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Introduction.

In this work, we consider a sixth-order half-linear differential equation for the p—Laplacian with
delay

<r(t)|x(V)(t)|p_2x(V)(t)>l + q(t)|x(r(t))|p_2x(r(t)) =0, (1)

here p > 1, is a real number.
Let the coefficients of the equation satisfy the following conditions:

(C1)r € C([ty, 0),[0,0)), r(t) > 0,7'(t) = 0,
q € C([ty, ), [0,0)), q(t) >0,

() 7(t) € C([to, ), R), T() < t.
fm o(6) = o

@ 1
(C3) f T ds =@
o r1/(-1) (s)

Definition 1 [1]. A nontrivial solution to equation (1) is called oscillatory if for any T > 0 it
has an infinite set of zeros in (T, o).

Definition 2 [1]. Equation (1) is called oscillatory if all its solutions are oscillatory.

Linear and nonlinear differential equations (ordinary and partial differential) with delay arise
in the mathematical modeling of phenomena and processes in various fields of theoretical physics,
mechanics, control theory, biology, biophysics, biochemistry, medicine, ecology, economics and
technical applications. Let us present some factors that lead to the need to introduce delay into
mathematical models described by differential equations. In biology and biomechanics, the delay is
due to the limited speed of transmission of nervous and muscle reactions in living tissues; in medicine
— in problems of the spread of infectious diseases — the delay time is determined by the incubation
period (the period of time from the moment of infection to the first signs of the disease); in population
dynamics, the delay is due to the fact that individuals participate in reproduction only after reaching
a certain age; in control theory, delay is usually associated with the finite speed of signal propagation
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and the limited speed of technological processes; also, equations with delay are often used when
describing dynamic processes in the mechanics of a deformable solid body of a medium with
hereditary properties, in thermodynamics - when describing irreversible processes, in
electrodynamics - when taking into account the finiteness of the interaction rate, in technology - when
taking into account the delay in the transfer of energy, materials and signals , in economics - when
taking into account the delay time of capital turnover [2-9]. In particular, differential equations with
p-Laplacian like operators, as the classical half-linear or Emden—Fowler differential equations, have
numerous applications in the study of non-Newtonian fluid theory, porous medium problems,
chemotaxis models, etc.; see [10-13].

In 2014, T. Li co-authors in [14] proposed several open problems to study the qualitative
properties of solutions of differential equations, and the authors used the Riccati method to find the
oscillation conditions of the studied equations.

Using Riccati and comparison methods, O. Basigifan and co-authors in [15] obtained the
oscillation criteria of a fourth-order delay half-linear differential equation for a p-Laplacian like
operator with different parameters p,,p,, and at the end of the article they gave two examples
demonstrating the significance of the conclusions.

On the basis of the above discussion, we will establish criteria for the oscillation of equation
Q).

Materials and methods of research.
The following lemmas are necessary in the process of proving the fluctuation criteria of
equation (1). We quote them without proof.

Lemma 1 [16]. Let h € C™([t,, ), (0, )). Suppose that A™ (t) is of a fixed sign on [t,, ©).
Moreover, h™ (t) not identically zero and that there exists t; > t, such that, forall t > ¢;,

A=V (OR™ (1) < 0.

If we have tlim h(t) # 0, then there exists t;, > t, such that

A
> n-113(Mn-1)
h(t) _—(n—l)!t [P (0)]
forevery A € (0,1)and t > t;.
Lemma 2 [17]. If the function x satisfies the conditions x® (¢) > 0,i = 0,1,..n, and
x™+ D () < 0, then

HONEL0
t"/n! "1/ (n—1)0

Lemma 3. Let (C1), (C2), (C3) hold. If x is an eventually positive solution of (1), then for all
t = t, one of the following conditions is satisfied

0 x>0,x>0x">0x">0xM>0xV>0 xVDV<o0;

(1) x>0x'<0,x">0,x"<0,xM>0xV <0, xVD< 0.

Proof. The proof is obvious and therefore is omitted.

Main results.

First we prove the following comparison theorem.

Theorem 1. Let (C1), (C2), (C3) hold. If the linear first order differential equation with
delay

12



K.)Ky06anoB aTeiHIarbl AKTe0€ OHIpIIK YHUBEPCUTETiHIH Xabapmibichl, Ne3 (77), kpipkyiiek 2024
dusuka-maremaruka-Ousnka-maremMatrka- Physics-mathematics

P q(0)TPI(D)
120771 r(z(0))

7@ + n(z@®) =0 (2)

is oscillatory, then the equation (1) is also oscillatory.

Proof.

Let's prove it by contradiction. Let (1) have a nonoscillatory solution in t € [t,, o). Then, by
definition, there exist t; > t, such that x(t) > 0and x(z(t)) > 0 for t > ¢t;.

Let us introduce the notation

7(©) = r(©) (x (t))p_l.
Putting into equation (1), we get
n'(t) + q()xP 7 (z(1)) = 0. (3)

Since x is positive and increasing, we see tlim x(t) # 0.

According to Lemma 3, two cases are possible.
Consider case (I). Then, based on Lemma 2, the following inequality holds:

x(t) _ x'(t)
—z @
We can derive two sides from this
(X(t)) S % ) '
t 5
or (4) taking into account we find
x(t) _ x"(t)
t2 — 20

Next, each time using (4), we sequentially differentiate the resulting inequalities three times,
then we find

x() xV) (1)

t> — 120
Because the 7(t) > 0, then
x(x(®) _ x¥®)
5(t) T 120
from here we get that
p-1 R O P 5
X (T(t)) = W(X (T(t))) . ( )

In (II) case, according to Lemma 1, the following inequality holds for all A € (0, 1):
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L w1
xP~(z(t)) = 12071

50-D(p) (x(V) (r(t)))p_l. (6)

So, we compare (5) and (6) and make sure that (6) is valid in both cases.
Next, applying inequality (6) to (3), we get

p—1

120p-1

7 () + q()T5@V (1) (x(V)(T(t)))p_l <o.

n(t) taking into account the notation of the function, we find

P71 q(0)TPI (D)
12001 1 (z(D))

' (6) + n(z(@®) < 0.

By using the Theorem 1 in [18], we find that the equation (2) also has a positive solution. This
leads to a contradiction to the statement of the theorem. That is, if equation (2) is oscillating, then

equation (1) is also oscillating. So, the theorem is fully proved.o
Theorem 1. Let (C1), (C2), (C3) hold. If

. P71 q(s)T5P 1 (s) 1
h?léonf leOP‘l r(r(s)) ds >E, A €(0,1), (7)
7(t)

then the equation (1) is oscillatory.

Proof.

Based on Theorem 1, equation (1) is oscillatory if equation (2) is oscillatory. And equation (2)
is a first-order linear differential equation with delay t(t). Then, according to Theorem 1 in [19],
equation (2) is oscillatory if condition (7) is fulfilled. The proof is complete.o
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Anaarna. Byn xymsicTa 6i3 (r(t)|x(V)(t)|p_2x(V)(t)) + q(t)|x(‘r(t))|p_2x(‘r(t)) = 0 TypiHzeri KemireTid

aprymenTi Oap p-Jlamacnan THNTI oneparop YIIiH auThIHIIBI PETTi KapThUIal CHI3BIKTH AUGQEPEHINATIBIK TEHICY
KapacTblpambi3. MyH/aFbl TEHJIEYTe KipeTiH aifHpIMaibl K03 GHUIMEHTTEepl OeplireH maprTap/isl KaHaraTTaHIbIPaIbl.
Kemriryi 6ap ChI3BIKTHI )KOHE CBI3BIKTHI eMec nudhepeHaIbIK TeHaeyIep (okai oHe AepOec TYBIHIBUIBI TCHISYIIEP)
TEOPHUSITBIK (DM3MKAHBIH, MEXaHWKAHBIH, OacKapy TEOPUSCHIHBIH, OWOJOTHUSHBIH, OWO(PU3WKAHBIH, OMOXHMUSHBIH,
MEIUIMHAHBIH, KOJIOTUSHBIH, SJKOHOMUKAHBIH XKOHE TEXHHKAIBIK KOJIJaHYIBIH SPTYPIl cajanapbhlHIaFb! KyOBUIBICTAp
MEH IPOLEeCTepl MaTeMaTHKAJIBIK MOAENbACYAE Naiina Oonansl. MaTeMaTHKaNbIK MOJenbaep MeH IuddepeHIraIIbK
TEeHJICYJep/ie Kemiryi OoJybl, omeTTe, albIHFaH MICIIIMIEPIiH OPHBIKTHUIBIK OOJBICHIHBIH TapbLIyblHA OKEJeTiH
KypaeneHaipeTin ¢gaxtop Oosbmn Tabbaapl. Kemiryi 6ap kapanaitbiM auddepeHnnanabplK TeHASYIepal 3epTTey KoHe
LIENIy KYPAENUIiri OOMbIHIIA KeLiryi ;KoK aepoec TYBIHIBUIBI An(hepeHINaIBIK TEHACYIEP 3ePTTEY KIHE HICHIyMEH
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cansicTbipMadbl. Kasipri yakeiTTa Kemiryi 6ap nuddepeHnuanislk TeHaeynepai WeliMaAepiHie opTypili KacHeTTepiH
3epTTeyre apHaJIFaH KONTereH )KyMbIcTap 0ap. byt skyMBICTBIH MaKcaThl — KapacThIPBUIBIN OTHIpFaH JuddepeHmanapK
TEHJEYAIH TepOeaMeNniMAIriH 3eprTey Oousibin TaOblmansl. TepOenmeni kpurepuwiini any yurH Pukkatu opici
KOJITAaHBLIAIBI J)KOHE KEIIiryi 0ap OipiHmm peTTi qudQepeHIMaNIbIK TCHICYMEH CATBICTRIPY TEOPEMACHI TJIEIICHE I, ajl
oraH OypbIH Oenriii TepOenic KpUTepuiliH KoaaaHyra 0oa bl

Tyiiin ce3mep: TepOemiMIiNiri, *KapThUIald CBHI3BIKTHI JU(PepeHINANIBIK TCHACYIEP, pP-JalllachaH, aJXTHIHIIBI
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Annorauus. B nanHoi paGore Mbl paccMaTpuBaeM NONYJIMHEHHOE Au(depeHInaIbHOe yPaBHEHHE LIECTOTO
!
1o - W )P
psamka Juis omepartopa Tuma pP-Jlarmacuana ¢ 3amasaeiBarormM aprymentoMm Buma (r(t)|xY ()T xY() ) +

q(t)|x(r(t))|p_2x(1(t)) = 0. 3nech K0 GUIHUEHTH YPABHEHUS YIOBICTBOPSIOT 3aJaHHBIM yCIOBHM. JIMHEHHbIE U
HeuHelnble audepeHanbuble  ypaBHEHNS (OOBIKHOBEHHBIE M B YACTHBIX MPOM3BOIHBIX) C 3amla3jbIBAHHEM
BO3HUKAKOT HpI/I MATECMATUYCCKOM MO}:[CHI/IpoBaHI/II/I HBHCHI/Iﬁ nu HpOHeCCOB B pa3HI/I‘IHbIX O6HaCT5[X TeOpeTI/I‘IeCKOi/’I
(GU3MKK, MEXaHWKH, TCOPHH YIPABJICHHUs, OHOJIOTHH, OMOPU3MKH, OHOXMMHUH, MEIUIIMHBI, SKOJOTHH, SKOHOMHKH H
TEXHUYCCKUX HpI/IHO)I(eHI/IﬂX. HaanHe 3ara3bIBaHUA B MATEMATHUYCCKUX MOJACIAX U I[I/I(b(bepeHI_[I/IaJ'H)HBIX ypaBHeHI/IﬂX
SIBJSIETCSL  OCJIOKHSIIOIMM  (haKTOPOM, KOTODBIH, Kak IPaBHJIO, NPUBOAMT K CYXKEHUIO OONacTH YCTOHYMBOCTH
NoJydaeMbIxX pelneHni. VccnenoBanue u pelieHre 0ObIKHOBEHHBIX MU depeHInanbHbIX ypaBHEHHH ¢ 3ara3/bIBaHueM
I10 CJIOKHOCTHU COIMIOCTABUMBI C UCCIICJOBAHUEM U peH_IeHI/IeM ypaBHeHI/If/'I B HaCTHBIX HpOI/I3BOI[HBIX 663 3amnma3bIBaHUs. B
HACTOSAILEE BPEMS HMMEETCS MHOXKECTBO PabOT 10 M3y4YEHHIO Pa3IMYHBIX CBOMCTB pelleHui auddepeHuanbHbIX
ypaBHEHUI ¢ 3amasjpiBaHdeM. Llenplo JaHHOM paboThl ABJISETCS M3y4E€HHE OCLMJUIATOPHOCTH PacCMaTpPUBAEMOIO
auddepeHManbHOro ypaBuenus. Jus MoNydeHds KPUTEPHsA OCLMJUIATOPHOCTH HCIOJb3yeTCS METOA PHUKKaTd u
JIOKa3bIBAETCA TEOPEMA CPaBHEHUs ¢ JuepeHIHaIbHBIM YPABHEHHEM NIEPBOTO IOPSIKA C 3ala3IbIBAHUEM, K KOTOPOMY
MOKHO IIPUMEHUTH U3BECTHBIN paHee KPUTEPUH OCIUILIATOPHOCTH.

KitoueBble ¢10Ba: OCHMILIATOPHOCTD, MONYJIMHERHbIE UddepeHIralbHbIE YPABHEHHS, P-IAIUIACHaH, [ECTOM
MOPsI0K, TuddepeHIraIbHbIC YPAaBHCHHS C 3aa3IbIBAHUEM, TEOPEMa CPABHEHHS
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