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In this paper we will talk about the features of solving differential equations with maxima and
about the unique solvability of a nonlocal boundary value problem for an impulsive system of

differential equations with maxima.

1. Monotone solutions of differential equations with maxima

We consider on the interval [0, T] the functional-differential equations of the following form

X'(t) = f (t, X(t), max {x(z)|r € [y (1) hz(t)]}),

where hy(t) <h,(t), t €[0;T]. This type functional-differential equations are called as differential
equations with maxima. We tell how to find monotone solutions of this equation with maxima. The

set of increasing solutions of these differential equation with maxima coincides with the set of

increasing solutions of the following differential equation with deviation

X(t) = f (t,x(t),x[h,®)]), te[0,T].
But the decreasing solutions of this differential equation does not satisfy the differential equation with
maxima.

The set of decreasing solutions of differential equation with maxima coincides with the set of

decreasing solutions of the following differential equation with deviation

X'(t) = f (t,x(t), x[m(®)]), t[0,T].

36


mailto:tursun.k.yuldashev@gmail.com

K.)Ky6anoB atbiHiarsl AKTe0e eHIpiiKk yHUBepcuTeTiHIH Xabapuibichl, Ne2 (67), mayceim, 2022
®nznka-mMaTeMaTHKa FEUIBIMIAPH

But the increasing solutions of this differential equation does not satisfy the differential equation with
maxima. These facts are important in studying oscillation properties of differential equations with
maxima.

The following type differential equations

X'(t) = f (t,x(t),max{x(r)\r e[hl(t):|:h2(t)]}), te[0,T], 1)

where [hy(t):]:h, (t)] = [mtin {h(t);hy (D) }; max {h(t);h, (t)}}, we call as a differential

equation with mixed maxima. We suppose that there exist some points t; € (0,T),1=12,...,p,
at which hy(t;) = h,(t;). Then on the interval
QF =[0,4]U[ty, 51Uty ts]U. Ut 4, t,]

the differential equation with mixed maxima (1) has the form

X'(t) = f (t, X(t), max {x(z)|r € [m(t);hz(t)]}). @)
On the interval
QF =[t,t,]Ults, 4] U [ts, t 1. U, T]
the differential equation with mixed maxima (1) has the form
X'(t) = f (t, X(t), max {x(0)|r & [hy (t); hl(t)]}). @)
The set of solutions of the differential equation with mixed maxima (1) on the interval [0,T]

coincides with the union of sets of the solutions of two differential equations (2) and (3) on the

intervals le and QS, respectively. At the points t;,t,,t5,...,1 tp the solutions of differential

p-11
equation (1) with mixed maxima have discontinuities depending from the posed problem for
differential equations (2) and (3) with deviations.

Example 1. On the interval [0,00) we consider the following differential equation with

mixed maxima
X'(t):2max{x(f)‘z'e[t:|:\/q}, t €[0,00). )
On the interval [0,1] the differential equation (4) with mixed maxima has the form
x’(t):2max{x(r)‘re[t;\/f]}, t €[0,1]. (5)
On the interval [1,00) the differential equation (4) with mixed maxima has the following form
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X'(t) = ZmaX{X(T)‘T € [\/'E;t]}, t e[1,00). (6)

Therefore, solutions of the differential equation (4) with mixed maxima on the interval [0,00) have

the form

0 A-t? te[0,1], A>0,
0 A-e? te[0,1], A<O;

x(t) =

0 B-t?, te[Lo) B<O,

0 B-e?, te[l,«), B>0.

In finding these solutions we solved the differential equations (5) and (6) with maxima.
If we do not specify a continuous gluing condition at a point t =1, then naturally, the solution
of a differential equation (4) with mixed maxima suffers a discontinuity of the first kind at this point.

For example, if we solve the differential equation (4) with mixed maxima with condition x(0) =-2

on the first interval [0,1] and solve the differential equation (4) with mixed maxima with condition
X(1) = 2 on the second interval [1,o0), then we have corresponding solutions  X(t) =—2e2' on

[0,1] and x(t) = 262" Don [1,00). So, from these solutions we have

lim x(t)= lim (—ZeZt):—Zez, lim x(t)= lim (2e2(t‘1)):2.
t—1-0 t—1-0 t—1+0 t—1+0

Consequently, for the difference of limit values of these solutions we obtained discontinuity

lim x(t) - lim x(t) =2+ 2e?.
t—1+0 t—1-0

Example 2. On the interval [0,00) we consider the following differential equation with

mixed maxima

o e(1+(—1)[‘])t

(et +1)2 ' e(l+(_1)[t])t

X(t) =

max {x(r)

z‘e[t:|:(1+(—1)[t])tJ}, )

where [t] is the integer part of t .
On the interval ; =[0,1]U[2,3] U[4,5] ... the differential equation (7) with mixed

maxima has the form

: 2¢'
X'(t) =ﬁmax{x(r)‘r e[O;t]}. (8)
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On the interval Q, =[1,2] U[3,4] U[5,6]U... the differential equation (7) with mixed

maxima has the following form

e?t +1
:mmax{x(r)‘r S [t;2t]}. )

!

Therefore, solutions of the differential equation (7) with mixed maxima on the interval [0,00) have

the form

1 x(t)=C,-e 2@ teq, C >0,
et
I x@t)=C,-——, teQ,, C.<0;
=C, el +1 v
X(t) = .
[ X(t):Dlt—,tegz, Di>0’
e +1

1 x(t)=Dj(1+et) e ED7 teq,, D <0

In finding these solutions we solved the differential equations (8) and (9) with maxima.
It is required to set conditions at each of points t, =1,1,,13,...,1,,,... If we do not specify the

continuous gluing conditions at these points, the solution of a differential equation (7) with mixed

maxima suffers a discontinuity of the first kind at these points.

2. Nonlocal inverse boundary value problem

Impulsive differential equations have important role in the developing of applied sciences [1-
7]. So, on the interval [0,T] for the t#t, 1=12,...,p we consider the following system of

ordinary differential equations
X'(t) = Ax(t) + f (t, X(0). max {x(z)| z € hy(t, x(D):]: h, t, x(t))]}) (10)

with nonlinear boundary value condition
T T
B(t)X(0) + [ K(t,s)x(s)ds =C + qo[t,jH (t,s, x(s))dsj, (11)
0 0
impulsive effect
x(t.*)—e"“ix(ti‘) =e MR (x(t)), i=12..p (12)

and additional condition
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x(T)=DeR", D=const, t €(0,T), T =t, i=12,...,p, (13)

where 0=ty <t; <..<t <t , =T, AB()eR™, K(t,s)eR™ are given matrix and
T

detE(t) =0, E(t)=B(t)+[K(t,s)ds, f:[0,TIxR"xR">R", :[0,T]xR" >R",
0

F:R"—R" are given functions; CeR", 0<h, <h, <t, h; =h; (t,x(1)), j=12,

X(ti*) = lim x(t; +7), X(ti_) = lim x(t; —#) are right-sided and left-sided limits of function
n—0* n—0~

X(t) at the point t =t., respectively.
Formulation of problem. To find a pair of quantities {X(t) e PC ([O,T], Rn), Ce R”} ,

which of first is continuous function for all t [0, T], t#t;, i =12,..., p satisfying differential
equation (10), nonlocal integral condition (11) and for
t=t i=12,..p, 0<t, <t, <..<t, <T satisfies the limit condition (12) and additional

condition (13).

X0 =3IGEX) =y )+ X WLLF(x(4))+

O<ti <T

+E1(t){go(t,ff H(t,s, x(s))ds] -o| t,

O —y

H(t,s, x(s))dsﬂ +

+}W(t,s) f (s,x(s),max{x(r) |z [ hy (s.x(8)):1:h, s, x(s))]})ds (14)
0
for t e(ti,t”l], i=0,1..., p, where y(t) = E(t)- D - E(),

W (t,s) = [G(t,s) - E—l(t)G(s)] eAT=%) E(t) = B(t) +]'K(t,s)ds,
0

E*(t)e ™ (B(t) + j K(t,H)dH], 0<s<t,
G(t,s) = 0

;
—E7 (D[ K(t,0)doe ), t<s<T,
S
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eA(ts){B(t_) +th(t‘,9)d9J, 0<s<ft,
G(s) = 0

;
-jK(t‘,e)deem—S), f<s<T.
S

Theorem. Suppose the following conditions are fulfilled:

(Y1). The constant matrix A such that there holds estimate
H e/ H <e® O<a=const, t[0,T];

(Y2). Forall t,s €[0,T] holds

[E"o]

SM¢<oo;
PC

¢(t,}H(t,s,w(s))dsJ

V3). | f (L ®).w®)],. <M <o, axp}” F(vt))|<Me <o

R
(Y4).Forall t €[0,T], X,y € R" holds

(X0 y0) = T (6%, ) [S L)X =% [+ LO[ Y = Y2 ;
(Y5). Forall t €[0,T], xeR" holds

‘(P(t,xl)—(p(t,xz)‘g Lg‘ X, — X, ‘;

(Y6). Forall t,s<[0,T], xeR" holds
;
H(t,5,%) = H(t,5,%,)[ < Ly(s)] X, =X, |, 0 <[ L, (s)ds < oo
0

(Y7).Forall t €[0,T], xe R" holds
[h %) —h; (%) < L 0% =%, |, j=12;
(Y8).Forall x,yeR", i=0,1,..., p holds

| R —F Q)| <L | % =% |;
(Y9). p <1, where

te[0,T]

2T
p:sl+2|_3H E7(t) H jL4(s)ds+Sz, Slzzp:LGi max W (t,t,)|,
0 i=1
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S, = [ max W (t,s)\-[Ll(s) + L, (8)(1+ M (Lgy(s) + L52(s)))]d s.
0

te[0,T]
Then the nonlocal inverse boundary value problem (10)-(13) has a unique pair of solution
{X(t) € PC([O,T], R”);C € Rn} . The solution X(t) e PC([O,T], Rn) can be founded from
the following iterative process:
xX“(t)=J (t;x"‘l), k=123,...

X°(t) =w(t), te(t,t,,), i=012,..,p.

The solution we denote by w(t), i.e., X(t) = o(t) € PC ([O,T], R" ) . Then to find vector C this

solution @(t) of the equation (14) we substitute into following presentation:

C= D-E(t_)—go[f,}H(f,s,x(s))dsj— > G()e VR (x(t)) -
0

0<t;<T

—}G(s)eA(T‘S) f (s, x(s).max {x(z) | 7 [ hy (5,X($)):]:h, s, x(s))]})ds

for te(t;,t,,], i1=01,...,p.
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Annarna. Ocbl 0asHIamaga apanac MakCUMYyMIapbl 0ap ChI3BIKTBHIK €MeC HUMITYIbCTIK TuddepeHinanipK
TEHJIeYJIep VIIiH JIOKAIABI eMec IIeTTIK ecenTepiH OipMoHMI MIenTiry Macesenepi Kapamaapl. Ecenm ChI3BIKTHIK eMec
(YHKIMOHAJIBI MHTETPANIBIK TeHAeyIepre kentipineni. Kommpeccusipik OeitHeney omiciMeH OipikTipinreH OipTiHIen

KYBIKTAY 9JIiCi KOJIIaHbLIa/IbI.

Tyiiin ce3aep: nMnynbcTik quddepeHnnanapK TeHaeynep, OipMoH/l MenTiMaLTIK, OipTiHaen KYBIKTaY Sici,

HUHTETPAJIABIK 1IapT.
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AHHOTanus. B HacToseM N0KIaae paccMaTpUBalOTCS BOIPOCH! OJJHO3HAYHOM Pa3pelnMOCTH HEIOKaIbHbBIX
KpaeBbIX 3a7a4 JJIsI HEIMHEHHBIX HMMITYJBCHBIX MuddepeHnnanbHbIX YpaBHEHHH CO CMEIIaHHBIMH MaKCHMyMaMHu.
3agaya CBOAMTCS K HEJMHEHHBIM (YHKIMOHAIBGHBIM HHTErPajbHBIM  YpaBHEHUsSIM. [IpuMmeHseTcs Meron
MIOCTIEIOBATENbHBIX MPUOIIDKEHUN, COYETAIOIINICS C METOAOM KOMITPECCHOHHOTO OTOOPaXKESHNS.

KiaroueBble ciaoBa: mMiynscHble AuddepeHnnanbHple ypaBHEHHS, OJHO3HAYHAs pa3pemmMOCThb, METOJ

MOCIIEZIOBATEIBHBIX MPUOIMKEHHH, HHTETPAILHOE YCIIOBHE.
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