble 3aJaud TEIJIONPOBOJHOCTH PEAYLUPYIOTCS K PELICHHUIO
CUHTYIISIPHBIX MHTETPAILHBIX YpaBHEHUH THIa BonbTeppa BToporo poaa.

3ameuanne 1. Pemenunem 3amaun (1)—(3) mpu g(t) =0, q(t) = 0, T.e. peleHHEM OIHOM
OJTHOPOJIHOM 3a7a4u MOKET OBITh TOJIBKO KOHCTaHTA.

UTtoObI 0OCBOOOIUTHCS OT MPOU3BOJHOM MO BpeMeHH B (2) MpoBeaeM HEKOTOpHIE

npeoOpaszoBanus. C 3TOU 1eNIbI0 BBEIEM HOBYIO HEM3BECTHYIO (DYHKIIHIO:

Ju

w(r,t) = rz"‘la (4)

Torma cormacHo dopManbHBIM mpeoOpa3oBanusiM ¢ yderoMm (4), 3amaua (1)-(3) cemercs

CJIEIYIOLLEH:
dw Zaza) ,2v—10w c
ac C e YT o ®)
a? (60) N 2 > — 9® ‘
r2v-1\ gr azw et =gl (6)
w(r,t)|r=0 = q (o). @)
OtMmeThM, 9TO QYHKIHS
1 rv-&-v r? + &2 ré
G 'Sy t— = 0 " )
(¢ 2 22 t-—r1 &P [ 4a?(t — T) <2a2(t - 1)

siBIIseTCsl QyHIaMEHTAJIBHBIM pellieHneM Ut ypaBHeHus (5), & — napamerp. 3xechk u nanee [, (z) —
MouduIpoBanHas pyHKuus beccens nmopsaka v.
Pemenue 3anaun (5)—(7) umieM B BUJe CyMMBbI TEIUIOBBIX OTEHIIMAJIOB POCTOTO U JIBOMHOTO

CJ104:

. t

0 0 §=0

P(o)dr. (8)

Oyukuus (8) yI0BIETBOPSET HAILIEMYy YPaBHEHHIO (5) 1715 TIOOBIX MIIOTHOCTEH MOTEHIIMAJIOB
@(t) m (7). dnst ux onpeaeneHus Mbl OyeM UCIOIb30BaTh rpanndHbie yernosus (6)—(7). C aToit

LETBI0 TATUM JPYTroe MpeACTaBICHUE paBeHCTRa (8):

t
( t)‘j 1 r”- 1-v r? 4 12 I( rT ) () dr +
=122 Tt—7 Pl a2 | V22 —n) VY
0
1 r2v 1

TZ
+ ) (Zaz)v+_1 : Z_V . DI . O - exp l— m] () dt, (9).

rac

122



K.)Ky6anoB atbiHiarsl AKTe0e eHIpiiKk yHUBepcuTeTiHIH Xabapuibichl, Ne2 (67), mayceim, 2022
®nznka-mMaTeMaTHKa FEUIBIMIAPH

5737 (L) € Loy (0, 0). (10)

IMotpebyem mus dyakims w(r,t) , ompenensiemoit paBeHCTBOM (9), yIOBICTBOPEHHS

IPaHUYHBIX yCIIOBHIA (6)—(7), 4TO O3BOJIUT HaM ornpeAaeauTs GyHkuuu @ (t) u Y (t). Torma noxydum
UHTErpalbHOE YPaBHEHHE OTHOCUTEIBHO HCKOMOM IIOTHOCTH @ (T):

3anuiem ypaBHeHHE (9) B ce1yIOLIEM BHIE:

p(t) +f lNl(t T)p(1)dt +f lNz(t )@ (1) dt = F(t),
(11)
rac
N 1 t2 tT f tt 12
160 =57 Gz &P [_ 2a2(t - r)] -1y <2a2(t - r)>' (12)
3 t? tt

No(60) = 02 T = p[ 2a2(t = r)] ( 202 (t = r)> (13)

F(t) = 2t~ 1. g(t) — 2a%G(t, t) — 2a? # )

r=t

1
(2a2)" 2 T(v) ) G X

q(r,t) = pl‘ﬁlﬂ(ﬂdﬁ

Iv—l,v(z) = Iv—l(z) - IV(Z)
OrmeruMm cienyromee cBoiicTBo siapa N(t,T) = N;(t,T) + N,(t,T), U3 KOTOPOro CIEAyerT,
4YTO MHTErpajbHOE ypaBHeHHE (11) SBISCTCS CHHTYISIPHBIM M K HEMY HeENb3sl IPUMEHHUTh METO]

MOCJIE0BATENbHBIX MPUOTHNKEHHN.

3ameuanue 2. [l mo6oro 3HaueHuss v, 0 <v <1
}:irréle(t,T)dT =1 mu ltin(')lsz(t,T)dT =0,

nIpu4eM
t t 3 F( )
4
le(t,T)drz 1, sz(t,r)dT—Z—z F(1+ ) t, Vt>D0.
0 0

Ey,Z[CM HUCKaThb PCUICHUC CICAYIOUICTO «YKOPOUCHHOTO>» NUHTCIPAJIBHOI'O YPABHCHUA:
t

o(0) + f Ny(t,7) - p(D)dr = (D), (19)

0

KOTOpOE B CUJIy 3aM€UaHus 2 SBISETCS XapaKTEPUCTUUECKUM J71s1 ypaBHeHUs (11).
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3ameuanmne 3. Eciu 6yoem natioeno pewenue ypasnenus (14), mo pewenue ypasnenus (11)
noyuum memoodom pecynspuzayuu Kapremana-Bekya.

[Tpou3Benem 3aMeHy IEPEMEHHBIX ¢, T ¥ BBEJEM HOBBIE (DYHKITUH:
1 1 1 1
t=-, T==—; =@l|—|= , CDt:CD(—):CD ,
y o 9=0 (y) ¢:1(¥) (®) ; 1)
Torja ypaBHeHue (14) cenercs K ciaenyronieMy UHTEIPajlbHOMY YPABHEHUIO C Pa3HOCTHBIM SIIPOM

OTHOCHTEJIBHO HEU3BECTHOM QYHKIMHU @1 (V):

0+ [ M=), (dx = 0, (15)
y
rac
PSR S W RS S VYA S
222 (x—y)? 222G -y 2=y
[Tpumenum k obeum vacTsM ypaBaeHwus (15) npeodpaszosanue Jlamnaca. Torma momydum:
P1(p) = D1(p) — RE(—p) - D1 (p),
rac

-1, (), ()

a
P ()

a

Ri(-p) =

H306pa>1<eHHe PC30JIbBCHTBI, OPUT'MHATI KOTOPOT'O paABCH:

— \/—_P . _ a* 1 [ 52 —iaga?é
R-<T)-—R-(”‘ﬁ£kzz s [ £emp (=35t 10
€Z\{0} 0

Jlemma 1. [Tiist pesonsBentsl R_(y) (16) cripaBeiinBa onieHKa

1
y

Torna pemenue ypasHenus (15), koTopoe umeeT BUJT

t

o(t) = t- d,(t) - f R(t,0) @,(0)dr,

0

e
1
D2(t) =1 () € Lo (0, ).

G
NN

CrpaBeIuBOCTh MOCJIEIHETO HEpaBeHCTBRA ciienyet u3 Jiemmsr 1.

R(t,t)y<cC- (17)
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t
Teopema 1. Hcxoonoe unmeepanvroe ypasuenue (11) ona nmoboit (pynryuu tz e - F(t) €

L (0, 0) umeem eduncmeennoe pewenue 6 kiacce yHkyuil

1

t
1, _t
tz” "esa? - p(t) € Ly (0,00), (18)
Komopoe moxcem Oblmb HAUOEHO MemoooM NOCAE)08AMENbHbIX NPUOTUNCEHUIL.

Joka3atenbcTBo. (11 pemieHus: UCXOAHOTO «IIOJTHOT0» MHTETPAIbHOTO ypaBHEHUs (6.6)

npeacTaBum €ro B BUAC

t

() + f Ny(t,7) - p(D)de = F(£) - j Ny (t,0) - 9(7) d
0

0

U MpUMEHUM MeToA peryisipuzauuu Kapnemana-Bekya. Cuurtas mpaByro 4acte ypaBHenus (11)

BpPEMCHHO HSBCCTHOﬁ, 3aIIMIICM €ro pCIICHHUC!

(t>+f

lM@ﬂ¢@ﬁ—

lhb(t‘i) @(7) dt

Cunras npaByto yacTh ypaBHeHus (1 .5.6) BPEMEHHO U3BECTHOM, 3alMILEM €r0 pEelICHUE:

t
() =| F(t) — f [‘;2—1/ . e_:T;l N, (t,7)@(t)dr | —

0

t 2—v - ﬁ ’ 3 2—-v
N e [ e e
0 0

(19)
[IpenBapuTenbHO BBEAEM HOBYIO (DYHKITHIO

t

1 1 t
@,(t) =tz e - (t), Fy(t) = tz Ve - F(t). (20)

Torpa (19) npumer cieayromuii BUA:

o R &
P2(0) + j% 2<t,r>-qo2<r>dr—f ©o. %N2<r,f)-<oz(f)dfdr=
o L2 o L2
= F,(t) Jﬁfg Zir)dr. (21)
0

HN3menum MOpsAAOK HHTCITPHUPOBAHUSA B IIOBTOPHOM HWHTCTpaAJiCc M, 3aTCM, IOMCHACM POJISIMU

nepemMeHHbIe T U &
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t T 3 t 3
R(t §2 12 N,(§,7)
= Na(7,8) - 92 (§) dédr = '—'—'wz(r)dfdr.
bf ofE fj ez S

Torna ypaBHenue (21) mpumeT BUI:

(o
<p2(t)+fM(t,r)-<p2(r)dT=Fz(t)—J—-R(t,r)- dr. (22)

rIe

3t
M(t,7) :T_E'Nz(t,‘f)_%'IR(EE)'NZ(E,T)CZE-
t2 t2 1'

Ucrnonesyst (17), momyunm, uro siapo M(t,T) mHTerpansHoro ypasueHus (22) mmeer ciaabyro

OCO6CHHOCTL, TaK KakK JJIs1 HCT'O CIIpaBCAJIMBa OLICHKA

M(t,t) < D;- + D,

OTO O3HauaeT, YTO pEeUIeHHEe MHTErpajpHoro ypaBHeHHs (11) MOXHO HalWTH METOJIOM

IIOCJIICAOBATCIIbHBIX HpH6J'IPI)KeHPII>i. TCOPCMa JOKa3aHa.

Teopema 2. Eciiu 8blnoaHeHbl YCao8us tv_% g(t) € Ly (0, 0),
t17Vq(t) € Ly (0, ), mo epanuunas 3aoaua (1)-(3) umeem pewenue
u(r,t) =1t(r,t) +C, ii(r,t) € L,,(G).
Jloka3zatenbcTBO. M3 MHTErpaqbHOTO MpeacTaBieHus pemieHus (8) kpaesoit 3amaun (5)—(7)

nMeeM
2
w(rt) = Z wy (1, t),
k=1
_10u
) — er 1a_r1 —
t

(T ri+t o
_!mem[— 4a2(t — T)l az(t )><p(r) T;

du,

w,(r,t) = rz”‘lﬁ =q(r,t) =

I'me w,(r,t

1
- (2a2)” 2V T(v) ) (t -+t exp [ 4q2 (t )l q(7) d.

VYuureiBas, uto (10) mOIydrM OLEHKY /71l IEPBOTO CJIaraeMoro:

jonr 0l < T e[
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WK ¢ yueToM (4)

u(r,t) <

CiVt r¥v [ t
2a2v 2 —v P 4q2)
VuauteiBast, uto q(t) € L (0, 0), ¢ yaetom (4) OymeM UMETh:
C, 1 1 v
(2a?)v-1 2v I'(v) 1—v

Otcroza cnenyer CrpaBeyInBOCTb OCHOBHOI'O pe3yIbTaTa — TEOPEMBI 2.

lua(r, )] <

[TonydeHHble pe3ynabTaThl MOTYT OBITh MCIHOJIB30BaHbI MPHU PELICHUH MOJO0OHON KpaeBoi
3aJ1a4M, KOT/Ia TPaHuIa 00JacTH JABUKETCS 110 IPOU3BOJIbHOMY 3akoHy T = a(t), a(0) = 0.
DOuHAHCUPOBAHUE

Pabora BeImmomHeHa 1O TpaHTaM MuHHcTepcTBa 00pa3oBaHus W Hayku PecmyOnuku

Kazaxcran: AP09259780, 2021-2023, AP09259780, 2021-2023.

Cnmcok MCnoJib30BaHHOM JIUTEPATYPbI

1. E.A. Cheblakova, Modeling convection in areas with free borders, Computational
Technologies 5(6) (2000), 87-98.

2. A.Kheloufi, B.-K. Sadallah, On the regularity of the heat equation solution in non-
cylindrical domains: Two approaches, Applied mathematics and computation 218 (2011), 1623-1633.

3. A. Kheloufi, Existence and uniqueness results for parabolic equations with Robin type
boundary conditions in a non-regular domain of R3, Applied mathematics and computation 220
(2013), 756-769.

4. R. Chapko, B.T. Johansson, V. Vavrychuk, Numerical solution of parabolic Cauchy
problems in planar corner domains, Mathematics and computers in simulation 101 (2014), 1-12.

5. Y. Wang, J. Huang, X. Wen, Two-dimensional Euler polynomials solutions of two-
dimensional Volterra integral equations of fractional order, Applied numerical mathematics 163
(2021), 77-95.

6. R. Dehbozorgi, K. Nedaiasl, Numerical solution of nonlinear weakly singular Volterra
integral equations of the first kind: An hp-version collocation approach, Applied numerical
mathematics 161 (2021), 111-135.

7. A.A. Kavokin, A.T. Kulakhmetova, Y.R. Shpadi, Application of Thermal Potentials to the
Solution of the Problem of Heat Conduction in a Region Degenerates at the Initial Moment, Filomat
32 (2018), 825-836.

127



BecTHUK AKTIOOMHCKOTO peruoHanbpHoro yausepcurera uM. K. XKybanosa, Ne2 (67), utons, 2022
DU3UKO-MaTEMaTHYCCKUE HAYKH

8. M.M. Amangalieva, D.M. Akhmanova, M.T. Dzhenaliev, M.l. Ramazanov, Boundary
value problems for a spectrally loaded heat operator with load line approaching the time axis at zero
or infinity, Differential Equations 47(2) (2011), 231-243.

9. M.T. Jenaliyev, M.M. Amangaliyeva, M.T. Kosmakova, M.l. Ramazanov, On a Volterra
equation of the second kind with ‘incompressible’ kernel, Advances in Difference Equations 2015

(2015), article number 71.
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LAkanemuk E.A. BOKeTOB aThIHIAFbI Kaparanns! yausepcureti, Kaparanasl, Kazakcran
MareMaTHKa KoHE MaTEeMAaTHKAJIBIK MoJIeb/Iey HHCTUTYTHI, AnMaTsl, Kazakcran
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Annarna. J)KyMbIicTa KOHYCTa, SFHU 0acTarnKbl yaKbpIT Me3€TiH/Ie HYKTere aifHanaThIH LUJIMHAPIIK eMec 00JIbIcTa
KBUTYy OTKI3TIIITIKTIH IIeKapalblK ecedi KapacThlpbuianbl. MyHAAFbl IEKapaliblK IIApT yaKbIT OOMBIHINA allbIHFAH
TYBIHIBIHBI KaMTHIbl. [IpakTMKajga MyHJall ecenTep IIOFBIPIAHFAH JKbLTY CHIMBIMABUIBIK IIAPTHIHBIH Oap Oomy
KargalbiHOa TyblHAAinel. Eneyni meHenreH (YHKOMSIAp KEHICTITiHAE KapacTBIPBUIATBIH IIEKapallbIK eCeNTiH
ICITIMALTITT Typasl TeopeMa AoJNelieHAl. bepinreH ecem TypJeHEeTiH eKiHImI TekTi BompTeppa CHHTYISPIBIK
WHTETPAIIBIK TeHACYAIH METiMALIIT Typaisl Macenenep 3epTTenai. OChl CHHTYISIPIBIK HHTETPAABIK TCHICYIl STy
yuin Kapneman-BekyaHbiH napa-nap peryJsipusanus 9/ici KoJIaHbUIIbL.

Tyiiin ce3mep: WHIMHIPIIK eMec OOJIBIC, KOHYC, JKbUIY OTKI3TIIITIKTIH mekapaiblk ecebi, BoiabreppaHbiy

CUHTYJISIPJIBIK MHTETpaNIbIK TeHaeyi, KapiemaH-BekyaHbIH peryssipusanust Sfici.

SOLUTION OF THE BOUNDARY VALUE PROBLEM OF HEAT CONDUCTION IN A
CONE
N.K. GULMANOV?, M.T. DZHENALIEV?, M.I. RAMAZANOV!
!Academician E.A. Boketov atyndagy Karagandy University, Karagandy, Kazakhstan
’Mathematics Zhane Mathematical ModelDeu Institutes, Almaty, Kazakhstane-mail:

gulmanov.nurtay@gmail.com; muvasharkhan@gmail.com; ramamur@mail.ru

Annotation. In the paper we consider the boundary value problem of heat conduction in a non-cylindrical
domain, which is an inverted cone, i.e. in the domain degenerating into a point at the initial moment of time. In this case,
the boundary conditions contain a derivative with respect to the time variable; in practice, problems of this kind arise in

the presence of the condition of the concentrated heat capacity. We prove a theorem on the solvability of a boundary value
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problem in weighted spaces of essentially bounded functions. The issues of solvability of the singular Volterra integral
equation of the second kind, to which the original problem is reduced, are studied. We use the Carleman—Vekua method
of equivalent regularization to solve the obtained singular Volterra integral equation.

Keywords: noncylindrical domain, cone, boundary value problem of heat conduction, singular Volterra integral

equation, Carleman—Vekua regularization method.
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MMPOEKTUPOBAHHME U PASPABOTKA CUCTEM BUPTYAJIbBHOM PEAJIBHOCTH

C.M.CAPCUMBAEBA?, B.K.YTETEHOBA'

1AkTr0OMHCKUI pernoHanbHblil yHUBepcuTeT nMeHu K. )Kybanosa, Akrooe, Kazaxcran

E-mail; sarsi@mail.ru; kasym1973@mail.ru

AHHOTanus. B cratbe paccMaTpuBarOTCS BOIMPOCHI Ppa3pabOTKU CHUCTEM BUPTYaJIbHOU
peabHOCTH, 1aeTcsi 0030p MPOrpaMMHOTo oOecrevueHus A7 pa3paboTKU MPUIIOKEHUH BUPTYaIbHOM
peanibHOCTH. O030p CPENCTB Pa3pabOTKH MPUIOKESHUM BUPTYaTbHON PEaTbHOCTHU CAeTIaH Ha OCHOBE
KOHIICTIIIMM TOCTPOCHMSI TaKUX TMPUIOKEHUM, C yKa3aHUEeM 3aJa4, pEIIaeMbIX JTHUMH
npwiokeHussMu. [IpogemMoHcTpupoBaHa padboTta 1o pa3paboTKe CUCTEM BHPTYaIbHOW PEaIbHOCTH,
MOKa3aHbl OCHOBHBIE OJTambl pa3paboTku. [lokazaHa CTpyKTypa NpPUIOKEHUN BUPTYaIbHON
peanbHOCTH.

KuoueBnblie cioBa: BupTyaiibHas peanbHocTh, Unity, Unreal Engine, untepdeiic, cucrema

BUPTYaJIbHOU PEANIbHOCTH.

B Hacrosmee Bpems CHUCTEMbl BUPTYAJIbHOW pEATbHOCTH TOJNYYalOT IIMPOKOE
pacmpoctpanenue. Eciu nepBoHavanbHO CHCTEMBI BUPTYAIHHOW peaqbHOCTH IPUMEHSIINCH JIMIID B
cdepe pa3BiieueHUl, TO celuac UX MPUMEHSIOT B TaKUX chepax KaKk MAIIMHOCTPOCHUE, HCKYCCTBO,
3/[paBOXpaHEHHEe, BOEHHAas OTpacib, 0Opa3oBaHUE, TOPTOBJS, PECTOPAHHBIN OM3HEC U MHOTHX
apyrux[1].

CoBpeMeHHbBIE TEXHOJOTUN BUPTYaTbHON PeaTbHOCTH IMO3BOJISIOT IMOJIH30BATEISM HE TOJIBKO
MOTPYKaThCsl B HOBYIO Cpey, HO M C TIOMOIIbI0 HUX BBECTH MHHOBAIIMU B KOMITAHWH, B IIEJIOM B
OTpaCH U MOJYUYUTh KOHKYPEHTHOE MpenuMylecTBO. [103ToMy Tak BaKHO 3HAHHUE MPOrPAMMHBIX U
anmapaTHBIX CPEACTB Pa3pabOTKU MPUIIOKEHU BUPTYAIbHON pEaTbHOCTH U YMEHHUE pa3pabaThiBaTh
TaKue TMPUIOKEHUSI.

B xozxe mpoBeneHus uccienoBaHUM MO BOIpocaM pa3paboTKU MPUIIOKEHUH BUPTYyalbHOU
peanbHOCTH M3ydanuch Tpyasl P.A3zymel, I[L.Munrpoma, ®@.Kucuno, T.Kogena, A.Kas, /[.Packuna,
N.Cazepnenna u JApyrux, KOTOpPbIE BHECIM 3HAYUTENbHBIA BKIAJ B pPAa3BUTUE TEOPUU
WH()OPMALIMOHHBIX CHCTEM, B H3yU€HHE BOMPOCOB YEIIOBEKO-KOMITBIOTEPHOTO B3aUMOICHCTBHSI,

M0JIb30BATEIbCKUX UHTEP(EICOB U pa3pabOTKH BUPTYaTbHON PEalIbHOCTH.
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Llens paboTel — caenarb 0030p MPOrpaMMHBIX M aNNapaTHBIX CPEACTB BHPTYAIbHOM
pEaTbHOCTH, MCIIOJIB3YEMbIX B HACTOsIEE BpeMs s Pa3pabOTKU HPUIOKEHUH BHUPTYaIbHOM
PEaTbHOCTH U UCCIIEI0BATh MIPOLECC IPOEKTUPOBAHUS U pa3pabOTKU TAKUX MPUII0KEHUH.

Jnis pa3paboOTKH NPHIIOKEHHsSI BUPTYAJIIbHOW PEaJbHOCTH HEOOXOAMMO pa3padoTaTh JBa
OCHOBHBIX JJIEMEHTA:

- Bupryanssslif Mup, 11 pa3paboTKH KOTOPOro HY’>KHO UMUTHPOBATh BU3YyaJlbHbIE JIEMEHTHI U
IIPU 3TOM CTUMYJIBI JJIs1 JIEBOTO M IIPABOTO Ija3a JOJIKHBI ObITh PA3IMUHBIMU AJIS JOCTHIKEHHUSI
00BEMHOCTH U300PAKECHHUS;

- W nporpaMMHO peanu3oBaTh B3aWMOJECHCTBHE C BHUPTyaJbHbIM MHUPOM. B3ammopneicreue
IIPOUCXOJUT C MOMOIIBIO YCTPOHCTB, (PUKCUPYIOIUX ABHKEHHE YelIOBEKa. DTO MOTYT ObITh
KOMIIbIOTEpPHAs MblllIb, BUPTYyalibHas epyaTKa, BeO Kamepa, yJIaBiIUBarollas JBM)KEHUS IJia3,
PYK WIM JIpYyrux 4dacred Tena. TakKe MOryT HCIIOIb30BAaThCS CEHCOPHBIE YCTPOMCTBA JUIS
ONPEACIICHUS, HAIPUMEDP NPUKOCHOBEHUH WJIU JPYTUX B3aUMOJICUCTBUM.

Pazpabotka VR cucteM COCTOUT U3 HECKOJIBKO 3TaloB:

- Boi6op mnardopmel. HeoOxoauMo pemmTth KakMMU yCTpOMCTBaMHU MOJIb30BaThCs, Ha Kakue
1aT(hOPMBI OPUEHTUPOBATHCS U KAKYI0 HHCTPYMEHTAIBHYIO Cpelly u30path s pa3paboTKH.

- 3D-monenupoBanue s pa3paObOTKH CIIEH, OKPYKEHUS.

- Pa3pabotka unrepdetico 11sg VR npunoxeHuit.

- IlpakTnueckas pazpaboTKa, OIBIT pa3pabOTOK.

OcCHOBY cHCTEM «BUPTY&JIbHOM pEATbHOCTH» COCTABISET BBICOKONPOU3BOAUTEIbHBIN
KOMIIBIOTEP, 001 IaI0LIU I JJOCTaTOYHBIM OBICTPOIEHCTBUEM U IpapUUECKUMH BO3MOKHOCTSIMU JJI51
(dhopMHUpPOBaHMS IIBETHBIX H300PKEHMM C BBICOKMM paspernieHueM. J[[ins B3aummonencTBust ¢
«BUPTYAJIBHOM PEaJbHOCTBIO» HCIOJIB3YIOTCA KaK CTaHJApTHBIE YCTPOMCTBA THIA KIIABUATYp,
MBILIEK, B€O Kamep, IUIAHIIETOB, TaK M CIELUAlIbHbIE, MO3BOJSIONINE BBOAUTH HE TOJIBKO TpPU
KOOPJMHATHI, HO M 33/1aBaTh BpPALIEHUS BOKPYI OCEH, a TAK)Ke CIELHAJbHBIC MEePYATKN JTAHHBIX,
nepearonme HHPopMaIiio 0 pyKe Moyib3oBarTens (MoJI0KeHHe, OpUeHTAIHs U Cri0aHne NallblIeB).
Takke MOIyT UCIOJIB30BaTbCA CEHCOPHBIE YCTPOWMCTBA Ul ONPENEICHUs, HaIpUMep
IIPUKOCHOBEHUHN UIIU APYTUX B3aUMOJACUCTBUMN.

B kauectBe cpeicTB pa3pabOTKH BHPTYaJbHOW pEalbHOCTH MOTYT ObITh HcHoiib3oBaHbl Unity,

Unreal Engine u npyrue.

Unity - kpoccruiaTopMeHHass MHCTPYMEHTAJIbHAS Cpefa, KOTopasl SBJISIETCS OJHOM M3 JIydIIMX
wiatpopM sl pa3pabOTKU MPUIIOKEHUH BUPTYalnbHOH peanbHOCTH. OJHONH M3 ee OONbIINX

IPEUMYILIECTB ABISAETCA €€ KPOCCIUIAT(OPMEHHOCTh, IO3BOJISIOIIAs, COOMpATh IMPUIIOKEHHUS,

KOTOpBIC MOTYT pabotarh moj 6osee yem 20 oneparOHHBIMU CHCTEMaMu, TakuMu kak Windows,
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Android, iOS u npyrue. DTH NPUIOKEHUS, MOXKHO IPOCMOTPETh Ha IIEPCOHABHBIX KOMITBIOTEPAX,
UTPOBBIX KOHCOJISX, MOOWJIBHBIX YCTPOWCTBaxX, WHTEPHET-MPWIOKECHUSIX U Apyrux. Unity
UCTOJB3YeTCs KaK KPYIHBIMH Pa3pabd0TYNKaMu, TaK U HE3aBUCUMBIMU CTYAUSMHU.
Unreal Engine - rutaropma HOBOTO IMOKOJICHHUSI, KOTOPasi TAK¥KE IMIHPOKO HCIIOIB3YETCS B pa3padoTKe
OHJaWH-urp. Jta Iuardpopma coBmelaer B cede rpaduueckuil JBHUKOK, (U3NUECKUH JBUXKOK,
HMCKYCCTBCHHBIM HWHTEJUICKT, yIpaBieHHe (ailioBoi u cereBod cuctremMamu. biaromaps
UCTOJb30BaHNI0 C++ BO3MOXKHOCTH NPAKTUYECKH O€3rpaHUYHbl B pa3pabOTKe MPUIIOKEHUN
BUPTYaJIbHOW PEabHOCTH JJIsi OOJNBIIMHCTBA ONEPAIMOHHBIX CHCTEM M IUIaTGOpM, a TaKKe Ha
pa3IUYHbIX NOPTATUBHBIX YCTPOUCTBAX yIpaBisieMblx cucteMol i0S u Apyrumu.
HHCTpyMEHTaNbHBIMU CpEelaMU JJIsl pa3padOTKU CHUCTEM BUPTYaJIbHOM PEaJbHOCTH MOTYT
cayxuth CryEngine, Amazon Sumerian, A-Frame, React 360, Primrose, Simbol, Vizor. Bce stu
JBIDKKY MOJICPKUBAIOT MonyJsipabie ycrporctea Oculus Rift, HTC Vive.

Krnaccudeckumu mpuinoxeHusMu i co3nanus 3D-moxeneit sBusitorcst Blender, Maya,
3DMax. Taxxe 3Tu cpelbl I03BOJIAIOT pa3padaTbiBaTh aHUMALMK, CUMYJISILIUY, Jef1aTh PEHICPHHT,
PUITHHI, KOMIIOHOBKY U 3aXBaT JIBWXKEHHS, peJaKTHpoBaTh BHJeo. Heobxomumo ymeHue
CKaHUPOBATh, JejaTh MaHopaMHOoe (oTo m Buaeo. [ns coszmanus cobctBeHHbIX 3D-monenei
HeoOXxoauMo ocBouTh 3D-ckanmpoBanue. CHATBHIE CIENUATBHBIM CKaHEPOM B PEaTbHOM MUpE
OOBEKTHI CTAHOBATCS BUPTYAJIBHOM TpexMepHOW Mojenbro. [l 3TOro MCHONb3YIT YCTpOWCTBa
David SLS2, Da Vinci 1.0 AiO, Structure Sense. HaunHaromue pa3paboT4MKku MOTYT UCTIOJIB30BaTh
mabnonusie 3D-moxenu: TurboSquid, Free3D, CGTrader, Sketchfab.

OxHUM 13 TanoB pa3pabOTKH MPHJIOKEHUH BUPTYaIbHON pealbHOCTH SBIISIETCS pa3padboTKa
CLIEHapHUeB MPHUIJIOKEHUH BUPTYyaJIbHOM peanbHOCTH. Ha 3TOM 3Tane Heo6XoIuMo NMpHuyMaTh MUPHI
U CpeJibl C BO3MOXHOCTBIO B3aUMOJICHCTBUS B TPEX U3MEPEHUSX.

VYerpoiicTBa Uisl TPUIOKEHUN BUPTYAIbHON PEAJIbHOCTH KIACCUPHUIMPYIOTCS MO CTENEHU
cB00O/BI, T.e. MO croco0y mnepemenieHuss oObekTa. CyllecTBYIOT JBa BapHaHTa: TPU CTENEHU
cBobobl - 3-DOF u mects creneneit cBo6oasl - 6-DOF. Tpu crenenu cBoOOIbl 03HAYAIOT, YTO
MO>KHO B3aUMOJICHCTBOBATh C BUPTYaJIbHBIM MUPOM B TPEX MU3MEPEHUSX, B CUCTEME KOOPAUHAT X,
Y, Z, c nomompto rojoBHoro auctuiess (HMD), Ho Henb3st aBuraThes Briepe win Ha3aj. C mecThio
CTETICHSIMH CBOOO/IBI IBUTATHCS TTOJYYUTCS BO BCEX IIECTH HATPABICHUSX.

Cpenu yctpoiicTB, pabotamomux ¢ Tpems creneHsmu cBobonbl Cardboard Google, Google
Daydream, Samsung Gear VR. C mectbio crenensmu cBo6oasl paborator HTC Vive, Oculus Rift,
Oculus Quest. Jlst kaxIoro yCTpOMCTBa HMCHOJB3YIOTCS pa3Hble MHCTPYMEHTAIbHBIC CpPEICTBA
pa3pabOTKU U SA3bIKM NPOrPaMMHPOBAHUS, Y HUX Pa3Hble OrPAaHUYEHHs, HO €CTh M OOILIUE YepTHl,

TaKM€ KaK:
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1. IlpuHiuuns! co3aaHus BUPTYaIbHOW PEAIbHOCTH;

2. BonpIIMHCTBO M3 HUX COBMECTHMBI C KOHTPOJUIEpAMH JBHXKEHHUI ISl B3aUMOJICHCTBUS C
BUPTYaJIbHBIM MUPOM;

3. VYcrpoiictBa 3-DOF wucnonb3yoT cMapTQOHBI B KadeCTBE 3aKPEIUICHHBIX Ha TOJIOBE
JTUCILJICEB;

4. VYcrpoiictBa 6-DOF ucnonb3yr0T HACTOIBHBIE TAPHUTYPHI.

Ha sToM 3Tamne Hy>kHO BBIOpATh OJIHO HJIM HECKOJIBKO YCTPOUCTB AJIs Pa3pabOTKU MPUIOKEHHI.

Pa3paboTka mpuiIoXKEHU BUPTYATbHON pPEaTbHOCTH — ITO CIOXHBIA MpoIecc, TpeOyromui
3HAHWUW B HECKOJIbKUX OTpacisx 3HaHui. [Iporecc ux pa3pabOTKH COCTOUT U3 pa3padOTKH CaMOTo
BUPTYaJbHOTO MHpa M TMPOTPAMMHON peanu3alil B3aUMOACHCTBHS BUPTYAIbHOTO MHpa C
OKpPY>KEHHEM.

OCHOBHBIMU pe3yJIbTaTaMU MPOJICIIAHHOW PabOTHI SBISIOTCS: MPOAHATH3UPOBAHO COBPEMEHHOE
COCTOSIHME B cdepe HCCIeAOBaHUN BUPTYAIbHON PEAIbHOCTH, OIMPEACICHBI METOJI0JIOTHICCKHE,
QITOPUTMHUYECKHE M MPOrpaMMHBIE CpEACTBa MJig Pa3pabdOTKH MPUIIOKEHUN BUPTYaIbHON
peallbHOCTH, pa3paboTaHa CTPYKTypa MH(GOPMALMOHHOW CHCTEMbI C TEXHOJOTHEH BHUPTYalbHOU
peaIbHOCTH.

J1y1st mporpaMMHO¥ pean3aiy B OOJBITHHCTBE CIIYYaeB UCTIOIB3YIOT KPOCCIIATHOPMEHHYIO Cpey
Unity, Unreal Engine, a B kauecTBe ycTpoiicTB yxe mocrarouno goctynasie HTC Vive, Oculus Rift,

Oculus Quest.

Hayunaa cmamos noocomoenena 6 pamxax peanuzayuu npoexma NeAP08S856402.
Hcmounux ¢punancuposanus — Komumem nayku Munucmepcmea oopazosanus u HayKu

Pecnybnuxu Kaszaxcman.
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BUPTYAJIJIbI IBIHAWBLIBIK XKYWEJIEPTH )KOBAJIAY )KOHE K¥PY

C.M.CAPCUMBAEBA!, B.K.YTETEHOBA'
1 K. XKybanoB areianarsl AKTe0Oe oHIpIlik yHUBepcuTeTi, AKTobe, Kaszakcran

e-mail: sarsi@mail.ru; kasym1973@mail.ru

Anpatna. Makanajga BUPTyalibl IIBIHAWBUIBIK OKYHENepiH Kypy Macelenepi KapacThIPBUILABI, BUPTYalIbl
IIBIHAMBUIBIK  KOCHIMIIAJAPBIH KYpyFa apHalfaH OarjapiamalblK JKacaKTamalapra IIOJy JKacalbIHIbl. BupTyammbt
IIBIHANBUIBIK KOCBIMIIATIAPBIH 33ipiiey KypajiapblHa IOy, OChl KOCBIMINAIAPABI KYPY TYKBIPBIMIAMachl >KOHE OCHI
KOCBhIMIIIAJIap LICHIETIH ecenTep Heri3iHje *acalblHAbl. BUpTyanapl HbIHAWBUIBIK JKYHelnepiH Kypy OOMbIHIIA HKYMbIC
JKOHE Kypy/IbIH HETi3r1 Ke3eHiepi KopceTinai. BUpTyasibl bIHAKBUIBIK KOCBIMIIAIAPBIHBIH KYPBIUIBIMBI KOPCETLII.

Tyiiin ce3nep: BupTyanas! wbiHaibLIBIK, Unity, Unreal Engine, narepdeiic, BUpTyas bl IIBIHAWBIIBIK KYHeEC.

DESIGN AND DEVELOPMENT OF VIRTUAL REALITY SYSTEMS

S.M.SARSIMBAYEVA!, V.K.UTEGENOVA!
1 K. Zhubanov Aktobe Regional University, Aktobe, Kazakhstan

e-mail: sarsi@mail.ru; kasym1973@mail.ru

Abstract. The article deals with the subjects of design of virtual reality systems and gives an overview of the
software which develops virtual reality applications. The review of virtual reality application development tools has been
implemented based on the concepts of building such kinds of applications, indicating the tasks which are carried out by
these applications. The work on the design of virtual reality systems has been demonstrated, the main stages of
development has been shown. The structure of virtual reality applications has been pointed out.

Keywords: virtual reality, Unity, Unreal Engine, interface, virtual reality system.
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OB OCOBEHHOCTSIX TOCTPOEHUS HOPMAJIBHO-PETYJISIPHBIX PEIIEHUI
BBIPOXKXIEHHBIX CUCTEM

K.H. TACMAMBETOB!, ’K.K. YBAEBA!

LAkTI0OMHCKUI pernoHanbHblil yHUBepcuTeT nMeHu K. )Kybanosa, Akrooe, Kazaxcran

E-mail: tasmam@rambler.ru; zhanar ubaeva@mail.ru

AnHoTanus. MccnenoBana BO3MOXKHOCTH CYILECTBOBaHUSI HOPMAIIbHO-PETYIISPHBIX YPABHEHUH BBIPOKICHHBIX
TUIIEPTEOMETPUUECKUX CHUCTEM, MOMYYEHHBIX IyTeM MpeAenabHOro nepexoaa u3 cucteMmsl Jlaypuduenna. M3ydeHsl ux
HEKOTOpBIe CBOMCTBA. JlOKa3aHbI CBSI3b YCTAaHOBJIEHHBIX HOPMAJIbHO-PETYJIIPHBIX PEUICHUM BBIPOXKIECHHBIX CHCTEM C
BBeieHHO# B.U. Xyn0)KHUKOBBIM HOBO# (DyHKIMEH MPEeCTaBIIONICH YaCTHOE PEIICHHE H3Y4aeMOM CHCTEMBI.

KaroueBnle ciioBa: HopMmanbHO-perynspHble peIIeHHUs, BBIPOXJCHHAsA, TMIIEpreoMeTpHyYeckasi, cHcTeMa,

(GYHKIWSA, TOCTPOCHHUSL.

1. BBenenmne. ®panunysckuii matematuk [I. Ammens onpenenun B 1880 romy uersipe
runepreomerpuueckux psaga F —F, nByx mepemennnix [1]. Jlaypuuenna (1893) 0606w
yskumit Armenst F, —F, Ha ciyuait N nepemennsix F,,Fy, F.,Fy. YactHbie ciydan psimoB
Jlaynuenia BCTpeyaroTCsl B UCCIIEOBAHUM 110 TUIIEpCPEepruuIecKUM rapMOHHUKaM |2, ¢.236].

B nanHO#l paboTe Hac HWHTEpecyeT BBIPOXKIACHHbIE (YHKIUHA MHOTUX MEpEMEHHBIX
cBs3anHble ¢ QpyHKIMen JTaypuuemna Fg .

Oynknusa Jlaypruemia N nepeMeHHbIX

(Zn)]z z (al)ml"'(cxn)mj ()Bl)ml"'(ﬁn)mj Zli"'znn’ (11)

e My (7) my+..+m; mllmn!

FB[(an), (8,)
/4

|z,| <Lk =1n, sBIsgeTCA YACTHBIM PEMICHHEM CHCTEMBI

2 n 2 R
zi(l—zi)a—\;er Z, ow +[7—(0!i+,3i+1)Zi]@—aiﬂiW=0,i=1,n, (1.2)
0z ja3. = oz;0r 0z;

IJI€ HCIIONb30BaHbl 0003Hauenus () = (o, a,,.... ), (2,) = (2,2, Z,).
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BripoxeHnbie QyHKIMH, TOAydaromuecs 3 Fg HEKOTOPBIM YHCIOM MpeielbHBIX EPEXO0I0B
cienys B, XynoxuukoBy o6osnaunm uepes @', rie 0<k,I<nn-1<k+n<n, n-uucno
nepemeHHsbIX [3,c.836]. Hapsany ¢ pemienuem @ E',In CYIIECTBYIOT U HOPMAJIbHO-PETYIISIPHBIE PELICHUS
Buzaa [4]:

_ p P Pn
W(Z,,2Z, Z,)=exXp(ayg o Zy+ gy o Zy+et Oy Z,) 2 252 - 20"

- YA, o T2y 2 A 20

my,..., m,=0

(1.3)

rme  p(t =:L_n), Anmym, (My,.om  =012,...),  Qygreenrg1Qpigremgrees Ggrennngy— HEU3BECTHBIC
MTOCTOSTHHBIE.

[lenpto gaHHOW pabOThI SIBISIETCA HMCCIEAOBAHUS BO3MOXKHOCTU CYIIECTBOBAHUS HOBBIX
HOPMAaJIbHO-PETYJISIPHBIX PEIICHUHN BBIPOXKICHHBIX THIIEPTEOMETPHUUECKUX CUCTEM, MOJTYUYEHHBIX U3
cuctemsl Jlaypuyemnsl (1.2) mytem mpeaenbHoro nepexoga. M3ydeHue ux HEKOTOPBIX CBOWMCTB U

o k1
cBs3b ¢ Qynkuuein B.M. XynoxHHKOBa ®y,, a TaKKe ocoOeHHOCTH B BBeIeHHWM NMPUBOIUTCS

KpaTKO€ CBCIACHHC O PA3BUTHUU THUICPICOMCTPHUYCCKUX (1)YHKI_II/II/I MHOTUX IICPCMCHHLIX, BHJ

HOPMaJIbHO-PETYJSIPHOro penieHus N mepeMeHHbIX. Bo BTOpoOH yacTH NPUBOIUTCS OOLIMN BHJ
BBIPOKJICHHON T'HMIIEPreOMETPUYECKOM CHUCTEMBI IIOJTYYEHHBIM W3 cHCTeMbl Jlaypuuesia (FB) u

HEKOTOPbIC TUIIEpreoMeTprueckre QYHKINHU ABYX MEPEMEHHBIX. B TpeTbeil 4acTu 3TH pe3yabTaThl
0000111eHb! Ha cay4yaid N mepeMeHHBbIX.

2. BbIpoKIeHHbIE THIEPreOMeTPHYECKHE CHCTEMbI TIOJyYeHHbIe W3 CHCTEMBI
Jlaypuuesna

MMocranoBka 3amaunm. OOBEKTOM WCCIENOBAHHS SIBISIOTCS  PsAA YaCTHBIX CIIy4aeB
BBIPOXKJICHHBIX THIIEPreOMETPUYECKUX CUCTEM MOTYYEHHBIX U3 00001IIeHHON cucTeMbl Jlaypuuerna
Fs; Buga

2

W& 0w ow . —
z(1-z + >z +y— (o, + B, +D)2,]— -, fW=0,i =1k, 2.1
i(1-2;) PPV [y — (o + B +1) ']az. a,p (2.11)

] i

n 2
Dz, 0w +(7/—Zi)@—ai‘7kW=0,i=k+1,k+| (2.12)
= 0z;0 0z,
n 2
z, 67W+}/%—W=O,i=k+|+l,n, (2.13)
o 0.0z 0z;

rie ypaBHenus (2.12) momydeno u3 (1.1) ¢ HOMOMIIBIO MPEENBHOTO MEPeXoa 1o napamerpam [

n—Kk pas, a ypaBaenue (2.13) mo mapamerpam & Nn—K —1 pas. B pesynabrare noiydeHa cucrema
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(2.1), B koTOpOM K IMepBBIX ypaBHEHHUS COBIAIAIOT ¢ K MepBbIMU ypaBHEHUSMHU cucTeMbl (1.1),
CIICAYIONINX ypaBHeHHH umeroT Buj (2.12) u ocranbpubie N —K —| ypaBHeHmIT npeacraBisieTcss B
Bune (2.13). B.M. XypoxuuxoB [3,c.836] coBMectHO wu3ydas cucremy (2.1) BBET HOBYIO

BBIPOXKACHHYIO (DYHKITUIO

J () @) B, ) s e B o )
DL \ ()—Z Dy, Nle,), - in! (2.2)

IJIe UCTIOJIB30BaHbl COKpaIeHus: U 0003HaueHus [3,5] :
n - k - o0
H(an)in I (e ), o i =2kl Dy =D 0 D e 2 (),
KOTOpasi ABJIETCS YAaCTHBIM pelieHneM cuctemsl (2.1). Psan (2.2) cxoautbes abCoMOTHO B 00J1aCTH
|z <Li=1k .
OH U3y4nT HEKOTOphIEe €€ CBOMCTBA MPUBEN UHTErPaIbHOE MPEACTABICHUE U pacCMaTpUBall

HUHTCTPpaJIbHBIC YPABHCHUA BonLTeppa C AApaMHu, COACPIKAINUMU STY (I)YHKI_II/IIO OI[HaKO, 10 CUx I10p,

OCTaeTCsl HE HCCJIEIOBAaHHBIMU BO3MOXKHOCTH CYILIECTBOBAHUS HOPMAJIbHO-PETYJISPHBIX pEIICHUN

Buza (1.3) u ux cBs3b ¢ BBeA¢HHbIMH GyHKIusAMU B.W. XynoxHuKoBa d)';’yln . Takne uccienoBanus
SBJIIOTCS. aKTyaJIbHBIMH, MOCKOJIbKY, HE HMCCIEAOBAHHBIMH OCTAIOTCS CYLIECTBYIOLIUE PEIIECHUs
Buja (1.3) BOIM3M MpperysisipHOil ocoOeHHOCTH (OO, 0,..., OO).

Onpenenenue 2.1. BoipoxaeHHble runepreoMeTpudeckue GyHKIUU ABYX MEPEMEHHBIX

a, a, P a, B
El(al,az:ﬂl;%x,y)=®1§z ' 2 1X’y,Ez(al’ﬁl;ﬁxyy):q)%,lz ; '

/4

XY

(2.3)

D, (e, 0,73 %, y) = DY a; Pl y [ @47 y) = 2%

o
1)(1y
v

noJry4eHHble u3 (2.2) Ha3bIBAIOT BBIPOXKIEHHBIMU pyHKIMsAME ['ymbepra [3].

Onn momyuensl 3 QyHkumid Ammens F; u xopomo wuccremoBansl [1]. Kak m3BecTHO,

¢bynknus Anmenst F; sBasercss yacTHBIM ciydaeM cucTeMsl Jlaypuuenia (FB) (1.1). ITosTomy,

MyTeM TpeNeNbHOT0 nepexoa u3 Heé OyAyT MONTyuYeHbl CUCTEMBbl PELICHUSMHU KOTOPBIX SIBIISIOTCS
BBIPOXKJIEHHBIE THIIEpreoMeTpuyeckue (QyHKIMHN ABYX mnepeMeHHbIX (2.3). OgHako, B pa3iIUyHBIX
COYETAHMSIX MPHUBEIEHHBIX B (2.1) TpéX ypaBHEHMIA.

3. CBoiicTBa HOPMAJIBHO PeryJsipHbIX pelleHHil BBIPOAKICHHON CHCTEMbI COCTOsSIIIEH 13
N ypaBHeHUH

[IpuBeneHHbIE B MpEIbIAYLIEM IYHKTE BBIPOXKICHHbIE TMIIEpreoMeTpudeckue (QyHKLIUU

I'ymGepTa nByx nepemeHHBIX (2.3) MOKHO 0000IIMUTH HA ciydaid N mepeMeHHbIX.
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Teopema 3.1. BoipokaeHHas cuctema

o, 0w ow =
zZ. +(y-2;)) ——-a;w=0,(i=1Ln 1
z o, T 1) g W =0.G=10) (3.1)

cocrosimmas u3 N ypaBHEHMI MOJTy4YeHHAs MyTEM IpeleibHOro nepexoja u3 cucremsl Jlaypudenia

o n o
F, BOommsu perymsproii ocobennoctn (0,0,..,0) mmeer 2 nuHeiiHO-HE3aBHCHMBIX YacTHBIX

pelIeHni, OJHUM M3 KOTOPBIX SBIIAIOTCS BBIPOXKAEHHAs THUrepreomeTpuyeckas ¢GyHKius ot N

nepemeHHbIX ['ymGepra

$ (@), 2 2

. 3.2
my,m,=0 (7/) my+...4+M, ml! m2! ( )

2| “l(z,) | =
Ve

HericTButensHO, pemenne cuctemsl (3.1) coctosmmx u3 N ypaBHEHUI UIIETCS B BUAC Psiia

oT N mepeMeHHbIX

W2y 2,) = 202 YA 22 Ay #0 (3.3)

rne p(t=1n), A, . (Mm,...m, =012,..)—HeusBecTHbIE NOCTOSHHBIE.
U3 cuctembl xapakrepuctuueckux Qynkman L [z) ,...,z2](t = 1,n) OIpeeNIUM CHUCTEMY

OIPEACIIAOIHNX ypaBHeHI/II\/’I OTHOCHUTEILHO 0COOCHHOCTH (O;Oaao) :

f o (o p0) = P (o =1+ D p +7) =0, (3.4)

t=1,i=t
(t=1,n) xoropas mmeer 2" xopueii: (p, =0,...0,=0); (p,=1-7,..0,=0,..,p,=0), ...,
(o, =1-y,.0, =1-y,.,p,=1—y) . OHU sBISIFOTCS TMOKa3aTeysiMH 2" PETYISPHBIX PEILICHHUI

------

OIIPENIENIAIOTCA U3 IIOCIIEOBAaTEIbHOCTEN PEKYPPEHTHBIX cooTHouleHud. IlocTpoeHHoe Takum

obpazom pewieHne W, (Z,,...,Z,) ONPEACISET BHIPOKIACHHYIO IMIIEPICOMETPUYCCKYI0 QyHKUHIO N

nepeMeHHbIX (3.3).

Hac unHTEpecyeT cBsA3b 3TOr0 peHIeHUs] ¢ HOPMAJIBHO-PETYISPHBIMA PEIICHUSIMU CHCTEMBI

(3.2).
Teopema 3.2. BcromorarenbHasi cucreMa moiydeHHas u3 cuctemsl (3.1) ¢ momormibio
npeoOpa3oBaHus
W(zl,...,zn)=exp(awzl+...+awzn)U(zl,...,zn) (3.5)

n n
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TAC &4 911 01 —HCU3BECTHBIC TOCTOAHHBIC, ITPH BBIIIOJIHCHHUU IBYX HeO6XOI[I/IMBIX YCJIOBI/Iﬁ

2 2
Qro,..0 =0 = 0@ 01— Uop.. 01 =0 (3.6)
u (3.4) umeroT N HOPMaJIbHO-PETYJSPHBIX PELICHUH.

Ha camom pmeme, (3.6) wumeer 2" xopHed: (ay, o=0,04,0 ¢=0,.,04 o, =0) ,

,,,,,,,,,,,,

W3 Hux, TOJBKO HaudaibHble N+1 KOpHEH ONpENeNsoT COBMECTHBIE NPUCOEINHEHHBIE

cucrembl ypasHeHui. Kak u panbiue, npu (o, o, =0,..,ay, o, = 0) I0Iy4aeM UCXOIHYIO CUCTEMY

(3.1) ¢ 2" pemenusimu Buga (3.3). Ha ocHoBanuu Teopembl 3.1 mepBoe pelieHHe ITOi

HPUCOCIMHEHHON CHCTeMbl cooTBercTByromiee rmokazatento (p, =0,..0, =0) onpenensier

dyHKIHMIO P}, TO €CTH CHPABEIMBO PABEHCTBO

W, (2, 2,0m2,) =020 “l(z,) | (3.7)
YV
[Tocnenyromue N mpHCOEAMHEHHBIX CUCTEM UMEIOT HOPMaJbHO-PETYIIPHBIEC PELLICHUS
Wn—1(21’ Zyyeens Zn) = ezlq)%‘r; (}/—a'l',—...,—a;],05'2,...,05;];;/;—21, Ly =Zyyen iy — 21)’
W, (21,2, 2,) = €7D0 (@, 7 — Oy — Oy ==y, Ol A

2o —25,—25,2,—2,,....,2., —1,),
Vil 21740 L3 2 n 2) (3.9)

_ AZn 0,n ! ! ' ! B
Wy 01 (20125000, 2,) =7 DG (0 ey g, Y — Oy — O == QL
Vily =220 —2,,2,).
Bece moctpoennsie W (Z;,...,Z,)(P=N+1) pemenuii COOTBETCTBYIOT MOKA3aTEINIO

(p, =0, p, =0,..., p, =0), a Bce COOTBETCTBYIOLINE MPUCOCANHEHHBIEC CHCTEMBI HMEIOT OIMHAKOBBIE

cucTeMbl onpenessonmx ypapHenuit otHocurensHo ocobennoctn (0,0,...,0) . Tlepexomum x

CBOMCTBAM HOPMaJIbHO-PETYJIIPHBIX PELICHU.

Teopema 3.3.1IMer0T MeCTO paBEHCTBA

et dY" 0;” (z,) |= @Y (y—al',—...,—a'n,a’z,...,a'n;;/;—zl,zz — 202, —zl), (3.92)

ez " y” (2,) |= O (@, ¥ — Oy — Q== Ol A V3 2y — 2 —2 5, 2oy 2y — Z,), (3.92)
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Z, /0N ! ' ! ! R
e CDBYn(al,...,an_l,;/—an—al,—...,—an_l,y/,Zl—Zn,...,Zn_l—Zn,zn) (3.9n)

Hcnonb3ys paBeHCTBO (3.7) MOXKHO MOJTYYUTh CIIPABEUIMBOCTS €11e N paBeHCTB.

N

o 0;”(Zn) —e2dY" (y_al',—...,—a'n,a’z,...,a'n;y;—zl,22 — 2, 2, —zl), (3.101)

,n

a . L L .
CI)%’?1 }/”(Zn) =e22CI)?3’n (o, 7 =y === Q Oy ey Q3 Vi 2y — 2y =2y, 2y 2, — Z,), (3.102)

C{' ' , . . .
CD(EJAZ ;(Zn) :eznq)%,r;(al""’an—lij/_an _ali_“"_an—l;]/; Z1_Zn""’zn—1_zn1_zn)' (310n)

BoiBoabl. Takum 06p330M B HaHHOﬁ pa60Te ObLIH HU3YUCHBI BO3BMOKHOCTH CYHICCTBOBAHU

HOPMAaJIbHO-PETYJISIPHBIX PELICHUH psifa YaCTHBIX CIIy4yaeB BBIPOKICHHBIX THIIEPIeOMETPUUYECKHX
cucteM (2.1) nomydeHHbIX M3 0600meHHOM cuctembl Jlaypuuemna (Fg) (1.1). Beipoxnennas
cucrema (2.1) cocrout u3 Tpé€x ypaBHeHUH. Kaxi0e ypaBHEHUE B CBOIO OUEPE/lb, TAKKE SIBISIFOTCS
CHCTEMaMM COCTOSLIME U3 HEKOTOPOro KOJMuYecTBa ypaBHEHUH. Kaxaplii M3 HMX HMEIOT CBOM
MHTEpEeCHble 0cOOEHHOCTH pemieHus. Hanpumep, pemeHusMu yacTHbIX ciydaeB (2.11) siBistoTcs
¢gynkuuu Taycca, Amnens (F, —F,) , runmepreomerpuueckne ¢ynkuuu co cmucka IopHa.
PemenusiMmu  uyacTHbIX ciydaeB  (2.12) sBmwrores  QyHkuunm  Kymmepa,  BBIpOX/IEHHBIE
runepreoMerpudeckue GpyHkuuu. Pemenusmu (2.13) ABisroTcs GYHKIMU CBOASAIIASACS K GYHKLIUAM
beccens ogHo 1 MHOTHX TIEpeMeHHBIX [6,7,8].

VYHukanpHOCTh BBeA€HHON HOBOM ¢yHkuuu (2.2) B.M. XynoxHukoBa B TOM, 4YTO OHH
ABJISIETCA OOIMM YacTHBIM pelieHueM cuctemsl (2.1). JlaHHas paboTa AOMOJHSET HCCIeT0BaHUs
B.M. XypoxHHKOBa, Tak Kak pacCMOTpEHa A0 CHUX IIOp, HE HCCIEN0BaHHAs, BO3MOXXHOCTH
CYLIECTBOBAHMSI HOPMabHO-PEryJsipHbIX pemeHud Buaa (1.3) u ux cBa3p ¢ (QyHKUIUEH
Xyn0o)KHUKOBA q)@;'n.

Hcnonp30BaHHas aBTOpaMM KJacCHYECKUN MOAXO0J ¢ mpuMeHeHueM merona dpobenumyca-
JlaTbimeBoii [4] mMO3BOMSIET B3TJISSHYTHh Ha BBIPOXKAECHHYIO cucTeMy (2.1) BCeCTOpOHHE, YUUThIBas
peryiasipHble ¥ HpperyispHble ocoOble KpuBble. OCOOCHHO TMpH MOCTPOCHUM pPELICHUS

HCOAHOPOAHBIX BBIPOKIACHHBIX CUCTCM.
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B Tpertbeit yacTu 3TH pe3ynbTaThl 0000IIEeHBI HA cirydail N mepemMeHHBIX B Teopemax 3.1 u 3.2. B

(3.8)-(3.10) UCIIO0JIb30BaHBI 00001IeHUS bopmybl DOpaeiin

o =y —ay), (@), (-2)™ (2, - 7)™
q)2(7_a1_052!7’_21122_21): Z : Im 1 .
m;,m,=0 (7) m;+m, ml'm2'

B pabore Oonbplie BHHUMaHHE OOpaIlaeTCss Ha IMOCTPOEHHS perreHur cuctem  (2.12),
MOCKOJIbKY, B (2.1) UpperyiaspHy0o OCOOCHHOCTh MMEET TOJBKO 3TO YPaBHCHHE W HOPMAIBLHO-

PEryJISIpHBIE PELICHHS CYLIECTBYIOT 3a CUET 3TOI0 YPABHEHUA.
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Anparna. Jlaypruenia xyieciHeH IeKKe KOy apKblIbl ajIbIHFaH THIePreOMETPHSUIBIK JKYHeJIepaiH KaJbIIThI
TYpaKTHl TeHACYIEPiHiH O00Iysl 3epTTenreH. OmapasiH keitbip kacuerrepi 3eprrenmi. B.M. XynoXHUKOB QyHKIIUACHIMEH
OalTaHBICH, COHZAN-aK OIPTEKTi eMec JKYyHelepAiH keke nepdec skarmaillapbIHBIH MICIIiMACPIH KYpy epeKIIemiKTepi
TONETOEHTI.

Tyitinai ce3nep: KanbmTer-TypakTsl meniMaep, TyBIHIAIFaH, THIIEPTEOMETPHSIIBIK, KYie, QyHKIH, Kypy.

ON THE FEATURES OF CONSTRUCTING NORMALLY REGULAR SOLUTIONS OF
DEGENERATE SYSTEMS

Zh.N. TASMAMBETOV?, Zh.K. ABAYEVA!
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e-mail: tasmam@rambler.ru; zhanar ubaeva@mail.ru

Abstract. The possibility of existence of normal-regular equations of degenerate hypergeometric systems
obtained by passing to the limit from the Lauricella system is investigated. Some of their properties have been studied.
The connection between the established normal-regular solutions of degenerate systems and the one introduced by V.I.
Khudozhnikov with a new function representing a particular solution of the system under study.

Key words: System, degenerate, hypergeometric, normal-regular, by passage to the limit, function, variables.
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UHTETPO-IA®PEPEHIIUAJIBHBIX YPABHEHU C HHBOJIIOIUEN.
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Mexnynapoanbiii Kazaxcko-Typeukuil yausepcureT um. A.flcasu

E-mail: y_kairat@mail.ru, gjnazarova@mail.ru.

AnHoranusi: B nanHOl pabore paccMaTpuBaeTcs MHOTOTOYEYHAs KpaeBas 3ajada Jull CUCTEM HHTErpo —
muddepeHmanbHbIX ypaBHEHHH ¢ MHBOJIIOIMEH, KOT/1a IIPOU3BO/IHAS OT UCKOMOM (DYHKIIMU COJCPIKUTCS B IPABOM 4acTH
ypaBHeHHs1. Vicrionb3ysi CBOWCTBA HHBOIIOTUBHOTO MPE0Opa30BaHusl, 3a/1aua CBOJUTCS K UCCIIEJOBAaHUIO MHOTOTOUEYHON
KpaeBoil 34a1a4u Ui CUCTEM HMHTErpo-IudepeHInanbHeIX ypaBHEHHH. PaccMarpuBas MHTerpajpHoe ypaBHeHue |l
poxa tuna dpearobMa OTHOCHTEIBHO sapa K, (t,S) ¥ onpenenrB ero pe3ojabBEHTY, MOKHO H30aBHUTCS OT IPOU3BOIHOM
UCKOMOM (DyHKIIMH B paBoil yacTu. Jlanee K JaHHOH 3a/1aue MOKHO MIPUMEHHT METOA ITapaMeTPH3aLMU PEIUIOKESHHBIN
npodeccopom [.JxymabaesoiM. Ha 0cHOBe 3TOTr0 penieHre 3aJaun CBOAUTCS K PELICHHIO ClieluaIbHOM 3aqaun Komm
M CHCTEMBI JIMHEHHBIX ypaBHeHHﬁ. I/ICHOHL?)yﬂ METOJbI PCHICHUA HWHTCTPAJIbHBIX YPAaBHCHUH, OJHO3HAYHAs
Pa3peInMOCThb I/ICXOJIHOf/'I 3aga4u, CBOJUTCA K O6paTI/IMOCTI/I MaTpulbl, KOTOpas 3aBUCUT OT UCXOJHBIX JTaHHBIX.

KaroueBble cioBa: Cucrema uHTErpajibHO-AH(GGEpEeHINANBHBIX YpaBHEHHH, METOJA IapaMeTpHU3alny,

mapameTp, KpaeBble YCIOBUS, OHO3HAYHAS Pa3pEeIIUMOCTb.

HccnenoBanne KpaeBbIX 3adady  HMHTErpo-auddepeHIuanbHbIX  ypaBHEHUR  ObLIN
paccMOTpeHbl B paboTax MHOTHX aBTOpPOB [1-7], oHAKO C pa3BUTHEM KOMIIBIOTEPHBIX TEXHOJIOTHH,
BO3HHUKAET BOMPOC O CO3JaHHE KOHCTYKTHBHBIX METOJIOB TOJyYEHHUE PEIICHHS IOCTABICHHOM
3amaun. Ces3u ¢ 3tuMm, npodeccopom Jl.J>kymabaeBbIM OBUT MPEIIOKEH METO]| IMapaMeTpU3aIiu
pellieHrs TUHEHHONW NBYXTOUYEYHOU KpaeBoil 3amaun Uil cucteM IuddepeHInalbHbIX YpaBHEHUN
[8]. B pabotax [9-12] nanHBbIi MeTOM OBUT MPUMEHEH K MCCIICOBAHUS KPAEBBIX 3a/1a4 Uil CHCTEM
UHTETPO-TU((EPCHIIMATLHBIX ~ YPABHEHUH W YCTAHOBJICHBI KPUTEPHH WX  OJHO3HAYHOU
Pa3perMOCTH.

Ha otpeske [0,T] paccmoTpum KpaeByro 3a1ady

m+diag(a1,a2,...,an)

X dx(a () _ me[ K, (t,s)x(s)ds +.T[K2(t, sSX(s)ds+f(t), te[0T] (1)

dt k=19 0
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iBix(Hi):d, deR", @)

0=6,<0,<...<6,,<0, =T,

rae marpunsl K (t,s), K, (t,s)HenpepsiBHbl coorBeTcTBeHHO Ha [0, T]x[0,T], N - MepHas BekTOp-
¢bynkmus  f (t) menpepsiBHb! Ha [0,T], matuns! B, i =1,m - MOCTOSHHBIC matpuubl.  «(t)—
W3MEHSIONIMNA OPUEHTALIUI0 TOMEOMOpP(HU3M a:[O,T] —>[O,T] takoit, uto a’(t)=a(a() =t .
I'omeomopdu3m «(t) Ha3BIBAIOT MHBOJIIOTHBHBIM MPE0Opa3oBaHUEM WIIM POCTO MHBOJOIMEH. Ha
orpeske [0,T] B KadecTBe Takoro mnpeoOpa3oBaHUS  MOXHO PacCMOTPETh TromMeoMophu3m

a(t)=T—-t . CpoiicTBa WHBOJIOTHBHOTO TpeoOpa3oBaHUs ObUTM H3y4eHB B paborax

I'.C.JIutBunuyka [13], H.K.Kapanersnua n C.I'.Camko [14] u ap.

Paccmotpum 3nadyenust ypapuenus (1) B Touke t = a(t)

S 4 diag(ay, a,, ..., dx(t) i j K, (e(t), s)x(s)ds + j K, (a(t),s)x(s)ds + f (a(t)).

_10

dx(a(t)
t

W3 cucrembl

d(t)erlag(a1 a,,...,a) dx(a(t)) Zm:]'Kl(t s)X(s ds+jK (t,s)x(s)ds+ f (t),
O'X(;‘t(t))+o||ag(a1 a,..a) dx(t) ]Kl(a(t) S)x(s)ds + j K, (a(t), S)K(s)ds + f (a(t).
ONpeETuM

diag(l-a/,1-a’,...,.1-a )d)é(t) _[ [K,(t,s)—diag(a,, a,, ..., a,)K(a(t),s) [x(s)ds +

+][K2 (t,s)—diag(a,, a,, ..., a,) K, (a(t),s)[x(s)ds +[ f (t) —diag(a,, a,, ..., a,) f («(1))].

Tpennonoxum, uro matpuna diag(l—a’,1-aZ,...,1—a’) He sABIAETCS BHIPOKICHHOI,

TOrJa OHa oOpaTHMa U KpaeByro 3a1auy (1), (2) MoXXHO 3anucaTh B BUJE

%=]K1(t,s)x(s)ds+}Kz(t,s)X(s)ds+f(t), te[0,T], 3
iBix(Hi):d, deR", (4)
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0=6,<6<...<0,,<6, =T,

rre K, (t,s)=diag(l/(@-a’),1/ 1-al),...,1/ 1-a2))[K,(t,s) —diag(a,, a,, ..., a,) K, (a(t),s)],
K,(t s)=diagl/ (1-a?),1/ 1-a}),...,1/ 1-a’)) [K,(t,s) —diag(a, &, ..., ,)K,(a(t),s)],

f(t) =diag(l/ (1-a2),1/ (1-a2),...,1/ 1—aZ)[ f (t) —diag(a,, &, ..., &,) f (a(t))].

Ycaosue A. [lycts nHTErpalibHOE YpaBHEHUE DpearosibMa BTOPOro poaa

z(t) =]K2 (t,5)z(s)ds +D(t) (5)

YMeeT eIMHCTBEHHOE PelIeHUe IIpH 000l pyHkimu D(t) e C([O,T l.R" ) .
Eciu BeIONHEHO yenosue A, To cymectByer I,(t,S;1) - pe3oibBeHTa HHTErpaIbHOTO

ypaBHeHust @pearoiasma BToporo poxa ¢ aapom K, (t,S) u perieHne MHTErpanbHOTO ypaBHEHUS

MOXHO 3aIliucaTtb B BUAC
]
" (t) = d(t) + j T, (t,s;)d(s)ds.
0

[Tonb3ysick ycnoBueMm A, 3agauy (3), (4) MOXHO 3anucaTh B BUJIE

% = ] K, (t,s)x(s)ds + f (t) +]r2 (t, ;1) ﬂ K,(z,5)x(s)ds + f(r)}dr, te[0,T], (6)

iBix(Hi)=d, deR", (7

0=6,<6<...<6,,<6, =T,

B mHTErpaJlbHOM 4iIeHEe MEHSS NOPSAI0K HHTETPUPOBAHHUS, TOTYyUYUM
T T 5 T T y T
j I,(t,s1) j Ki(s,7)x(z)dzds = | [ [T, =DK@, s)drj x(s)ds = j K, (t, s)x(s)ds.
0 0 0 0 0
Baegem 0003HaueHUA
]
K,(t,5) = K", (t,s)+ K (t,5), f)=fO)+[r,tu)f(o)de
0

Torna 3anauy (6), (7) 3anuiieM B BUje
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dx . £
a:_l'Klt,s)x(S)dS+f(t)1 te[0,T], ®
> Bx(@)=d, deR", ®)

0=6,<6<...<6,,<6, =T,

K xpaesoit 3amgaun (9), (10) npumensiem meton napamerpusaiuu [./xymabaesa [8], s

m(l+1)

aToro Oepem HarypaibHoe uncio | e N u mo Hemy mpousBoauMm pazouenue: [0,T) = U [t ,.t,),
r=1

rae =ti(,+1)+%, h=60-6,i=0m-1 j=11+1. O6osnaunm h=max{h,h,....h },

ti(I+l)+j

B = max |K(t,s)|.

t,Se[O,T]

Ha ocHOBe jaHHOr0o MeToja MMOJIYYHM CIICAYIOIICC YTBCPIKACHHUC:

Teopema. [lycmsb vinonnensvl ciedyrowue yciosus:
1) ycrosue A,
2) mampuya diag(l-a’,1-a’,...,1—a’) obparuma.
Torma ma oono3naunou paspewumocmu  3a0adu (8), (9) HeobXoOumMo u OocmamouHo

cywecmsosanusi |1 € N, npu xomopom mampuya Q. .(l) obpamuma.

h
e | onpenensiercst u3 yenosust q(l) = ST n <1.

JTO HcceJoBaHHe ObLI0 YACTHYHO MNOAJAep:;kaHO MUHHCTEPCTBOM 00pa3oBaHUsl U HAYKHU

Pecny6sanku Ka3zaxcran, I'pantsr Ne AP09259137
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Angarna. byn >xyMmbicta i3menmiHmi  QyHKOUSHBIH TYBIHABICHI TEHACYAIH OH >JKarblHAA OOJNFaH Ke3ze
WHBOJIIOIWSICE Oap HWHTErpangslk — IupQepeHIUaNablK TEeHACYNIep JKyWhenepi YVIIiH KOIMHYKTeJ IMIeTTIK ecen
KapacTeIpbUIaasl. IHBOMIOTHBTI TYpIIEHIIPYIiH KaCHETTepiH KOJIAaHa OTHIPHII, €CEll HHTETPAABIK -1r( dhepeHITHaTIBIK
TEeHJeYyJIep JKYWenepi VINH KONMHYKTeNl INeTTIK ecenTi 3eprreyre neiin kenripineni. ®pearomsm Il Tuminmeri
MHTETPAJIBIK TEHACYl ©3€KKEe KATBICTHI KapacTHIPBIN, OHBIH PE30JbBEHTACHIH AaHBIKTal OTHIPBIN, TEHIEY OH JKaKTa
i3aemiHal QYHKUMSHBIH TYBIHIBICH 0OJIMaNThIH MHTErpajablK-IuddepeHInaIbIK TeHIeyre KenTipiteai. Opi Kapai,
ecenkea npodeccop JI.JKymabaeBreH YCHIHBUIFAH MapaMeTpiiey OMiCiH Kojianyra Oonaabl. OHBIH HETI3iHIE €CCmTi
nrenry apHaiibl Komm ece6i MEH ChI3BIKTHIK TEHIEYJIEp XKYHECIH 1enyre KenTipineai. MHTerpanapk TeHaeyiepal menry
TEOPHACHIH KOJITaHa OTBHIPHIT, KOWBIUTFAH €CeNTiH OipMOH/I MEeMIMALIITI, OacTanKel OepiAreHaepre TOyeIai MaTPHIAHBIH
KA TBIMIBUTBIFBIHA OaTaHBICTRIPBLTAIEL.

Tyiiin ce3nep: MuTerpangsik-nuddepeHnnanaslk TeHACYIEp KyHeci, TapamMeTpiey dJici, mapaMeTp, MIeKTi

maptrap, 6ip MOHIII aXKbIPATHIM/BUIBIK.

ON THE UNAMBIGUOUS SOLVABILITY OF A MULTIPOINT BOUNDARY
VALUE PROBLEM FOR FUNCTIONAL DIFFERENTIAL EQUATIONS WITH
INVOLUTION.
USMANOV K.1.}, K.ZH. NAZAROVA!, TURMETOV B.K.!
!Khoja Akhmet Yassawi International Kazakh-Turkish University, Turkistan, Kazakhstan

E-mail: y kairat@mail.ru, gjnazarova@mail.ru.

Abstract. In this paper, we consider a multipoint boundary value problem for systems of integro—differential
equations with an involution when the derivative of the desired function is contained in the right side of the equation.
Using the properties of the involutive transformation, the problem is reduced to the study of a multipoint boundary value
problem for systems of integro-differential equations. Considering an integral equation of the second kind of Fredholm
type with respect to the kernel and determining its resolvent, the equation reduces to an integro-differential equation that
does not contain the derivative of the desired function in the right part. Further, the parameterization method proposed by
Professor D.Dzhumabaev can be applied to this problem. Based on this, the solution of the problem is reduced to solving
a special Cauchy problem and a system of linear equations. Using the methods of solving integral equations, the
unambiguous solvability of the original problem is reduced to the reversibility of the matrix, which depends on the initial
data.

Key words: System of integral differential equations, parametrization method, parameter, boundary

conditions, unambiguous solvability.
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O0X 373.1.02:372.8
FTAXP 14.25.09
«bIJIIM BEPY POBOTOTEXHHUKACHI» II9OHIH OKBITY AbIH
EPEKIIEJIIKTEPI

II.T. IEKEPBEKOBA
Abati amvinoaewt Kazax ¥immulk nedacocuxanvik ynusepcumemi, Aimamul ., Kazaxcman

E-mail: sh shirin@mail.ru

AnHoTanmusi. Maxkanaga OuriM 0Oepy pOOOTOTEXHHMKACHIH OKBITY MOCEJeNepi KapacThIphUiaasl. bimim
aTybUIap/IbIH POOOTOTEXHIKA OOMBIHIIA )KOOABIK IC-0pPEKETIH YUBIMIACTHIPY TaJJaHAIbI.

Tyiiin ce3aep: podoTOoTEeXHUKA, OiMiM Oepy poOOTOTEXHHUKACKI, KOOAJBIK ic-opekeT, Tinkercad opTackl.

XXI Facelp poOOTOTEXHHKAHBIH 3aMaHbl OOJIBINT TaObLIabl. DKOHOMUKAMBI3/IBI LITEpiIeTy
YIIiH poOOTOTEXHMKara TEepeH JEH KOIObIMbI3 KepeK. KoramablK cananapablH —OapIibIFbIH
aKnaparTaHiblpy, OKY YIAEpiCiH KapKbIHIaHIBIPY HETI3T1 KaIbl OUTIMII KAHFBIPTHIIN, OHBIH POJIiHE
KaHalla Ke3KapacrmeH Kapaynsl Taman ereni. OcblFaH OailaHBICTBI OKYIIBUIAPFA FHUIBIMH-
TEXHUKAJIBIK O171IM OepyAiH POOOTTEXHUKACHI CUSIKTHI CalTAaChIHBIH ©3€KTLIIT apTasl [1].

PoboToTexHHKa - poOOTTapAbIH KYPbUIBICBIMEH, KYMBICBI MEH KOJIJaHYbIMEH aifHaJIbICaThIH,
OFaH KOca OJIap/bIH 06acKapy, ce3iHy MEH MaJliMeT OHJCYMEH ailHaJIbICAThIH MEXaHUKAIBIK, JJIEKTP
MKOHE DJIEKTPOH]Ibl MH)KEHEPHUSI MEH KOMIIbIOTEp FBhUIBIMIAPBIHBIH OYTIHT1 TaH[a OIpIKKEH caiachl
6obIn oThIp. backamia aiiTkanga, poOOTOTEXHUKA JAETeHIMI3 OipHelle FhIIBIMHBIH YilieciM TaOyBbl.
Po0ot xacay apKplIbl Oananap/ sl oiay KabiieTi JaMu bl IIporpamma yiipeHei. MyHarbl 0acTbl
Makcat — Oayanap/bl FelIbIMFA Oayiy [2].

«bumiM 6epy poOOTOTEXHUKACH» TOHI MEJArorHKaNbIK OaFbITTaFbl MaMaHIBIKTApAa OKBITY
OappIcbIiHAa OLTIM anylbulap POOOTOTEXHUKAHBIH 3aMaHayd JaMmy YpHAicTepiH, poOOTOTEXHHKa
OoiibiHIIa OumiM  Oepy MpoOIEciH YHBIMAACTBIPYABIH KeKe Tociaaepl, poOOTOTEXHUKAIIBIK
KOHCTPYKTOpJIap/a JKYMBIC KacayJbl >KOHE OJIapJbl ©3]epiHiH Oojamak KociOum KbI3METiHe
naiiganaHa anmyra yihpeHeni. CoHBIMEH Katap, oOJlap MpPaKTUKaIbIK JKYMBICTAap >Kacayra
MamisikTanaael. OkpITyna 6ap Kypammap petinge Lego, Arduino »xoHe T.0. KOHCTPYKTOpPJIApIABIH
MYMKIHJIKTEpIMEH >ko0anap oJici aschlHIa KypaMblHAA OPTYpil JauuKTepi Oap TEeXHUKAJbIK
KYpBUIFBUIAp bl IpOrpamMmManayabl yilpeneni. «bismim 0epy poO0TOTEXHUKACHD) TOHIH OHJIAWH OKBITY
JKaFIalbIHa BUPTYAIIbI JIA0OPATOPHSUIBIK TOpTaAapaAsl Naigananyra 6omaasl. Bupryannsr opra

— WHTEPHET TEXHOJOTHUSICHIH KOJITAaHBIT OHJIAH O1T1iM Oepy opTackl. byt opTaaa 611iMm Tanankepiepi
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BUPTYaJIbl KJIacCTapra, OKy MaTephallJlapblHa, TECTTepre, TarchlpMaiapra, Oacka OHJIAWH
pecypcTapbiHa MHTEPHET HEMece JIOKAJIbl JKeJi apKbUIbl KON JkeTkize amansl [3]. Conm cekimmi
Arduino-ueiH BupTyamasl Gpopmack! Tinkercad oprace! 60mbin Tadbbutanbl. Tinkercad - 3D nuzaiissl,
JNEKTPOHUKA JKOHE KOJITayFa apHAIFaH aKbIChI3, KOJJAAaHYFa BIHFAIUIBI Oarmapiama. MyramimMaep,
Oananap, oyecKoWsjgap MEH Ju3aliHepiiep OHBbI Ke3-KeJIreH HOPCEHI jKobanay JKoHe »kacay YIIiH
naiinananaapl. by opranan kernrereH sxo0axapabl BUPTYaIIbl TYPIE KapacThIpyFa Ooapl.

Bbyrinri tapma 6imim Oepy Kyieci oKymisiapAaH OapibIK MoHAep OOMbIHIIA NaiiblH OlTiM
Oepyii YHpEeHiI KaHa KoiMail, COHBIMEH KaTap OJap/IbIH JalbIHIBIKTaPbl MEH XKEKEe ePeKIIeIIKTepiHe
ColiKec OKYy MPOIECIHIE OJICYMETTIK JKOHE INbIFApMAIIbUIBIKTBI JaMBITyFa JKarnail jkacay.
CoHabIKTaH, OKYy IpOIECiHAe X00albIK 1C-OpEKeTTI KalbIITaCThIpyAa POOOTOTEXHHUKAAAFhl kK00a
YKYMBICBIHBIH poJTi 30p 00JIbIn TaObLIaab! [4].

XobaHbI icke achlpy Ke3eHIEepl JKOHE OFaH KaThICYIIbUIAPABIH (QYHKIMUIAphl |-kectene

KENTIPUITeH.

Kecre 1. XKoOaHbI icke acblpy Ke3eHEPi dKOHE OFaH KAThICYIIbIIAPAbIH (DYHKIHATIAPHI

XKoba JKyMBICTBIH Ma3MYHBI OKy1IbLIapAbIH ic- MyranimHiH ic-
OolbIHIIA opekeTi opekeTi
Ke3eHIep
1 2 3 4
Macene Xoba xKyMBICHIHBIH Myranimmern  Oipre | OpicreH
TaKbIPBIOBIH, MaKCAThIH ®Ko0a  JKYMBICHIHBIH | TAHBICTHIPA/IbI,
anbIKTay. Kobara TaKbIPBIOBIH OKYILBLIAP b
KaTBhICATBIH KYMBIC TOOBIH TaJIKbUIAY, BIHTAJIaHABIPAIBI.
oenrizney. MOJIIMETTEP TaxbIpbIITHI,
KHUHAKTAYy. &KOOaHbIH
MaKcaTTapblH
aHBIKTAYFa,
Mep3iMIepiH
oenriieyre
KOMEKTECE].
XKobGanay - KepeKTi manimertepai | KobGa  >KyMBICBIHBIH | MyFaliM OKyIIbUIapFa
alKpIHIAY MIHAEPTTEPiH unes aifrajpl,
- MOJIIMETTEep/l JKUHAY KOHE | OeNTijien KepceTei. | )KYMBICTBIH
Tajiay 9MIiICTEPiH aHBIKTAY JKoOansIk ic- | OOKaMBIH KeNTipesi,
- HOTHWXKEJepiH KOPCETY | OpPEKETTIH OKYILIBIIApJBIH  k00a
o/IiCiH alKbIHAAY KpUTEpUHiH Oenrijien | )KYMBICBIH  >KacaybIH
- xo00a YKYMBICBIHBIH | HET13/IeH/Ii OaKbLIaIl OTHIPAIBI..
HOTWIKECIH Oarajiayibl JKOHE
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OHbl Oarasay  KpPHUTEPHidiH
KEJTIpY.

- TONTarbl  OKYIIBUIAPIBIH
MIHJIETTEpiH 0o 6epy

Icke acelpy | - KaxkeT aknapatTsl | )Koba  xyMmbIchiHBIH | JKymbIC — OapbIChIHIa
KMHAKTAy JKOHE HaKThUIAN | MiHACTTEPiH OKYIIBLJIAp/IbIH ic-
aiy KE3CHMEH JKacay opeKeTiH OakpLIan

- xo00a KYMBICBIH OTBIPAJIbI, KEHeC
YKacay1aFbl Oanamarap/isl oepir, CBIPTTaH
alKBIHIAY, TATKbUIAI Ty 0acKapbIl OTHIPAJIBI

- ’00a  KYMBICHIHBIH  €H
KaKChl HYCKAChIH TaHJay

- xKo0a ’KYMBICHIHBIH
MIHAETTEpIH pPETIMEH Ke3eH
OOBIHIIIA OPBIHAAY

XKobanbt AnbrHFaH HOTIXKENepi xoue | Onap #o00aHb! | OKyLIbLIap/IbI
TaHBICTBIPY, | OHBIH ceOenTepiH TYCIHAIPE | YChIHAIBI, OHBIH | THIHJAI, ’)Ko0ara
pedaekcus OTBIPBHIII, JKOOAHBIH | YKBIMJIBIK ©31 ©31H | KaThICTBl CYpaK Kos

OpBIHJATY OaphIChl Typalbl | Talgay KoHe | anmanel. Kepek Oosrran
ecern JaibIHaYy. OaramayplHa KaTbIca | JKarjaija ’K00aHBI
anajpl. Tanaay bl Oackapa

ajaabl. JKobGaHbI

Oaranayra KaTbICaJIbl.

JXorapeliaFbl KecTeieH KepreHiMmi3ied, »xo00a JKYMBICTapblH JKY3€re achbIpylIblH 9p
Ke3eHJepiHe MYFaliMHIH OpeKeTTepi e3repin oTbipajsl. JKoba jKyMbIChIHA JAWBIHIBIK XKacayna
#&00a >KYMBICBIHBIH HJEACHIHBIH Taiia OoJyblHa BIKIAT €Ty €Tell, COHbIMEH Oipre ajFallkbl
KocTapiayra KOMEKTece alajibl.

JKoba >KyMBICHIH iCKe achIpy OapbIChIHJIa MYFaIiM XKeke Macelenep OoibIHIIa KeMeK Oepy,
KeHec Oepyli >koHe KOCBIMINA akmapaT Ke3li peTiHae KaTbicalbl. JKoOa >KYMBICBIHBIH COHFBI
KE3€HIH/Ie MOHUTOPHHT JKacay JKoHe Oaranay (yHKIUSICHIHBIH POJil )KOFapbUIaiibl, ce0eb1 MyFaIiM
TOyeN eMeC IKCIIEPT PETiH/e ’K00a KYMBICBIHA KOPBITHIH/IBI )KaCaIIbI.

Xoba GolibIHIIA )KYMBIC Ke3eHAEepiHE TOKTATANBIK.

OKymIbLIapAbIH XKOOAJIBIK KbI3METIH YHBIMJACThIpa OTBIPHII, KYMBIC K€31HJE €CKepy KaxkeT
Oipkarap >xarmaitnap 6ap. OKymibiFa k00a peTiH/Ie YCHIHBUTYBl MYMKIH €MEC, OHbl OpbIH/AAY YLIIH
OHBIH JaFJbUIaphl Typaibl OUTIMI KOK, JereHMeH Oyy1 OUTIM MEH JarJapuiapabl TaOaWThIH >KOHE
alaThIH kKepl koK. backama aiiTkanpga, »koba OoMbIHIIA XYMBIC icTey YUIIH aBTOp Oenriii Oip
Oacrankpl (eH a3 Oosca Aa) NalbIHABIK JeHreiiHe ue 00ybl KepeK. OpHuHe, )K00a eTe TaHbIC, OYPHIH
OipHeIe peT OpbIHAAIFaH, )KaHa MISIIIMACPIl 1371yl KaKET €TIEHTIH )KOHE COMKECIHIIe xKaHa OuTiM
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MEH JIaFIplIap bl aTyFa MYMKIHIIK OEpMEUTIH KyMbIC 0oJ1a anmaiiapl. Koba O0HbIHIIA KYMBICTHIH
OipiHII Ke3eH1 mpoOiieMa Oosbin  TaOBLIAABI-0ap JKarmaiyiapasl Oarajiay >KOHE MOCEIICHI
TYKBIPBIMAAY KaXKeT. byl Ke3eHjae ic-opeKeTTiH Herisri MOTHBI Taiia Oonaapl, OWUTKEHi
npoOJIeMaHbIH OOTyBl YHIECIMCI3IIK CE3IMIH TYIBIpaJabl JKOHE OHBI JKEHYT€ JETeH YMTBUIBICTHI
TYABIPAJIBL.

JKyMBICTBIH eKiHIII Ke3eHI- MakcaT Kor. by ke3eHze Mocene >KeKe MaHbI3[bl MaKcaTKa
aifHasa bl )KoHe OoJaIaKTa )K00aJIbIK OHIM/IE )KY3€ere achbIpbUIAThIH KYTUICTIH HOTHKEHIH OeiiHeciH
anazapl. ’Koba OoMBIHIIA JKYMBICTBIH MaHBI3/IbI K€3€HI - OyJI )KOCTapiay, OHbIH HOTHIKECIH/IE albIC
MakcaT KaHa eMec, COHBIMEH Oipre »akbIH Kagamaap Ja alkbiH Oonafbl. JKymbic sxocmapsl O0IFaH
Ke3zie pecypcTap (MaTepuanaap, ’KYMbIC KOJIaphl, yaKbIT) )KOHE TYCIHIKTI Makcat 0oJica, ’KYMBICKa
Kipicyre 6omanpl. XKoba nukIiHIH Kejeci Ke3eHl - 0ap Kocmapabl )Ky3ere achipy.

JKyMBICTBI assKTaFraHHAH KEHiH HOTIKEHI )KOCTIapMEH CAITBICTBIPY KaXeT, erep MyMKiH 0osica,
TY3€TyJep €HTi3y Kepek. bysl TyciHy, kiOepiireH KareiiKTep.i Taunay, KYMBICTBIH OoJallarbiH
KOpyre TBIPHICY, OJapIbIH KETICTIKTEpPiH, >KYMBbIC OapbIChIHAA XOHE COHBIHIA Maiina OoiraH
ce3iMIep MEH 3MouusIapasl Oaranay ke3eHi. JKYMBICTBIH COHFBI Ke3€H1 - ©31H-031 Oaranay >KoHe
peduekcus.

PoGotoTexnuka OoiibiHIIA K00a KYMBICTApPBIH JKacay JKOHE OHBI TY3€Ty/Ae OUTIM allylibliap
61p-OipiMeH Toxipube anMacyra MyMKIiHAIKTepi 601a/b1, OyJ1 OLTiM alTyIIblIap/IbIH TAHBIMIBIK )KOHE
HIBIFapMaIIbUIBIK KaOUIeTTepiH apTThIpyFa, COHBIMEH Oipre OU1IM alyIIbUIAp/IbIH KEKe KOHE TOITa
YKYMBIC icTeyiHe bIKIas skacaiipl. CoHbIKTaH OiaiM anymisiaap Tinkercad opraceiima KaabKyasTop,

KapbIK CUTHAJ OepeTiH K00a koHe T.0. Kobanapasl xKacan YUpEH/I.
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Abstract. The issues of teaching educational robotics are considered in the article. The
organization of project activities of students in robotics is analyzed.
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«K.JKYBAHOB ATbIHAAYbI AKTOBE OHIPJIIK

YHUBEPCUTETIHIH XABAPHIBICHD»
FBUIBIMH KyPHAJIbIHA MaKaJiajap 0epy TIpTioi

MaxkanansbIH pacimaenyi

1. Maxananap KOMIOBIOTEpAE TepUIreH xa3banap Typinae, Oip nanameH KaOsuinanaasl. COHBIMEH KaTap
MakanaaslH Microsoft Word 2010 xyiiecinne, »aapiia 3JIeKTPOHIBIK HYCKACH Ja YCHIHBUIABL.

2. Komxkazbamapas! aBTopiap MYKUAT TEKCEPIIl, KaTeCi3 TaIChIPyHbI KepeK.

3. Makana kesemi KoMITbIOTepe Tepinred MoTiHMeH 3-10 6et (MotiH Times New Roman xapmiimer Tepinei,
Kapin eniemi-12) »xagarail apa KallbIKTHIKTa, a03aUThIK meriHic-1,25 cMm. XKuekrik enmemaepi 2 cM.

MakaJia KypbUIbIMBIHBIH KaJIbI TIPTiOi

FTAMP (FruibiMU-TeXHUKAJIBIK aKIAPaTTHIK MEMJICKETapalbIK pyopukaTopsl) (12 Kapim esmeMiMeH).
Makananbig ataysl (12 kapin esniemi, 6ac, KOr apinTepMeH).

ABTOpABIH(TapABIH) aThI-keHi. ( 12 Kapim enmeMiMeH, KO0 KapilTepMeH).

Awnnotanus yu tinge (10 kapin enmeMiMeH, aliblK KypcuBIieH, kenemi -150-200 ce3).

MaxanaHbIH TYHIHIEMECI XKoHE KIIT co3epi O0Iysl Kepek. (Ka3ak, OpbIc JKoHE aFbUIIIBIH Tiaepiame, 10 kapin
eIIeMiMeH, TiK KapiIleH, Co3Iep — allbIK KypCHBIICH).

Maxkanara FEUIBIM JOKTOPBIHBIH HEMece KaHIUAATTHIH MiKipi Oepijeni.

ABTOD/IbIH aThI-)KOHI (TOJBIK), FEUIBIME JIOPEXKEC], FHUIBIMU aTaFbl, XXYMBIC OpPHBI KepceTinyi kepek. CoHbIMEH
Katap aBTOp(JIapIbIH) MOIITAJIBIK MEKCH-)Kalbl, KbI3METTIK JKOHE MOOWIB/I Tele(OH HOMIPIIEPI, DICKTPOH/IBIK
MOIITACKI KOCBIMIIIA YCHIHBLIAIBI.

MakananblH MOTiHI 12-1mi Kapin emmeMiMeH Oachuiaabl. ToxipuOenik CHIIATTarbl MakKajlanap MbIHAIAM
6enimMaepre Oemineni: Kipicre (6ac TakpIpsinch3), Matepuan skoHe 3epTrey omictemeci, HoTikenep oHE OHBI
Tankpiay, TyxbeipeiM. Erep Takpipbiminanap Oap Oosica 12-mi Kapinm esmeMiMeH, KOK KypCHBIIEH Tepieji.
«KapaTbUibIcTaHy FBUIBIMAAPBD) aiilapblHOa KOPCETUICTIH OCIMIIKTEp MEH >KaHyapJapIblH JIATBIHIIA aTayliapbl
MOTIHJIE KypCHBIICH KOPCETIIEII.

CypeTTep MeH KecTellep MOTIHAE KEeNTIPUIreH TOpTill OOWBIHINA HOMIpIeHE i, dp KeCTe MEH CYPETTIH KeKe
TaKbIPBIOBI OOTYBI KEPEK, TAKBIPHIIN KO KapillleH ’Ka3bUIa Ikl

Kpickapryaap. Kanmerra Oenrimi emmem  OipiikTepiHiH —((H3UKANBIK, MaTEMATHKAJIBIK, XHMHSIIBIK
TepMUHIEPAiH, T.0.,) KbICKallla aTamyblH KepceTyre 0omaabl. baplblK KbICKapTyiap MEH MIapTThl IIaMaiapjblH
MOTiHzAe TonbiKTail araysl (10 Kapinm enmeMiMeH) KepceTinyi kepek. MekemesepliH arayiapbl MOTIHJE ajFail
Ke3/IECKEH/IE TOJIbIFbIMEH Ka3bUIBII, KaChIHA )KAKIIAHBIH iIIIHE KbICKAPTHUIFAH TYPi KOpCETLIe .

Oj1eduerTep

Onebuertep 12-1m1i Kapim emeMiMeH HOMIPIICHIT, MaKaJIaHBIH IIIIHICTI CilTeMesep TOPTOYPHIIITHI JKaKIIaIap
apKBLUTBI KOPCETLIeI.

[Nafimananemran omeOHeTTep Ti3iMi JEpEKKe3IepdiH TYITHYCKAIBIK TiTiHIE (Ka3ak, OpbIC kKoHe Oacka maa
arpUTIIBIH - eMec  Timaepae) 7.1-2003 MOKCT "bubOmuorpadusuibik ka30a. bubmuorpadusuielk  cumaTrama.
KypacTeIpyabIH xKalbl TaJlanTapbl MEH epexerepi” OOWBIHIIA PaciMIeyi Kepek.

JlarnHnzanmsiianrad opebueTTep Ti3iMi Kesiecl Typhe pacimaenyi kepek: aBTop(-nap) (TpaHciauTepanus,
http://www.translit.ru). (LsIkKaH XbLIBI SKakiama). Makana araysl TpaHCIHTEpalUsIIaHFaH HyCKajaa [Makaja
aTayBIHBIH aFBUIIIBIH TUIIHE ayAapMachl TOPTOYPHIIITH KaKImIaaa], 1epeKKe3IiH TPaHCIUTEpallisUIaHFaH HYCKaaa
aTaysl (HeMece aFbUIIIBIHIIA aTaybl — erep O6ap 6oJjca), MIBIFBIC JepeKTepi aFbUIIIBIH TUTIHE.

KypHaaabIH TAKBIPLINTHIK aligapapbl
duznka-mMareMaTnka FhUIBIMIAPHI
JKapartbibicTaHy FBUIBIMIAPHI

TexHHKa FRIITBIMIAPHI

®dunonorus FeIIBIMIAPHI

Tapux, punocodus xxoHe aneymerTany
DKOHOMHKA >KOHE KYKBIK

Hezlaromka JKOHE IICUXO0JIOTHUA

OHep, MOZICHHET KOHE CIIOPT

158


http://www.translit.ru/

IHopsinok npuema crared B HAYYHbBIH KYPHAJ
«BECTHUK AKTIOBUHCKOI'O PETUOHAJIBHOI'O YHUBEPCUTETA UM. K.
KYBAHOBA)»

Odopmnenue pykonucu

1. Crarbs nomkHa OBITH NPEACTAaBICHA B DJIEKTPOHHOM BHUJE (HA CHEMHBIX HAKOMHTEISAX) WIH 10 AJIEKTPOHHOMN
noute. DIEKTPOHHAs BepcHs 3amuckiBactes B popmare Microsoft Word 2010.

2. Pyxonmcu NOMmKHBI OBITH TIIATENFHO BHIBEPEHBI U OTPEJaKTHPOBAHBI aBTOPAMHU.

3. OObpem crateit gomkeH cocTaBisith 3-10 crpanun (Teket Habmpaercs mpudrom Times New Roman; pa3zmep
KerJIs -12; MeXCTpOUHBIA MHTEPBAJ — HOIXYTOPHBIH; a03amHbIH oTcTyT -1,25 cM.) [Toms 2 cMm.

OO0muii NOPsIAOK PACHOJIOKEHHS YACTEeH CTATBH

MPHTU (MexrocynapcTBeHHBIH pyOprUKaTOp HayqHO-TeXHIYecKoi nHpopmarun) (12 keris)

HazBanue cratbu (12 Kerip, )XUpH., IPOIHCHEIE)

Wunnmanel, pamununs aBrop(oB) (12 Kerib, )HUpPH., IPOIUCHEIE)

Mecto pabotsl. (12 Kkernp, CBETIbII KypCUB)

AHHOTAIMS Ha TpeX sI3bIKax (Ha Ka3aXCKOM, PyCCKOM H aHTIHiCcKOM, 10 kerib, 06bem 150-200 cros)

KiroueBble ciioBa Ha Tpex si3bIKax (Ha Ka3axCKOM, PyCCKOM M aHTJIMHCKOM, 10 Kerib, MpsiMbIM IPUPTOM, CAMH CIIOBa —
CBETIBIM KypCHBBIM)

K crathe mpmiaraercs perieH3ns JOKTOpa WM KaHAWaTa HayK.

@.1.0 aBTopa(oB) yKa3sIBatOTCs 0€3 COKpAIIeHH, MecTO pabOThI, MOYTOBBIN M AIEKTPOHHBIHN aapec, a TaKkke
ciry>keOHbIe 1 MOOMITFHBIC HOMepa TelIe(oHOB.

Texkcer craten (12 kernp). B cTaThsx 3KCIEpeMEHTANBHOTO XapakTepa JOJDKHBI OBITh pasnensl: Brenenne (6e3
3arojoBka), MaTepuan M MeTOAMKa HCClefoBaHMH, Pe3ympTatel M ux obcyxnenue, BriBoapl. IloazaronoBku
HabuparoTcs 1o HeHTpy. (12 kernb, >KUPHBIM KYPCUBBIM)

B pyOpuke «EcTecTBeHHBbIE HAayKH» JIATHHCKHE HAa3BaHUS PACTEHHH M JKMBOTHBIX, NPUBOASAIIMECS B TEKCTE
BBIJICNAIOTCS KypCUBBIM.

Tabnuuel ¥ pUCYHKH HYMEpPYIOTCS B MOPSAKE YIIOMHHAHUS MX B TEKCTE, KaXJas TaOJMIa U PUCYHOK JIOJIKHBI
HUMETh CBOM 3arojIOBOK (>KUPHBIM CTPOYHBIM HIPU(PTOM), TeKCT Tabuuibl 10 mpudrom.

Coxpamenusi. Pa3pemarorcst JIMmb 0OMIETIPUHSTHIE COKPALIEHHUS — Ha3BaHUS Mep, (PU3NUECKUX, XUMHUUECKHUX H
MaTeMaTHYeCKUX BEJIMYMH W TEPMUHOB M T.I. Bce cokparieHus DOKHBI OBITh paclin(poOBaHbI, 3a HCKIIOUYCHHEM
HeOOJIBIIOT0 Yucia o0ueynoTpeduTeNbHbIX. Ha3BaHus yupeskeHui Ipy NepBOM YIOMHHAHUHM MX B TEKCTE JAIOTCS
TIOJTHOCTBIO U Cpa3y JKe B CKOOKax NMPHUBOJHUTCS OOIIENPUHATOE COKPAIICHHE.

Jlureparypa

Jluteparypa Hymepyetcs pasmepom mmpudTa 12 Kernib, a CChUTKM BHYTPH CTaThU YKa3bIBAIOTCS B KBaJPaTHBIX
CKOOKax.

«CTIHCOK TUTEPaTypHI» - Ha OPUTHHAIBHOM S3bIKE UCTOYHUKOB (Ka3aXCKOM, PYCCKOM M APYTHX HE aHTIIMHCKHUX
si3pikax) odopmisiercss B cootBerctBuu ¢ ['OCT 7.1-2003 «bubnunorpaduyeckast 3amuch. bubnuorpaduyeckoe
ormncanue. O0mue TpeOoBaHMS U MIPaBUIIa COCTABICHUY.

JlaTHHU3NPOBaHHBIN CHHCOK JTUTEPATyphl JODKCH O(QOpMIATHCSA MO IIabioHy: aBTOp(-bI) (TpaHCIHTEpaLHs,
http://www.translit.ru). (Cox Beimycka B Kpyriibix ckoOkax). Ha3zpanue cTaThu B TPaHCIMTEPHUPOBAHHOM BapHaHTE
[mepeBom Ha3BaHWS CTaThbM HA AHIJIMKACKAN SI3BIK B KBaJpPaTHBIX CKOOKaxX|, Ha3BaHHWE WCTOYHUKA B
TPaHCIIUTEPUPOBAHHOM BapHaHTe (JIMOO aHTIMIICKOE HAa3BaHUE — €CIIU €CTh), BRIXOJHBIC TaHHBIC ¢ 0003HAYCHUSIMH Ha
AHTJIMIICKOM SI3BIKE.

TemaTHyeckne pyOpHMKH KypHaja:

du3nKo-MaTeMaTHYECKUE HAyKN
EcrecTBeHHbBIE HAYKH

TexHu4yeckue Hayku
dunonoruyeckue HayKu

HUctopus, ¢pumocodust U COUOTIOTHS
DKOHOMHKA H IIPaBO

[enaroruka M MCUX0JIOTUS
HckyccTBo, KynbTypa M CIOPT
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Rules of submitting articles for publication in the scientific journal

“BULLETIN OF AKTOBE REGIONAL UNIVERSITY NAMED AFTER K. ZHUBANOV”

Registration of the manuscript

1. The article is to be submitted in electronic form (on mass storage devices) or by e-mail. The electronic version is to
be made in Microsoft Word, 2010 format.

2. The manuscripts are to be carefully verified and edited by the authors.

3. The length of articles is to make up 3-10 pages (the text is typed by the Times New Roman font; font size-12; a line
spacing — one-and-a-half; paragraph indention -1,25 cm). Margins: top, lower — 2 cm; left, right — 2 cm.

General order of an arrangement of parts of article
* IRSTI (Inter-state rubricator for scientific and technical information) (font size 12)
* Headline of the article (font size 12, bold type, capital letters)
* Initials, authors’ surnames (font size 12, bold type, capital letters)
*Place of employment (font size 12, light italic)
*Abstracts in three languages (Kazakh, Russian and English, font size 10, length up to 150 units)
* Key words in three languages (Kazakh, Russian and English, font size 10,upright font, words — in light italic)
* A referee report of a Doctor or Candidate of Sciences is to be attached to the article.
*Tthe author(s)’ names are to be written in full form, place of employment, a postal and e-mail address, and also office
and mobile phone numbers.

The text of the article (font size 12). Articles of experimental character are to contain the following sections:
Introduction (without heading), Material and technique of research, Results and their discussion, Conclusions. Subtitles
are printed on the center. (font size 12, bold italic type). In the heading "Natural Sciences"” the Latin names of plants and
animals which are provided in the text are printed in italic type. .

Tables and drawings are numbered as their mention in the text, each table and drawing have to have the heading
(bold lower case font), the text of the table is to be printed by font 10..

Abbreviations. Only the standard abbreviations — names of measures, physical, chemical and mathematical
values and terms, etc. are allowed. All abbreviations are to be expanded, except for a small number of the most common
ones. Names of institutions are to be given fully at their first mention in the text and at once the standard abbreviation is
to be given in brackets.

List of references

The literature is numbered with a font size of 12 pins, and references within the article are indicated in square
brackets.

“References” - in the original language of the sources (Kazakh, Russian and other non-English languages) is
made out in accordance with STST 7.1-2003 “Bibliographic record. Bibliographic description.

The style of the Romanized list of literature (References): author (s) (transliteration, http://www.translit.ru).
(year in parentheses). article title in transliterated version [translation of the article title into English in square brackets],
name of the source (transliteration, or English name - if available), and notation in English.

Thematic sections of the journal:

Physical and Mathematical Sciences
Natural Sciences

Technical Sciences

Philological Sciences

History, Philosophy and Sociology
Economics and Law

Pedagogics and Psychology

Aurt, Culture and Sport

160



K.’)Ky6aHoB aTeiHmarbl AKTO0€ OHIpPIIK YHUBEPCUTETIHIH

XABAPHIBICHI
BECTHHUK

AKTIOOMHCKOTO pernoHanbHoro yuusepcurera um.K.)Kyb6anosa

2005 xpu1man 6acTal mBIFaIs Usmaercs ¢ 2005 roma

Y1 afina Oip peT mbIFagst BrxomuT onuH pa3 B TpH MecsIa

Penaxnus MexkeH-kaiibl: Anpec pegakuuu:

030000, AkTebe Kamacsl, 030000, ropoa Axrobe,

9. Monnarysosa a-1b1, 34 np-1T A. MonaarynoBoii, 34

K. XKy6aHOB aTbIHaFbI AKTIOOWHCKHH peruoHabHBIN
AKTe0e OHIpJIIK YHUBEPCUTETI Yuusepcuret umenu K. XXybanosa

Tenedon, pakc: 8(7132) 241831, e-mail: vestnikarsu_aktobe@mail.ru

JKayants! penakropmap: Car6ait XK. 1.
XKayantsl penakropapiH kemekurici:  YKantiaeyosa K.M.

errapeurran xyHi 20.06.2022
®opmarsr A4. Kenemi 28,0 Oacma tabak. Tapamemver 300 mana.
Tanceipeic Ne 414 Barack! kemiciM OOHBIHIIIA.
K.’Ky6aHoB atbiHIarel AKTe0€ OHIPIIK YHUBEPCUTETIHIH
Menua opTasibIFbIHIA OaChIIIBL.
MexkeH-xkaifbl: AKTe0e Kanackl, ©O. MoniaryioBa JaHFBUIH, 34

Jlara Beixona 20.06.2022
®opmar A4. O6sem 28,0 mar. Tupax 300 k3.
3aka3 Ne 414 Ilena noroBopHas.
Ornevarano B Meaua nieHTpe
AXTIOOMHCKOTO pernoHajibHOT0 yHuBepcurera umenn K.)Kybanosa
Anpec: 1. Aktobe, p-T A. MonaarynoBoii, 34

JKapusimanraH Makaia aBTOPJIApBIHBIH HIKipi pelakius Ko3KapachklH OUTIipMei.
Makana Ma3MyHBIHA aBTOpJIAp JKayan Oeperi.

Ony06imKoBaHHBIE MAaTEpPUAIIBI ABTOPOB HE OTPAXKAIOT TOUKY 3PEHHUS PETaKIINN.
3a conepxaHNe CTaThH OTBETCTBEHHOCTh HECYT aBTOPHI.



	Страница 5

