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Abstract. This study presents numerical modeling and simulation of a two-temperature plasma system using the
Python programming environment. This paper presents numerical modeling and simulation of a two-temperature plasma
system using the Python programming environment. The model is based on a connected system of nonlinear equations of
thermal conductivity describing the processes of energy exchange between electronic and ionic components. To obtain
numerical solutions, an implicit finite-difference Crank—Nicholson scheme was implemented, providing second-order
accuracy in time and space. The computational process was carried out using the NumPy, SciPy and SymPy libraries, and
visualization of the results and user interaction were implemented using the Mathplotlib and Tkinter tools. The developed
program allows you to interactively enter parameters, calculate temperature evolution and visualize the results in real time.
Numerical experiments were carried out for the values of parameters corresponding to the natural and climatic conditions of
the Republic of Karakalpakstan, where the density of the solar energy flux varies in the range of 1000-2800 W/m2. The results
show the changes over time and space in electron and ion temperatures, confirming the Crank—Nicholson approach and the
reliability of the developed software for modeling energy transfer in low-pressure plasma conditions.

Key words: two-temperature plasma, Crank—Nicolson scheme, numerical modeling, heat conduction equations,
Python programming, electron—ion energy exchange, thermal diffusion, computational simulation.

Introduction

The study of plasma processes remains an important area of research in applied physics and
computational mathematics. In many practical situations, especially under low pressure and
disequilibrium conditions, the temperatures of electrons and ions are not equal. Such conditions lead to
the development of two-temperature plasma models, in which each component has its own energy
balance equation.

In contrast to the simplified single-temperature approaches, the two-temperature description allows
for a more realistic representation of the mechanisms of energy exchange. The interaction between light
electrons and relatively heavy ions significantly affects the transport properties, thermal diffusion, and
general dynamics of the plasma. These effects are becoming particularly relevant in applications related
to energy transfer, interaction with solar radiation and laboratory plasma systems.

Analytical consideration of related nonlinear equations of thermal conductivity is usually limited
to highly simplified cases. When realistic parameters and boundary conditions are introduced, analytical
solutions are usually unavailable. For this reason, numerical methods play a central role in the study of
such systems. Among the various approaches to discretization, implicit finite-difference schemes are
often preferred because of their stability properties when solving diffusion-type equations.

In this work, a coupled two-temperature plasma model is considered and implemented in the
Python programming environment. The Crank—Nicolson scheme is applied to approximate the governing
equations in both space and time. Particular attention is paid to the numerical stability of the method and
to the selection of parameters that correspond to regional climatic conditions [1-11].

The main objective of the study is to construct a computational model that allows simulation of
electron—ion energy exchange under physically meaningful assumptions. To achieve this objective, the
mathematical formulation of the model is specified, the numerical algorithm is implemented, and a series
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of computational experiments is performed to analyse temperature evolution [7].
Materials and methods of research
In this study, numerical modelling was carried out based on the following relatively simplified heat
conduction equations that describe a two-temperature plasma system [6, 9].
Problem formulation:

oT, 92T,

ot =D, 9x2 a (Te - Ti) + Se(x’ t) (l)
6Tl- 62Ti
5 = Digz +ale - T;) + Si(x, t) 2

Here:

T.(x,t) — electron temperature

T;(x,t) —ion temperature

D,, D; — electron and ion thermal conductivity coefficients (W/(m-K))

a — energy exchange coefficient between electrons and ions

Se(x,t),S;(x, t) —external energy sources (such as solar radiation, electric charge flow, and others)

The system simultaneously accounts for heat diffusion and the exchange processes between the
temperatures. The model is discretized on a 1D spatial coordinate (e.g. x € [0, L]) and and on the time
interval t € [0, T]. For the discretization, an implicit Crank—Nicolson numerical differential scheme was
employed, implemented using the NumPy and SciPy libraries within the Python programming
environment.

The Crank—Nicolson scheme provides a solution with second-order accuracy.

Steps for applying the Crank—Nicolson scheme to equations (1) and (2):

Discretization of the domain in time and space:

e Spatial grid nodes: xj = jAx,j=01,..,N

e Temporal grid nodes: t* = nAt,n=0,1,...,M

o Tg'[j] - the electron temperature at time t™ and position x;

The Crank—Nicolson scheme (semi-implicit). The scheme is computed for each j based on the
following formulas:

For electrons:

T = T2 1]

At
_ _1 TBn+1[i+1] _2T8n+1[i]+Ten+1[i_1] TBn[i+1]_2TBn[i]+TBn[j_1]
=De3 < (4x)? * (4x)? >_ ®
(TP + TR = TP = TRGD - S, ") + Se(xg, t*)
¢ 2 * 2
For ions:
T - TR
[ +1] /] At[/ ] _ [+1] /] -1]
(TP + 1] =21 1+ 17— 1] TR+ 10 - 2T 1+ T - 1
=De3 < (4x)? * (4x)? ) W
(TE+ TR = T = TROD Si(xg t) + S, 741
¢ 2 + 2
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Transforming the equation into matrix form at each time step, T and T,"" are determined a

tridiagonal system of linear equations is obtained:

A-TM =B - T} +f (%)
A-TM'=B-Tl'+g (6)

Here, A and B — are tridiagonal matrices, while f and g — represent external source (forcing)
functions (along with S, S;, and a).

Boundary conditions:

e T,[0] =T,[N] = 0 (or another Dirichlet condition)
T;[0] =T;[N] =0

Software product and computing environment (Python). Modern computational tools and
programming languages play a central role in the numerical investigation of two-temperature plasma
models. Such models are typically expressed as complex systems of differential equations that are
difficult or impossible to solve analytically and therefore require numerical methods. For this reason, the
numerical modelling in this work employed the Python programming environment and contemporary
computational approaches [7, 12]:

Python was selected as the computational platform for implementing the proposed numerical
model. The choice was mainly motivated by the availability of stable numerical routines and convenient
tools for data processing and visualisation.

Array operations and matrix manipulations required for the finite-difference implementation were
performed using NumPy. Time integration procedures were carried out with functions provided in the
SciPy library, including routines from the scipy.integrate module. In several stages of the work, symbolic
transformations were verified with the help of SymPy in order to check intermediate analytical
expressions.

Visualization of numerical results was organized through Matplotlib, which allowed comparison
of temperature profiles under different parameter sets. The computational experiments were conducted
in the Jupyter Notebook environment, providing flexibility during testing and adjustment of the
algorithm.

To simplify interaction with the program, a basic graphical interface was implemented using
Tkinter. This interface enables parameter input and execution of calculations without modifying the
source code directly. The program structure was organized into separate functional components, which
makes it possible to adjust physical parameters or extend the model with minimal changes to the overall
implementation [12].

Parameter selection and adjustment. In the numerical analysis of two-temperature plasma models,
the accuracy of the physical parameters incorporated into the model is of critical importance. These
parameters determine the model’s level of physical realism, the reliability of numerical computations,
and the practical significance of the final results. In this study, the following key parameters were
selected:

 Electron temperature T,[K]

« Jon temperature T;[K ]

+ Particle density n[m ™3]

« Thermal conductivity coefficient K[W /(m - K)]

+ Diffusion coefficient D[m?/s]

 Incident external energy flux Q[W /m?]

The above parameters were selected based on the natural, climatic, and physico-geographical
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conditions of the Republic of Karakalpakstan. Specifically, the average solar energy flux varies within
the range Q ~ 800 + 1000 W/m? throughout the year [13]. These values are consistent with the climate
data provided by NASA EarthData and the Ministry of Innovative Development of the Republic of
Uzbekistan.

In addition, the electron and ion temperatures were defined within the following ranges:

e ¢ Jon temperature: T; = 1000 = 3000 K

e e« Electron temperature: T, ~ 10* = 2 - 10* K

These values are characteristic of low-pressure plasma conditions, where the difference between
them reflects the two-temperature nature of the plasma. Since electrons are lighter particles, they absorb
more energy and move faster, resulting in T, > T; [5].

The particle density nnn determines the degree of plasma ionization. In the model, values in the
range of n ~ 1017 + 102° m~3 were used, which correspond to typical laboratory plasma conditions
[13].

The thermal conductivity coefficient K and the diffusion coefficient D determine the heat and
particle transport properties of the plasma. They are calculated based on the following equations:

_kB'T
m-v

D

(7)

1.96n, kg A, T,/
Ke = 1/2

me

Here, k,is the Boltzmann constant, m is the particle mass, is the particle collision frequency, and
A, 1s the mean free path of electrons. These parameters are determined based on the Kkinetic theory of
plasma and exhibit a strong dependence on temperature and density [5].

Table 1. Numerical values of physical parameters used in the plasma simulation

Parameter Values Explanation
D, 1.5-107% m?/s Electron thermal diffusion
D, 3.0-10°° m¥/s Ion thermal diffusion
o 0.02s! Electron—ion energy exchange
Q 900 W/m? Solar energy influx
T.(0) 12000 K Initial electron temperature
T.(0) 1000 K Initial ion temperature

In the study, the temporal and spatial variations of these parameters were also taken into account,
as the physical state of the plasma changes under external influences such as energy sources, convection,
or radiation. Therefore, the following functional dependencies of the parameters are introduced:

TB (x' t)' Ti (.X, t)' Tl(.X, t)' Q(t)

Such an approach enhances the realism of plasma models and enables more reliable simulation of
energy systems under the conditions of Karakalpakstan.
Results and its discussion
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Figure 1 presents the Python program based on the two-temperature plasma equation. The program
performs the following tasks:
« Accepts parameter inputs from the user via Tkinter.
» Computes a numerical (approximate) solution of the two-temperature plasma equation.
* Produces results that closely approximate the analytical solution under ideal conditions.
» Saves the computed solutions to a file.
» Plotting the graphs of T, (t), T;(t) and their differences in graphical form.

# Eki Temperaturali Plazma Madeli — O *

o (amalasrw koeff.) l:l Matiyjeler kestesi

De (elektron dif) ] t Te T Te_gatelik Ti_qatelik
Di (ion diff.) [ ]
TeD (bashl. clektronhar) | ]
Ti0 (bashl. ion har.) [ ]
ity [ ]
srim) I
Q (Quyash energiyasi me2]|:|

Esaplaw
Figure 1. Two-temperature plasma model

# Eki Temperatural Plazma Modeli - O X

a (almasiw koeff.) MNatiyjeler kestesi

T o015 t Te Ti [Te-Qatelik|  [Ti-Qatelik]
0.00 12000.00 1000.00 0.00 0.00

Di (ion diff.) 0.003
0.50 11890.92 110812 163.92 163.88

Tel (baslangish elektron temp.) | 12000 1.00 11784.01 1216.08 334,01 333.02

Till (baslangish ion ternp.) 1000 1.50 11679.21 1320.92 504.21 504,08

_max (waqit s 2,00 11576.50 1423.68 676.50 676.32
2.50 11475.83 1524.40 850.83 850.60

stoims

o 3.00 1137715 1623.12 1027153 1026.88

Q (quyash energiyasi W/m’) 3.50 11220.43 1719.83 1205.43 1205.12
4,00 11185.63 181473 1385.63 1385.27
450 11092.72 1907.69 1567.72 1567.31
5.00 11001.64 1998.81 1751.64 1751.19
5.50 10912.38 208812 1937.38 1936.88
6.00 10824.88 2175.66 2124.88 212434
6.50 10739.12 2261.46 231412 2313.54
7.00 10655.07 2345.56 2505.07 2504.44
7.50 10572.68 2428.00 2697.68 26497.00
8.00 10491.93 2508.79 2891.93 2891.21
8.50 1041278 2587.99 3087.78 3087.01
9.00 10335.20 2665.61 328520 3284.39
9.50 10259.16 274170 348416 3483.30

Figure 2. Parameter input and results
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Figure 3. Graphical results

The software also provides the capability to save the obtained numerical results to a file. Once the
Calculate button is pressed, the results are automatically written to the file.

Conclusion

In this article we have formulated the numerical model of a two-temperature plasma system and
implemented it in the Python programming environment. The numerical analysis used in this work gives
an insight into the possibility of simulating two temperature plasma using a fully implicit finite-difference
method. The Crank—Nicolson scheme provides stable time integration and adequate numerical accuracy
for the class of diffusion-type equations under consideration.

Literally basic physics is proven with computational experiments. Specifically, we highlight that
the electron temperature develops quickly upon the input of external energy while the ion component
evolves slowly due to their relatively large mass. The interaction term only allows for gradual energy
redistribution between the two subsystems, so it promotes thermal equilibration at long timescales.

The developed Python implementation proved convenient for testing different parameter
configurations and observing their influence on the solution. The modular structure of the code allows
further extensions of the model without substantial modifications to the core algorithm.

The presented approach may serve as a basis for more advanced investigations, including
multidimensional extensions, incorporation of additional physical effects, or refinement of boundary
conditions. Further research may also focus on improving computational efficiency and adapting the
model for practical plasma-based energy applications.
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Anparna. byn xymeicta Python Garmapiamanay opTachlH KOJJIaHA OTBIPHII, CKITEMIIEpPAaTypabl IUiazMa JKyieciH
CaHJBIK MOJIETIBJICY KOHE CHUMYJLLUSUIAYbl KapacThIpbLIaasl. Mojens 3JIEKTPOHAAp MEH HOHJAp apachIHAAaFbl dHEPTHs
aJIMacCyblH CHIMATTAHTBIH OCHCHI3BIK JKBUTyOTKI3TIINTIK TEHACYJCpiHiH OainaHbicKaH »yheciHe HerizmenreH. CaHIBIK
HICHIMACP/l ajdy YIIiH yaKbIT ICH KCHICTIK OOMBIHINA EKiHII PeTTi AQMIKTI KamTamachi3 ereTiH Kpank—HUKOJICOHHBIH
aliKbIH eMec aKbIpJIbl-albIPBIMIBIK cXxeMachl Kosansuiasl. Ecentey npoueci NumPy, SciPy sxone SymPy kitanxananapsr
apKBUIBI JKY3€Te aChIPBUIIBI, aJT HOTIDKENIEp i BU3yaln3allisiiay MeH NaijananymsIMeH e3apa apekerrecy Mathplotlib sxone
Tkinter KypaigapsIHBIH KOMETIMEH OPBIHIAIIBL. O3ipJeHreH OarmapiiaMa mapaMeTpiieplli HHTEepAaKTUBTI TYpAE CHTI3yTe,
TeMIIepaTypatapIbIH YBOIOLMSCHIH €CENTEYTe KOHE HOTIKEIEP Il HAKTHI YaKbIT peXXUMiH/e OeiHeIeyre MyMKiHAIK Oepeni.
Cannpik sxcnepumentTep Kapakanmaxkcran PecnyOnMKachIHBIH TaOWFH KOHE KIMMATTHIK JKaFIaiaapblHa ColiKec KeJleTiH
mapamMeTpiiep YOIH JKYpri3inmi, MyHAa KYH »HepruscelHbIH arbiHbl 1000-2800 BT/M? apanpiFbiHma e3reperi. AIBIHFaH
HOTWOKEJIEP JJISKTPOHAAP MEH HWOHIAp TeMIepaTypalapblHbIH YaKbITTBIK JKOHE KEHICTIKTIK AWHAMHUKAChIH KOpCETil,
yeoiabutFaH Kpank—HUKOJICOH omiciHIH THIMIUIITIH OHE TOMEH KBICBIMJBI IIa3Ma OpTAaJapbIHIAFbl SHEPTHUS alIMACy
MPOIIECTEPiH MOJICIIBACY IC d3IPJCHICH OaraapiaMaliblK KYPaJJbIH CEHIMILTITIH ToIeAeH .

Tyiiin ce3aep: exiremneparypaibl iazma, Kpank—HHKOICOH cxemachl, CaHABIK MOJEIbJIEY, KbUIyOTKI3TilITIK
TeHeynepi, Python Garnapiamainay, 21€KTpOH—HMOH SHEPTHS AIMACYbI, XKbUTYJBIK AU((dy3us, ecenteyii UMUTALUSL.
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AHHoTanus. B naHHOM HccnenoBaHWMM TPENCTABICHO YUCICHHOE MOJICIMPOBAHHE M MOJCIMPOBAHHE CHCTEMBI
JBYXTEMIIEPATypHOU TUIa3MBI C HCIIOIB30BAHHEM Cpejibl mporpammupoBanus Python. B manHO#t pabote mpesicTaBieHO
YHCICHHOE MOJICIMPOBAHNE W WMHUTANUS JBYXTEMIIEPAaTypPHOW IUIa3MEHHOW CHCTEMBI C HCIOJIB30BAHHEM CPEIBI
nporpammupoBanus Python. Mojenb ocHOBaHa Ha CBA3aHHOM CHCTEME HEJIMHEMHBIX YPABHEHHM TEIIONPOBOJHOCTH,
OTHCHIBAOIIIX MPOIECCHl SHEProoOMeHa MEXIY IEKTPOHHBIMH M MOHHBIMU KOMIIOHEHTaMH. JIJIs MOJy4YeHHs] YMCICHHBIX
peleHuit Obl1a peann3oBaHa HesIBHAs KOHEUHO-pa3HocTHast cxema Kpanka—Hukoncona, obecrieunBaromiasi BTOpoi MOpsI0K
TOYHOCTH I10 BPEMEHH U NPOCTPAHCTBY. BBIUNCIUTENBHBIHN ITPOLIECC OCYLIECTBISUICS ¢ MpuMeHeHneM oubimorexk NUmPy,
SCiPy u SymPy, a Busyanuzanus pe3yJbTaTOB M B3aUMOJCHCTBHE C IMOJb30BATENIEM PEATM30BAaHbI C HCIOJb30BaHHEM
unctpymenroe Mathplotlib u Tkinter. PaspaGorannas mnporpamMma MO3BOJISIET WHTEPaKTHBHO BBOJHTH IapamMeTphl,
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K.XKy6anoB arsinmarsl AKTe0Oe eHIpIiK yHUBEpcUTeTiHIH xabapibickl, Nel (83), Haypsi3 2026
Owusuka-maremarnka-Ousnka-maremaruka-Physics-mathematics

BBIYHCIIATH 3BOJIIOLIMIO TEMIIEPATYP U BU3YaIH3HPOBATh PE3yJIbTaThl B PEaJbHOM BpeMeHH. YnCIIeHHbIC 9KCIIEPHMEHTbI ObLITH
HpOBEJCHbl Ul 3HAYEHWH [apaMeTpoB, COOTBETCTBYIOLIMX IPHPOAHO-KIMMATHYECKUM YCIOBHAM PecrmyOnukn
Kapakanmakcrah, riie IJIOTHOCTh COJIHEYHOTO 3HEPreTHYECKOro IO0TOKa M3MeHsercs B aumamazoHe 1000-2800 Br/m2
ITosy4eHHbIe Pe3yIbTaThl JEMOHCTPUPYIOT BPEMEHHYIO H [IPOCTPAHCTBEHHYIO IHHAMUKY TEMIIEPATyp 3JICKTPOHOB H HOHOB,
noxaTBepkaas  dGQEKTHBHOCT mpeanoxeHHoro moaxoxa Kpanka—Hukoncoma W Hag&KHOCTH pa3pabOTAHHOTO
OPOTPaMMHOTO 00ECIICYEHHUSI AT MOACIHPOBAHISI [IPOLIECCOB MIEPEHOCA SHEPTHHU B YCIOBHAX HH3KOIaBICHHOW IIa3MBI.

KioueBble c10Ba: IByXTeMIeparypHas Iuiasma, cxema Kpanka—HHKONICOHA, 4YHCICHHOE MOICIHPOBAHHUE,
YpaBHEHHUs TEIUIONMPOBOJHOCTH, IMpOTrpaMMHpoBaHre Ha Python, sHeprooOMeH 3JeKTpOH—HMOH, TeruioBas auddyswus,

BBIYHCIIUTCIIbHAA HMHUTAIINA.
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