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Abstract. In this paper the problems of recovering functions and finding the limiting error of the optimal
computing unit are solved in the case when the numerical information of the volume N about the restored function f,
belonging to the generalized multidimensional Sobolev classes, is removed from the linear functionals defined on the
classes under consideration.The relevance of this work is due to the following factors: firstly, the problem of restoring
functions from a functional class F by computing units constructed from the values of linear functionals is attractive
because the computing units form a fairly wide set containing all partial sums of Fourier series over all possible
orthonormal systems as well as all finite approximation sums used in orthowidths, linear widths and greedy algorithms;
secondly, the calculation of numerical information about a function f, with rare exceptions, cannot be accurate. Therefore,
finding the limiting error of the optimal computing unit, that preserves the exact order of the recovery error and is
unimprovable in order is an important problem in approximation theory and numerical analysis; thirdly, previously, the
problem of finding the limiting error of an optimal computing unit was not studied on functional classes of Sobolev with
generalized smoothness.

Keywords: computational (humerical) diameter, linear functional, computing unit, exact order of recovery error,

limiting error, generalized Sobolev class.

Introduction
Problems of optimal recovery of functions in various formulations have been studied by many
mathematicians (see, for example, the books [1-3] and the bibliographies therein).
We present from [4] the formulation «Computational (Numerical) Diameter» (briefly: C(N)D ) of the

general problem of optimal recovery. The initial value in this formulation is the quantity
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Here the mathematical model is given by the operator T:F+—»Y, X and Y normed spaces of

functions defined respectively on sets QX u QY, F < X — class of functions. Numerical

information | (N) E|(N)(f)=(|,(\})(f),_,_,|,(\l'\‘)(f)) of volume N(N=12,...) about f from the

class F is removed from the functionals II(\Il):FHC,...,II(\IN):FI—)C. The information

processing algorithm N (212 +):CN xQy —C is a correspondence, which, for any fixed
(zq.....z) CN as a function of (*) . is an elementY . Further, (I(N),(pN )— the computing unit of
recovery from the exact information of the function f e F , acting according to the rule
~ [IS)(f),...,II(\IN)(f);-]aﬂd let D, <{1™, o)}

The value (1) is called the informative power of the set of computing units of D N accuracy

where N IS a non-negative sequence.

Everywhere below, the notation A<<B(B>0) and A~<B(A>0, B>0)for A={A,}
and B={B,} respectively mean|A|<C-B(C>0, Vn=12,...) both the simultaneous execution
A<<B andB << A.

When given, F,Y,T, DN the formulation of the "Computational (numerical) diameter" of the

general recovery problem consists in the sequential solution of three problems:
C(N)D - 1. The order is found =< ON (0, Dy T, F)Y , Is the informative power of the set

of computing units Dy

C(N)D - 2. A specific computing unit [i(N),(;N] is constructed from D N + Supporting order

— 5N (O,DN ,T,F)Y and a sequences is found &,, >0 (the limiting error of the optimal

N

computing unit (I_(N),gBN)) such that &, (0,Dy, T, F), =<6y (& ,(I_(N),(;TN),T, F), =
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= sup sup 0= (10 (47 Pz (D477,
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with simultaneous execution for any increasing to + oo positive sequence{r, }N>1of equality

o ()1
5y (©.D . T.F),

lim
N — 4o

C(N)D-3. The massiveness of the limiting error &, is established: the largest possible set

N

of computig units (1 (N) PN ) (usually associated with the structure of the initial one (f(N) PN )

constructed according to various functionals | I(\}) e I(\IN)such that for each of which

)|

lim
5N (Oi DN 1T1 F)Y

N — +o0

=400,

Concretizing in (1) the class F,space Y,set DN , operator T we obtain various problems of
optimal recovery from exact and from inaccurate information (see, for example, [4-6]).
Definition of classes W:)r

For a given number r >1any continuous nondecreasing function @, on [0,1] is called a

function of the modulus of smoothness type of order r,if ®,(0) =0 and there exists a quantity

(ﬂ) (5)

<C (r)

Cy(r)> 0 such that forall 0<o<u<1.

The generalized Sobolev classwzwIr szwr (0,1)5 consists of all summable 1-periodic

functions f(x)=f (Xl""’XS) in each variable satisfying the condition

z|f(m)| (a)_2(1/m1)+ +os 2(1/m ) <1,
meZ

where f(m) — trigonometric Fourier-Lebesgue coefficients of the function f, mj = max{L;| m, [+
foreach j=1...,s.
Note that for @y (5) =" the classes W:)f (0,1)S turn into the Sobolev classes W) (0,)5.

Classes W:)r were first considered in [7] when studying the problem of integrating functions

on functional classes. Further, in [8], in the Hilbert metric, the exact order of the error was found that
5
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arises when functions are restored from classes W2 r by computing units constructed from their exact

values at a finite number of points. In the same place, similar results were obtained when discretizing

solutions of the heat equation with initial conditions from the classes W;)r, It should also be noted

that in [7] and [8] only problems C(N)D - 1 were considered in the integration, restoration of

functions, and discretization of solutions heat conduction equations.
In this paper, for F :WZCOr Tf=f,Y=L" (03, D = L(N) X{goN}'[he problems C(N)D-
1, C(N)D-2 and C(N)D-3 are solved, where 2<(q< o, L(N) is the set of all vectors

1 (N) :Ol(\}),___,h(\l'\')),consisting of linear functionals Iﬁ) :Wza)r HC,...,||(\,N) 2W2wr —C.

Main result

Theorem. Let se N,qe[2,00] also be given a function o, of type of the modulus of

smoothness of the order r such that éowr (1/ o7 ng /2 _ o and w, (Sn) < C, (Nex (S)ex (17)
for some Cz(r) >p and forall 0<s,n7<1.

Then for each N = N(K) = (2K +1)%, K =1,2,...following statements hold:

CND-1. 5 [0 LM xfp 3T = fW.T | o< o0 |~ |NY2-1/a,
N N 2 qurq r Nl/S

C(N)D-2. 5 (EN (AN G ).TE= W, J — 5, {o; LN g 3.TE = £, W, T ]

19 sr.q L4
= i (N) — _ @
4 — 5N(”N8N’(I ’CDNJ’Tf_f’Wer q ¢ bitrarily slowly i .
and L9 _ ., forany arbitrarily slowly inscreasing
K % N @
e 5N{o; L )x{q)N},Tf =W, f} q
L

to + oo positive sequence {17,y 1.

where N :Jlﬁwr[Nllls]’ |‘(N):Ulgl)(f)’m’l-'gN)(f)j_ is a N — dimensional vector with

components |_|S11)(f): f(rﬁ(l)j,...,l_lfl'\')(f)z f(m(N)j, N G N %zveZ”i(rﬁ(V)’x),

v=1
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s— dimensional integer vectors m® .. AMN) such that A® =m0 for i#j and

N (_
U {m(v)}=AK A ={meZ% m < K,..,|mg <K}

v=1

C(N)D - 3. For any computing unit (|(N),(/)N )(x)s(pN(f(m(l)j,_,,, f(m(N)j;xj for any

arbitrarily slowly increasing to + oo positive sequence{nN (K)}K>1the equality

F o (@) (N _ @
ooy (e A e |
lim L

K — +o0 . (N) _ a)r
5N[0,L x{p 1 TE = £, W, ]

=400,

K
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KAJIIBIJIAHFAH COBOJIEB KJIACBI ®YHKIIUAJAPBIH «KOMIIBIOTEPJIIK
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Annarna. byn sxkymbicta GYHKIMSIApAbl ONTUMAIABI JKYBIKTAY JKOHE ONTHMAJIbI €CENTEY arperaThbIHBIH
IICKTIK KaTeNiriH Taldy ecemTepiHiH mienriMaepi skaimpuianFad kemesmemai Co0OJeB  KIAchIHAA JKATaThIH,
Kanpinracteipyra THicTi T QyHKUusIChiH onan anbinFaHn N KejeMzaeri caHIbplK MOJNIMET KapacThIPbUIBIT OTHIPHUIFAH
KJIacTa aHBIKTAIFaH CBHI3BIKTHIK ()YHKIIMOHATAAPHIHBIH MoHIEpi OoNaThIH kaFnaiina oepinred. OChI )KYMBICTBIH ©3€KT1
eKeHi KeJeci KalTTapMeH KaMTaMachl3 eTuireH: OipiHmmigeH, F (yHKIMOHANABIK KIachklHA THECUTi  (yHKIHSIapAbI
CBI3BIKTHIK (QyHKIMOHANAApIbIH ~ MoHAepi OOMBIHINIA KYPBUIATBIH  €CENTEy arperarTapbiMEH  KaJbINTaCThIPY
€CENTEePIHCTI  C€CENTey arperaTTaphlHbIH JKUBIHBI  0apiiblKk MYMKIH OpPTOHOpMAJaHFaH Kykenepre coiikec ®Dypbe
KaTapJjapbIHbIH ep0OeC KOCHIHIBIIAPBIH, CBI3BIKTHIK JIHAMETpJICP MCH OpTOAMaMeTpiiepiae, COHbIMEH Oipre, greedy
ANTOPUTMICPAC KOJIAHBUIATHIH OapJbIK JKYBIKTAY KOCHIHIBUIAPHIH KAMTHIN KETETiH )KETKLUTIKTI Jopekee KeH KUBIH
Gonazpl; exinmgeH, f GyHKUMSICHI Typamsl CaHABIK MOIIMETTI ecenTey Keibip CHpeK jKarmainapia FaHa MYMKiH
6omanpr. Con ceOemnTi e ONTUMANIBl  ECeNTey arperaThlHBIH Kiace (QYHKIMIAPBIH KABIITACTRIPY 1A HMaiaa 0oIaTeiH
KATEJNITiHIH J0J PeTiH CaKTaWTHIH jKOHE peTi OOMBIHINA KaKCapMAaWTBHIH IIEKTIK KaTemirid Taby ecebi JKybIKTayiap
TEOPHUACH MEH CaHABIK aHAJW3MIiH MaHBI3JIbI €CeNTepi KaTapblHAaH OPBIH aNaipbl; VIIHIIICH, ONTHMAIIBl €CenTey
arperaThIHBIH IIEKTiK KaTeNiriH Tady ece0i OCBHI yaKbITKA JeiiH TericTiri xanmsutanFan Co0oneB (pyHKIIMOHAIIBIK
KJIaCcTapblHlIa 3€PTTEIMEreH.

Tyiiin ce3nep: xommbploTepiik (ecenrteyill) JuaMeTp, ChI3BIKTHIK (YHKIMOHAIN, eCeNTey arperarsl,

KaJIBIITACTRIPY KATEIITHIH 971 PETi, MICKTIK KaTewikK, skanmnbuianrad Co00JIeB KITachl.
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AHHoTanusi. B nmanHON pabote pemeHbl 3agaddl BOCCTAHOBICHUS (GYHKIMH M HAXOXKICHUS TpeIeIbHON
MOTPEITHOCTH ONTHMAJIBHOTO BBIYMCIUTENBHOTO arperata B cilydae, Korja ducioBas uHpopmamus odbema N o
BoccTaHaBiuBaeMol (yHkimu f , mpuHamIexanieil 0000IIeHHBIM MHOTOMEpHBIM Knaccam Co0ojieBa, CHUMAETCs C
JMHEHHBIX (YHKIMOHANIOB, ONpENIeICHHBIX Ha paccMaTpPHUBAaeMBIX KiaccaX. AKTYalbHOCTh HAcTosIIed paboThl
00ycIioBIIeHa CIIEAYIOMMMU (PaKTOpaMH: BO — EPBBIX, 331a4a BOCCTAHOBJICHUS! QYHKIMH 13 (DYHKIHOHAJIBHOTO KIilacca
F BBIMMCINTENBHBIMY arperaramMy, MOCTPOSHHBIMU 110 3HAYSHUSM JIMHEHHBIX (DYHKIIMOHATIOB MPHUBJIEKATENIbHA TEM, YTO
BBIYHCIIUTEIbHBIE arperaTbl 00pa3yloT JOCTaTOYHO IIUPOKOE MHOXKECTBO, COZEpIKallee BCE YaCTUYHBIE CYMMBI PsJIOB
@ypse 1O BCEBO3MOXKHBIM OpPTOHOPMHPOBAaHHBIM CHCTEMaM, a TaKXkKe BCE KOHEYHBIE CYMMBI INPHOIIDKCHUS,
HCTONB3YIOUINECS B OPTONONEPEYHHKAX, THHENHBIX ONIEPEYHUKAX W JKaJHBIX alrOPHUTMax; BO— BTOPBIX, BBIYUCICHHE
qUCNOBOM MHpopManuu o GyHKMU T, 32 peAKUMH UCKIFOYCHHAMH, HE MOXKET ObITh TOYHBIM. [l03TOMY, HaXOXICHHE
MpeJeIbHON NOIPEIIHOCTH ONTUMAIIBHOIO BBIUUCIIUTENBLHOIO arperaTa, COXpaHsaoued TOUHbII NOPSIIOK HOrPEIIHOCTH
BOCCTAHOBJCHUs (YHKIMA K3 KIACCOB M HEYJIYdYlIaeMOW IO TMOPSAAKY, SBJISIETCS Ba)KHOW 3agadeii B TEOPUHU
MIpUOJIMKEHUH 1 YUCIIEHHOM aHaJIN3¢e; B — TPEThUX, paHee 3a/jaua HaXOXKACHUS PeIeIbHON HOrPEIIHOCTH ONITUMAIBHOTO
BBIYHCIIUTEIBHOTO arperara He u3ydajiach Ha GyHKIHMOHAJIbHBIX Kiaccax CoboseBa ¢ 0000IIEHHBIMU TJaJKOCTSIMH.

KaroueBble clioBa: KOMOBIOTEPHBIA  (BBIYHCIUTENbHBIN)  MOMEPEYHUK, JIMHEWHBIA  (YHKIHOHAI,
BBIYHCIIUTEIbHBIA arperaT, TOUHBIH MOPSIIOK MOTPEITHOCTH BOCCTAHOBIICHHUS, IIPEAEIbHAs MOTPEIIHOCTh, 0000IEHHBIN

kiacc CoboJreBa.



