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Abstract. In this paper, we study the compactness of the generalized truncated Riesz potential on various versions of
Morrey-type spaces. The main attention is paid to obtaining necessary and sufficient conditions that ensure the compactness
of this operator. For this purpose, a detailed analysis of the functional properties of the generalized truncated Riesz potential
is carried out, which made it possible to identify exact conditions on the space parameters under which the operator is compact.
In particular, theorems are proved that establish a relationship between the parameters of Morrey-type spaces and the
characteristics of the operator, which made it possible to expand the existing results previously known only in special cases.
The conditions considered in the paper are not only sufficient, but also turn out to be necessary, which emphasizes their
accuracy and optimality. The results obtained play an important role in the theory of integral-type operators and can also be
applied in other areas of analysis, such as the theory of differential equations and theoretical physics. Thus, the study makes
a significant contribution to the study of Riesz potential operators in Morrey-type spaces and opens up new prospects for
future studies in this field. A similar result for the generalized truncated Riesz potential in L, spaces was obtained in [10].
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First, let us introduce some definitions.
Definition 1. Let 0 < p, 8 < oo, and let w be non-negative, measurable functions on (0, o). We
denote by LM, ,, = LM, ,,(R™) the local Morrey-type space[1]. This is the space of all functions g €

Li¢(R™) with finite quasi-norm:
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where B(0, ) is the ball centered at 0 with radius 7.
The local Morrey-type space LM,q,, coincides with the space LM{}G when w(r) = r~* and the
quasi-norm is given by
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Definition 2. Let 0 < 6, p < oo. Let Q4 represent the collection of all non-negative measurable functions
w on (0, «o) that are not identically zero and satisfy the condition that for some t > 0, the following
condition holds:

I w() Ly ct,00)< .
The space LM, ,, is meaningful if and only if w € 0. In particular, the space LM;}H is non-trivial if

and only if 1 > %When 0 < oo, aswellas A > 0 when 6 = oo.

For a measurable set 2 < R™ and a non-negative measurable function v defined on £2, the weighted
L,-space, denoted by L, ,,(22) [2], consists of all measurable functions f on (2 that satisfy the condition
that
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Il f ”Lp_v(_Q):" Uf ”Lp(.(2)< 00,
It is well established that if 1 < p < oo, then

I f ey, <0 S Ly )
and provided that 1 < p < oo, then

I f e, @ =I f iy,
where
W(X) =llw ||Lp(|x|,oo);
for x € R™.
The Riesz potential I, of order a (0 < @ < n) plays an important role in harmonic analysis and
potential theory, and is defined as follows:

fo»)
af(x) nUl R" [x—y|n-a d

(")
()
It should be noted that the operator I, is not compact. Therefore, we consider the so-called
truncated Riesz potential J, of order a (0 < @ < n), defined as follows:

where C,, , =

f»
]af(x) na |y|<2|x| |x y|n ady'
studied in detail in [3]-[10].
Theorem 1. Suppose that 1 <p < o, « >§ and w € Q,. Then the following condition is

necessary and sufficient for the boundedness of the truncated Riesz potential /, from L, (R™) to LM,,,, ,,

1 n
o7

5UP (Jymary I PIWIL, gy 777 < o0 @

Proof. First we prove the sufficient conditions of Theorem 1
fO)
]af(x) na |y|<2|x| |x=y|"~ ady

_ f) f()
= Cna (f|y|<|x| |x — y|"=¢ ay + f"2‘_|s|y|sz|x| |x =y« dy),

f» ”
Cna ||f|y|s2|x| e

fO) )
j|y|<"" Ix—y |n_“dy * j||<lyl<2lxl |x — I”‘“dy

F)
1< ypa &

CTL,d

|

|na—||na’

LMppw

f )
Blsiyis2ix) jx—ym-a

)

LMppw LMppw

If |y < 2  then —

where b is a positive constant independent of x € R™.

f f

”f 1 9D gy W(T)”f b 2 dy
y1== |x-y| [¥|s= |x=yl

LMppw Ly(B(0,r)) Ly(0,00)
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Using Holder’s inequality, we get
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Now, we will demonstrate that the conditions in Theorem 1 are necessary. Let k € Z and f;(x) =
Xp(0.2k-1y(x). Then the following estimates hold:
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On the other hand, | fiellL,my = €7 - 2 v . Consequently, the boundedness of ], implies the condition
1

P |x|™ !
?(LE[IZJ (”W”Lp(|x|,oo) fB(O,Zk'H‘)\B(O,Zk) |x—y|n—a dy) <

Then r € [2™, 2™*1) for some m, we have
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Theorem 1 is proven.
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Theorem 2. Let a > %, 1 < p < o functions w € Q,,. The truncated Riesz potential J, acts

compactly from spaces L, (R™) to spaces LM,,,, if and only if following conditions

1

p_T
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and
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Proof. Let 0 < a < b < oo, then we can write
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Let
k(x,y) =
o (3? Y) _XB(o.b)\B(o.a)( x - |<z|x|}(y) x= yI” *
Then, taking into account the inequality
f 1 by x|
lyls2]x| |x—y|—a)p! y = |x|(n-ap”’

where b is a positive constant independent of x € R", we have
(X2 -

LMpp w(R™)

b Y
P x|P’
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From this we conclude that
XB(o,ab)f (V)
9B(0,)\B(0,a) f|y|52|x| T x—y|na
compact. Similarly we have compactness

x f o)
B(0, —)
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Taking Theorem 1 into account, we obtain the following estimates:

1
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Therefore
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Consequently, J, is compact as the limit of compact operators. Theorem 2 is proven.
Corollary. Let 1<p <o, a >§ and 0 < A < oco. The truncated Riesz potential J, acts

compactly from L, (R™) to LM{}p if and only if when the following conditions are met

1

- n
(@-m)p+1-pa )p =
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AHHoTanusi. B nanHoit pabore mccnemyercss KOMIAKTHOCTh OOOOIIEHHOTO YCEYeHHOTro NoTeHnuana Pucca B
Pa3IMYHBIX BapuaHTaXx MpocTpaHcTB THa Moppu. OCHOBHOE BHUMaHHE yIEJICHO MOIy4SHHIO HEOOXOANMBIX U JOCTATOYHBIX
YCIIOBH, 00€CTIeYnBaIOINX KOMIIAKTHOCTh JAHHOTO orepaTtopa. it 3Toro mpoBeAeH AeTalbHbBIA aHaIN3 (PyHKIIMOHAIBHBIX
CBOHCTB OOOOIIEHHOTO YCEYEHHOTro MoTeHnuana Pucca, 9TO IO3BOJMIO BBISIBUTH TOYHBIE YCJIOBHS Ha IapaMeTpshl
IIPOCTPAHCTBA, IIPHU KOTOPBIX ONEepaTop ABISIETCA KOMIAKTHBIM. B 4acTHOCTH, ToKa3aHBI TEOPEMBI, YCTaHABIUBAIOIINE CBSI3b
MEXJy IapaMeTpaMd MPOCTPAaHCTB Tuma Moppu U XapaKTepUCTUKAaMH OIepaTopa, YTO IO3BOJIMJIO PACIIUPUTH
CYIIECTBYIOIME PE3yJbTaThl, U3BECTHBIC paHee JIMIIb B YAaCTHBIX Cllydyasx. PaccMoTpeHHbIe B paboTe yCIOBUS HE TOJBKO
SIBJISIFOTCSL JIOCTAaTOYHBIMHM, HO W OKAa3bIBAIOTCS HEOOXOJUMBIMH, YTO MOAYEPKHUBAET HMX TOYHOCTh W ONTHMAJIBHOCTb.
[MonyueHHbIe pe3ynbTaThl MIPAIOT BAXHYIO POJIb B TEOPHM ONEPATOPOB HHTETPAIBLHOrO THIA, a TaKXKe MOTYT OBbITh
MIPUMEHEHBI B APYTUX 00JacTsIX aHalIM3a, TAKUX Kak Teopus TudQepeHIuanbHbIX YpaBHEHUH W TeopeTHdyeckas (u3uKa.
TakuMm 00pazoMm, IIPOBEJEHHOE HCCIIEI0BaHNE BHOCHT CYIIECTBEHHBII BKJIAA B M3Y4YEHHE OIEpaToOpoB NoTeHnanta Pucca B
MpOCTpaHcTBax THUIa MOppH M OTKPHIBAET HOBBIC MEPCIIEKTHBHI ISl ATbHEHIINX MCCIEAOBAHNHN B JAHHOM HalpaBJICHHUH.
AHANOTWYHEIA pe3ybTaT st 0000IIEHHOTOYCEUeHHOTO MToTeHIana Prcca mpocrpancTsax Ly momydenst B [10].

KaroueBbie coBa: mpocTpaHcTBO MoppH, Hpea-KOMIAKTHOCTh, MOTEHIMana Pucca, BHONHE OTpaHUYCHHOCTD,
JIOKaJIbHBIE TIpocTpaHcTBa MoppH.
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Anparna. By xxymeicta 613 MoppH THIITI KeHICTIKTEPIiH 9pTYPJIi HYCKaJaphIHIa KaIbUIaHFaH KbICKapThUIFaH Prcc
MIOTEHIMAJIBIHBIH KWHAKBUIBIFBIH 3€pTTeiiMi3. By omeparopiblH >KHHAKBUIBIFBIH KaMTaMachl3 €TETIH KaKeTTi JKoHe
KETKUTIKTI JKarmainapapl amyra OacTel Hasap aynapsutanbl. Ocbkl MakcaTTa J>KajlllbUIaHFaH KbICKapThUFaH Puce
MOTEHIMAJBIHBIH (YHKIMOHAIIBIK KacHeTTepiHe emKei-Terkeiui Tanjay Kyprisingi, Oy omepaTop BIKIIAM OOJATHIH
KEHICTIKTIH mnapaMeTpiepi OOWBIHIIA HAKTHl LIAPTTapAbl aHBIKTayFa MYMKIHAIK Oepai. Aran aiftkanma, Moppu THOTI
KEHICTIKTep/1iH napamMeTpiepi MeH ONepaTop/AblH CUIIaTTaMaslapbl apachlHa OaiilaHbIC OpHATATHIH TeOpeMaap AJIeIeHI],
Oy OyphIH TEK epeKIIe Xaraainapaa 6enriizi 60JaFaH HOTIKeIepAl KeHeHTyre MyMKiHIiK 6epai. JKyMpIcTa KapacThIpBIIFaH
HIapTTap XKETKUIIKTI Typ/ie FaHa eMec, COHBIMEH KaTap OJapJIblH HAKTHUIBIFBI MEH OHTAWNIBLIBIFbIHA Oaca Ha3ap aylapaTbiH
KaXeTTi OOJIBIN TaObuTaabl. AJTBIHFaH HOTIDKEIEP WHTETPAJIBIK THIITI OIepaTopiiap TEOPHICHIHIA MaHBI3BI POJ aTKapasbl
xoHe aubdepeHInanIblK TeHAeYIep TEOPHIChl JKOHE TEOPHsUIBIK (U3MKA CHUSKTHI TaJAay/blH 0acka cajajapbiHia Ja
KONgaHbuTysl MYMKiH. Ocpuraiimma, >Kyprisuiren 3eprreyiep Moppn THNTI KeHicTiktepaeri Pucc moTeHmmams
ornepaTopiapbl 3epITeyre eeydi ylec Kocalsl )KoHe 0Chl OaFbITTarbl 3epTTeyepIiH JKaHa NePCIeKTUBAIAaPbIH amaisl. Ly
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KEeHICTIKTepiH/e XalbUIaHFaH KbICKAPThUIFaH PHCC MOTCHIMAIIBI aIBIHFAH HOTIKeNepre yKcac HoTmkenep [ 10] sxyMbIchiHAa
AJIBIHFaH.
Tyitin ce3mep: Moppu KEHICTIri, MPe-KOMIAKTTUIIK, PUcC MOTEHIMAIBI, TOJBIK MICKTSITCHIIK, JIOKaIasl Moppu
KeHiCTiri.

17



