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Abstract. Neural networks, also known as artificial neural networks have special significance in adaptive pattern
recognition, vision, image processing, associative memory, enhancement of X-Ray and computed tomography images.
Similar to the brain, neural networks are built up of many neurons with many connections between them. In this paper, a
new type of oscillation, unpredictable, for the neural networks such as Hopfield-type neural networks (HNNSs), shunting
inhibitory cellular neural networks (SICNNSs) and inertial neural networks (INNs) is proposed. Unpredictable oscillations
are a completely new type of motion considered in the field of neuroscience. For each neural network model, the existence
and exponential stability of a unique strongly unpredictable oscillation are investigated. The presence of chaotic motion
in neural network is approved by existence of unpredictable solutions. For the first time in the literature, Hopfield-type
neural networks, shunting inhibitory cellular neural networks and inertial neural networks with unpredictable
perturbations were considered. In this article, we summarize the main results of the study of unpredictable oscillations of
neural networks. Additionally, to the theoretical analysis, we have provided numerical simulation, considering that all of
the assumed conditions are fulfilled.

Key words: Hopfield-type neural networks, Shunting inhibitory cellular neural networks, Inertial neural

networks, Unpredictable oscillations, Strongly unpredictable oscillations, Poincaré chaos, Asymptotic stability.

Neural networks in present research display unpredictable oscillations and chaos. The
unpredictable function was introduced in [1] and is based on the dynamics of unpredictable points
and Poincaré chaos [2]. More precisely, the function is an unpredictable point of the Bebutov
dynamics, and consequently, it is a member of the chaotic set [3]. The notion of the unpredictable
point extends the frontiers of the classical theory of dynamical systems, and the unpredictable
function provides new problems of the existence of unpredictable oscillations for the theory of
differential equations [1-9].

The HNNSs [10-12], SICNNs [13-15] and INNs [16-18] are artificial neural networks can be

used in adaptive pattern recognition, vision, image processing, associative memory, enhancement of
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X-Ray images and medical image restoration. They play an important role in medicine, computer
science, robotics, biophysics and psychophysics.
Let N and R be the set of natural and real numbers, respectively. Additionally, introduce the

norm ||v|| = max|v;|,i =1, ...,p, where |-|- is the absolute value, and v; € R,i =1, ...,p. And
l
Al = miaxZ§.’=1|aij|, i=1,..,p, j =1,..,p, means the norm for the p x p matrix 4 = {a;;}.

The following definitions are the main in our research.

Definition 1. [1] A uniformly continuous and bounded function 9: R — RP is unpredictable if
there exist positive numbers ¢,, & and sequences {t, }, {s,,} both of which diverge to infinity such that
19(t + t,,) —9(t)|| = 0 as n - oo uniformly on compact subsets of R and [|9(t + t,) — 9| =
g foreacht € [s, — 6,5, +5landn € N.

Definition 2. [7] A uniformly continuous and bounded function v:R — RP,v =
(v1,V2,...,Vp), Is strongly unpredictable if there exist positive numbers &, 8 and sequences
{t,.}, {s}, both of which diverge to infinity such that v(t + t,) — v(t) as n — oo uniformly on
compact sets of R and lvi(t +t,) —vi()| =g forall i =1,2...,p,t €s, — 38,5, +6],
andn €N .

Main results.

Let us consider the following HNNS,

x;'(t) = —a;x;(t) + 25;1 bifi(x;(t)) + v (t) (1)
where teR, x; ER, i=1,...,p:

p- the number of neurons in the network;

x;(t) — the membrane potential of the unit i, at time ¢;

a; > 0 — the rates with which the units self-regulate or reset their potentials when isolated

from other units and inputs;

fj — the measures of activation to its incoming potentials of the unit i, at time ¢;

b;; — the synaptic connection weight of the unit j on the unit i;

v; — the external input from outside the network to the unit i,

Suppose that the coefficients b;; € R, the activation functions f;, v;: R — R are continuous
functions.

Denote by P the space of vector-functions, @:R — RP, ¢ = (91, ¢3,...,¢p), such that

ol = nt”LeC%?x”(p(t)“, satisfying the following conditions:

(P1) @(t) are uniformly continuous;

(P2) le®)|l; < H forall p(t) € P, where H is positive number;



K.)Ky6aHoB ateiHnarsl AkTe0e eHipiik yHuBepcuTeTiHiH Xabapuibickl, Nel(63), Haypsiz, 2021
®du3nka-MaTeMaTHKa FEUIBIMIAPHI

(P 3) there exists a sequence t,,t, — o0 as n — oo such that for each ¢(t) € P the sequence
@ (t + t,) uniformly converges to ¢(t) on each closed and bounded interval of the real axis.

The next conditions are required:

(C1) the v(t) = (v1(t), v2(t),..., vp(t)), t,v;(t) € R in system (1) belongs to space P and is
strongly unpredictable with positive numbers §, &, and sequences s,, as n — oo, of positive integers,
which satisfy [|[9(t + t,) — 9(t)|| = &, foreacht € [s,, — §,s, + §] and n € N.

(€2) there exists a positive number L such that |f;(u) — f;(v)| < L|u — v| forall u,v € R;

(€3) the inequalities 1 <y < a; <Y,i =1, ..., p, are valid with positive numbers y and y;

(C4) |v;(t)| < Hand |f;(t)| <m; wherem; >0,i=1,..,pandt €R;

- < H,

(€6) L max o_albi| <v.

The next theorem is true.

Theorem 1. Assume that the function v = (v, vy, ..., v,) in neural network (1) is strongly
unpredictable and conditions (C2) -(C6) are valid. Then, the neural network (1) possesses a unique
asymptotically stable strongly unpredictable solution.

Next, consider the following SICNNs,

dxl-j
a - by

xy= ) DGOy () + gy (0, @

Dyp€ENy(i,J)
with strongly unpredictable perturbations.

Denote by B the set of functions w(t) = (uyq, ..., Uin, o) Umnq oo s Umn), 6, Uij E R,

i=12,....,mj=12,...,n,where m,n € N, such that:

(B1) u(t) are uniformly continuous and bounded functions, ||u||; < H for all u(t) € B, where
H > 0;
(B2) there exists a sequence t,,t, = % as p — o such that for each u(t) € B the sequence
u(t + t,) uniformly converges to u(t) on each closed and bounded interval of the real.

As well as the next conditions are needed:
(D1) the functions g;;(t) € B,i=12,..,m,j=12,...,n, and they are unpredictable with
numbers &, &, > 0 and a sequence t, — o as p — oo, which satisfy |g;;(t + t,)—g;;(t)| = &, for
allt € [s, — 6,5, +9].
(D2) y < b;j <y, where y,y are positive numbers;
(D3) |g;j(t)| < my;, where m;; > 0,t € R,
(D4) |f(s)| < ms, where me > 0 for |s| < H;

(D5) there exists positive number L such that |f(s;) — f(s3)| < L|s; — s| forall s, s5,
5
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|si| < H,|s;| < H;
k
(D6)my Yp,en, i) D < by;

mij

(D7)

m < H;
bij = mf Xpypeny(if) Dij

(D8) (LH + my) max Z Dikjp <y.
Dyp€Nr(L.))
The following theorem is proved.
Theorem 2. If (D1) -(D8) are valid, then the neural network (2) admits a unique
asymptotically stable strongly unpredictable solution.
Finally, the following INN is considered:

dzxi(t) - _a dxl-(t)
dt? Lodt

p
— b () + ) cyfi () + o) ©)
=1

where t,x; € R,i = 1,2,...,p. The coefficients c;; € R, the activation functions f;: R — R such that

(I1) |fi(x1) = fi(x2)| < Li|lxq — x|, L; > 0, foralli =1,2,...,p, x;,x, €R,and L = max L;.

1<i<p
By transformation
dx;(t) .
yi(t) =i dt +4x(t),i=1,..,p, (4)
he system (3) can be rewritten as
dx;(t) G 1
P —E—L_xi(t) + EYi(t)' (5)
dy;(t) Gi (i
—ar (ai - f_l) yi(t) — (fibi = (ai - g)) x;(t) +
p
6 Gy (0) + Emi(D), ©)
j=1

The following conditions are needed:

(I12) the functions v;(t), are unpredictable;

(I3) there exists a positive number H and M, such that |f;(s)| < Mf,i =1, ...,p, |s| < H.
Moreover, assume that for positive real numbers ¢; and &;, i = 1,..., p the following

assumptions are valid:

(14) a; >§+fi:§i >6>1
Gi Gi _
15) (@~ ) = (14, (@~ &) &bl +6) > 0
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&M XE_ cij

(16) ; ; < H;
(@ =) = (16 (@ = 2) = &ibil + &)
1 C &
U7) ——= (6 (@~ ) = &bil + L& ) c) <1;
(=) («=¢) ,Z ’
p
18) max(, 16 (0~ ££) — il + L6 D < min 0 — 2.

The main theorem is proved.
Theorem 3. The neural network (3) admits a unique exponentially stable unpredictable
solution if (I1) — (I8) are valid.

Example 1. Let us introduce the following Hopfield type neural network,
x;'(£) = —ax;(t) + X2 byjfi (%) + vy (1) (7
wherei =1,2,3anda; =3,a, =4, a; =5. f(x(t)) = %arctg(x(t)).
biy bz by 0.02 0.03 0.02
<b21 b, b23> = (0.04 0.05 0.01),
bsy bsy bas 0.03 0.06 0.02
and v,(t) =6003(t) +4 , v,(t) =—-7003(t) +3 , v3(t) = 90(t) — 2.7 , where O(t) =
f_too e3(t=9Q(s)ds is the unpredictable function [9]. The conditions (C1) — (C6) are satisfied for

the network (7) withy = 3, L = 0,5, H = 2.1. The numerical results for the neural network (7) with
the initial values ¢,(0) = 0.593, ¢,(0) = 0.131, ¢3(0) = 0.345, are shown in Figure 1. The

solution ¢ (t) asymptotically converges to the unpredictable solution x(t) as t increases.

Figure 1 — The time series of the coordinates ¢4, ¢, ¢3, of neural network (7)
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Example 2. Consider the following SICNNs:

dx;:

= byry = Y DIPF (x®) 1y + gy (©), ()

kaENl(iJ')
where i,j = 1,2,3,

b1y b1z by 3 8 5 Dy; Di; Dy3 0.04 0.02 0.03
<b21 by, b23> = (5 7 6>; <D21 D;; D23) = ( 0 0.06 0-02>;
bsy b3y bs3 2 9 3 D3y Ds3; D33 005 0 0.01
and f(s) = 0.05arctg(s), g1:(t) =2503(t)+1, g(t) =40(t), g.3(t) = —30(¢t) + 2,
921(t) = 20(t) + 2, gpo(t) = 170%(t), go3(t) = 190(t) — 1, g3:(t) = =70(t) + 2, gs,(t) =
30(t), g33(t) = —1303(t) + 2, where O(t) = f_tooe‘3(f‘s)ﬂ(s)ds is the unpredictable function.
Moreover, according to the properties of unpredictable functions, the functions g;;(t),i = 1,2,3,j =
1,2,3, are unpredictable. We have that |g;;(t)| < m;;, where my; = 1.93; my, = 1.34; my3 = 3;
k k k k
Yppensany Dit = 0.20, Xp, env,2)Diz =022, Tp en, 13Dz =011, Xpen @y Dot =
0.25, Y Diepens (2,2) DY =035, Y Diepens (2,3) Df? =0.19, Y Drepens (3.1) DI =0.18,
Y DipeN. (3:2) DY =0.28, Y DipeN. (3:3) DX? = 0.17. The assumptions (B1) -(B8) hold for the equation
(B)withy =2,7 =9, m; =0.08, H = 2.1 and L = 0.06.
In Figure 2 shown the coordinates of ¢(t) with ¢;,(0) = 1.0245, ¢,,(0) = 0.2996,

¢$15(0) = 0.0837, ¢,,(0) = 0.8283, ¢,,(0) = 0.0413, ¢,3(0) = 1.8122, ¢3,(0) = 1.0678,
¢$32(0) = 0.2013, ¢33(0) = 0.1. The graphs confirm one more time the presence of chaos in the

dynamics of the network (8).

- — .,Mwwm Wwww
D 0 2 3 1) L) 20 ( x 40 1 [ . by , » 40 »)

Figure 2 - The coordinates of ¢p(t) asymptotically converge to the coordinates

of the strongly unpredictable solution x(t) of the network (8)
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Example 3. Let us take into account the system,

d*x; ; X
;tz(t) = —a; xd_(tt) — bix; () + z cijfi(x;(£)) + vy (8), €))

j=1
i=123,a, =6,a,=7a3=50b; =80b, =6,b; =8, f(x) =0.36arctg(x),
€11 C12 (13 0.02 0.03 0.02
<C21 C22 Czs) = (0.04 0.05 0.02>
C31 C32 Cs3 0.04 0.06 0.02
and  v,(t) = —5803(t) + 5, v,(t) = 7603(t) + 4,v3(t) = 420(t) — 3, () =

f_too e 3=9Q(s)ds . The function v(t) is unpredictable in accordance with properties of
unpredictable functions. The conditions (I1) — (I8) hold for the network (9) with &, = &, = 2,&; =
3,61 =0, =4,(3 =44, L =0.36,M; = 0.56,H = 17.1. The simulation results for system (9)
corresponding to the initial value w,(0) = 1.123, w,(0) = 1.626, w5 = 0.275 are shown in Figure
3. The function w(t) approximates the coordinates of the unpredictable solution x(t) of the equation

(9), as time increases. The figure reveals the irregular behavior of system (9).

/ ,cq ,rl

h
V""v"'V' "'M\v W I‘|l U nlu‘ i

'Irl \'|| |1"' ||' ~||‘

',' u 4) A
m 3 : .

Figure 3 - The irregular behavior of the coordinates of w(t), of the network (9)
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Anpnarna. bisre skacaHIbl HSHPOH/IBIK JKEIUICD aTaybIMEH JIe TAHBIC OOJIFaH HEHPOH/IBIK XKeIiiep, OeHiMaenTimt
YIJITiHI TaHy MEH KepyJe, CypeTTi eHJey/e, aCCOINATUBTI JKaJbl MEH PEHTIeH JKOHE KOMIBIOTEPIIK TOMOTPAQHSIIBIK
KECKIHIEepl *KakcapTyla epekile MaHb3ra me. HeHpoHmel keminep, MH KypJibIMBIHA YKcac, e3apa OailllaHBICKaH
KOeNTeTeH HeHpoHAapaH Typaasl. byl syMbIcTa HEHPOHABIK XKeJIep YIIiH 00nkaHOaWTRIH TepOeIicTepaiH XKaHa Typi
YCBIHBUIATHIH 00J1a]1b1, MbIcaibl, Xomduig TUnTi HelpoHabIK xeninep (XHXK), myHTaymsl Texerimn 0ap jkacymanbik
HelipoHsIk xeninep (LITYKHXK) xone nnepumsuibik HelipouasIK xemninep (MHX). Bomkan6aiitein Tepbemnictep - Oy
HEHPOFBUTBIM CaJIaChIH/Ia Ke3IeCeTiH KO3FAIBICTHIH MYJIIEM JKaHa TYpi 0016 Tabbua s, HelpoHIbIK skeniHiH op Moaeni
yLIiH 60ypKkaHOANTHIH TepOesicTiH 0ap 00Jybl )KOHE SKCIOHEHIIHA bl OPHBIKTBUIBIFBI 3epTTeinei. HelpoHabIK xkemine
Xa0CTBIK KO3FaJBICTBIH 00JIybl OOJDKaHOAWTBHIH InemimaepaiH Oap OoimybIMEH pacranajibl. OneOueTTe ajFall per
60sKaHOaNTHIH KO3y1apsl 6ap Xomuia THITI HEHPOHIBIK XKeJijiep, IIyHTayIIbl TeXETin 0ap jkacyIaablK HEHPOHIBIK

JKENep KOHE WHEPIMUIBIK HEWpOHIBIK JKEeNilep KapacThIppUINel. bynm Makamanma, 0i3 HEWpOHIBIK IKEMUTepaiH
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K.)XKybanoB ateinarsl AkreOe eHipiik yHuBepcuTeTiHiH Xabapisicel, Nel(63), Haypsi3, 2021
®du3nka-MaTeMaTHKa FEUIBIMIAPHI

60ipKaHOANTHIH TepOeiCTEePiH 3epTTEYAiH HeTi3Ti HOTIDKEIEePiH KOPHITHIHABUIANTHIH 00JaMbI3. TeopHsbIK Tajnaay1aH
6acka, 013 OapJiblK OOJDKAaHFaH IAPTTapAbIH OPBIHJAIFAHBIH €CKEPE OTHIPHIIL, CAHABIK MOJIEIIBbICYAl KYPIi3liK.

Tyiiin ce3nep: Xondwna Tanti HEUpOHIBIK keniiep, LyHTaymbl Texerimi Oap »kacylianblK HEHPOHIBIK
xeninep, MHepuumsiblk sxylike xeninepi, bomkanOaiTeia Tepoernictep, KarTel 6oinkxanbaiiTein TepOemnicrep, [lyankape

Xa0ChI, ACI/IMHTOTI/IKEU'[LIK OPHBIKTBUIBIK.

XAOTHYECKHME KOJEBAHHSA B HEUPOHHBIX CETAX

M. AXMETY", M.A. TJIEYBEPTEHOBA?, A.Y. )KAMAHIIWH?, 3.T. HYTAEBA?
'BamsxHeBocTOUHBIN TexHUUeCKuUit yHUuBepcuTeT, AHkapa, Typuus
2 AKTIOOMHCKHI pernoHanbHbli yauBepcuter umenn K. XKy6anosa, Akrobe, Kasaxcran

*e-mail: marat@metu.edu.tr

AHHoTanusi. HelipoHHBIE ceTH, Taxke HM3BECTHBIE KaK HCKYCCTBEHHBIE HEWPOHHBIE CETH, MMEIOT 0c000e
3HaYeHWE B aJalTUBHOM pAaclO3HaBaHWM OOpPa30B, 3peHHH, O0pabOTKe W300paKeHWH, ACCOIMATHBHOW IAMSTH,
YIY4IIEHUH PEHTTEHOBCKUX M KOMITBIOTEPHBIX TOMOrpaduueckux n3zobOpaxeHuid. [1ogoOHO Mo3ry, HEHpOHHBIE CETH
COCTOAT M3 MHOXECTBa HEHPOHOB CO MHOKECTBOM CBfA3€H MeXkAy HUMH. B nmaHHOI paboTe mpeiokeH HOBBIA THUI
KoJieOaHMi, HeTpeICKa3yeMbli sl TAKMX HEMPOHHBIX ceTel, Kak HeHpoHHbIe cetn Tuna Xonduina (HCX), kneroynsie
HelipoHHbIe ceTd ¢ wryHTHpyrommM TtopMoxeHneM (KHCIUT) u wHepuwonnbie Heiiponnsie cetu (MHC).
Hemnpenckasyemple Kone6aHUst — 3TO COBEPLICHHO HOBBIM THII IBMKCHHMS, pACCMaTPHBAEMBIH B 00JaCTH HEHPOHAYKH.
JUis  xaxaod MoJenu HEHPOHHOM CeTH MCCIEeAYeTCsl CYIIEeCTBOBAaHHME W OJKCIIOHEHLUAlbHAas YCTOHYHMBOCTB
€IMHCTBEHHOTO CHJIBHO HEIpeacKa3yeMoro koneOanus. Hanwdame XaoTHYECKOro ABMKEHHS B HEHPOHHOM CETH
MIOJTBEPIKAACTCS HANMYNEM HETIPECKa3yeMbIX pelIeHu. Biepsbie B mutepaType OblIM pacCMOTPEHBI HEHPOHHBIE CETH
tuna Xonduiua, KIeTOYHble HEHPOHHBIE CETH C IIYHTHPYIOIIUM TOPMOXKEHHEM M WHEPIMOHHbIE HEHPOHHBIE CETH C
HelpeJCcKa3yeMbIMH BO3MYIICHHsMU. B 1naHHOW craTbe Mbl 0000IIaeM OCHOBHBIC pE3yJbTaThl HCCIIETOBAHUS
HETIpeJICKa3yeMbIX KoeOaHuii HeHPOHHBIX ceTel. JJOTOIHNTEIBHO K TEOPETUUECKOMY aHAIIU3Y MBI IPOBEJH YUCICHHOE
MOJIETUPOBaHUE, YUUTHIBAs, YTO BCE MPEATOIaraeMble YCIOBUS BBITOTHEHBI.

KaroueBbie cinoBa: Hefiponnsie cetn tuma Xondwiaa, Kietounsie HeHpoOHHBIE CETH C LIYHTHUPYIOUIMM
TOpMOJKeHHEeM, MIHepIrionHbIe HelipoHHble ceTH, Henpenckasyemsle konebanns, CHIIBHO HenpeacKa3yeMble KoineOanus,

Xaoc Ilyankape, ACHMIOTOTHYECKAs! YCTOHYINBOCTb.
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