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AHHoTanusi. Makanaga IIeKci3 TOpJbl PE3UCTOp KyHeJepiHiH opTypil TyHiHAepl apachlHIarbl KeIepriHi
ecenTey Maceleci KapacThIpbUIFaH. EpTepekTe CHUMMETpHUsSI JKOHE CYNEpHO3UIHs OMICIMEH alblHFaH HOTHXKEIEPAiH
KYBIKTay OOJIaTBIHBIH PacTalThIH JKaHa Kapchl Mpicanaap kenripiiared. [llekci3 Topisl xylenepain Kkepuiiiec TyHiHaepi
apachIHIAFbl KeJEPriHi ecenTey YIIiH SKBHBAICHTTI KeAEpri oMiCiH KOINaHYbIHBIH OJeNTimiri momenaenni. bipaeit I

pe3ucTopiapiaH TYpaThiH ILIEKCi3 TOPJABIH KBaJpaT YSIIBIKTAPbIHBIH JHaroHajdb HYKTeJepl apachIHIarbl Kelepri

ecenrreneni. by kenmepridig MoHI r/ 2 OYpBIH CHMMETPHS JKOHE CYNEpIIO3HUIUs dAiciMeH TaObUTFaH 2I’/ 7 Mounen
e3rele OOJIbII IIBIKTHI.

Tyitingi ce3mep: kenepridi ecentey; KeASPruiepIiiH MEKCi3 eKi eJIIeM/ i TOpIaphl; SKBUBAJICHTTI KeAEPTi dici.
Oipaeit

AnHoTanusi. B pabore paccMoTpeHa mpoOnemMa pacdera CONPOTHBICHHS MEXKAY pa3NIUYHBIMU y3JIaMH
OECKOHEYHBIX CETOYHBIX PE3UCTOPHBIX cHcTeM. [IpuBeaeHbI HOBbIE KOHTPIIPUMEPEL, JOKA3bIBAIOLINE TPHOIMKEHHOCTD
pe3ynbTaToB, TOJNYYECHHBIX paHee METOJOM CYNEpIO3MIMH M CHUMMETpUH. JlOKa3blBaeTcs KOPPEKTHOCTb
UCIIOJIb30BAaHHS METO/Ia SKBUBAJIICHTHOTO COTIPOTHBIICHUS ISl PacieTa CONPOTUBIICHHS MEXK/IY OJIN3JICKAIIUMH Y3JIaMH
OECKOHEUHBIX CETOYHBIX CHCTEM. PaccuMTaHO CONMPOTHBIICHHE MEXAY IUArOHAIBHBIMUA TOYKaMH OECKOHEYHOH CeTKH

OIWHAKOBBIX PE3HUCTOPOB r C KBaJIpaTHbIMHU STYCHKAMH. I[J'ISI BCJIMYMHBI 3TOT'O0 COIPOTHUBJIICHUA Haﬁ}leHO 3HA4YCHUC

r/2 2r/x

, KOTOPOC OTJINYACTCA OT 3HAYCHUA , IOJIYYEHHOI'O0 paHE€€ METOJOM CYNEPIIO3UITUN U CUMMETPUH.
KiroueBble cioBa: pacdeT COIIPOTUBJICHUSA, OeCKOHEYHBIE ABYMCPHBIC CETKHU COHpOTHBHeHHﬁ; METO
OKBUBAJICHTHOT'O COIPOTHUBJICHUS.
Abstract. The paper considers the problem of calculating the resistance between different nodes of infinite grid
resistor systems. New counterexamples are presented proving the proximity of the results obtained earlier by the
superposition & symmetry method. The correctness of using the equivalent resistance method to calculate the resistance

between close nodes of infinite grid systems is proved. The resistance between the diagonal points of an infinite grid of

| 1/

identical resistors I' with square cells is calculated. For the value of this resistance, a value is foun that

2r/m

differs from the value obtained previously by the superposition and symmetry method.

Keywords: calculation of resistance; infinite two-dimensional grid of resistances; equivalent resistance method.
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1. Introduction. The calculation of the resistance of complex resistor compounds has always
attracted the attention of physicists. Many different original methods for calculating endless
resistance circuits have been developed [1-4]. The tasks of finding the resistance of infinite grid
systems also been included in Irodov’s book [5] and were considered in our work [6]. The problems
of calculating the resistances of infinite resistor grids, using graphene [7] and thin films [8] in
connection with the development of nanotechnologies have become especially urgent.

Let us dwell in more detail on one problem reviewed in the works [2—6]. «There is a boundless wire

grid with square cells (Fig. 1). The resistance of each conductor between neighboring grid nodes is

r. Find the resistance RAB of this grid between two adjacent grid nodes A and By.

Figure 1. Infinite wire grid with square cells.

This task first appeared in Irodov’s booklet of 1979 yeas, where the method of superposition

& symmetry was applied and the result was obtained:
RAB=£
: )

The same result (1) was also obtained in the works [2-4]. This opinion was especially
strengthened in connection with work [4]. In this work, complex mathematics made it possible to
obtain a general formula for the resistance between any points of the grid. However, here the
method symmetry & superposition is also based, therefore, for the resistance between the nearest

points of grid, this formula gives the same result (1).
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Now this is a general misconception, which is very difficult to overcome. Of course, the result

r/2 for resistances fascinates with its simplicity, but it is approximate. Moreover, it gives only a
lower bound for estimating the magnitude of the resistance.

In Fig. 2 shows three cases of connecting voltage to the points of the grid. In case a) the
voltage +Y /2 s supplied only to point A, and in case b) the voltage ~Y /2 is supplied only to
point B. In these cases, the current distribution is symmetrical and they differ only in the direction
of the currents.

In case c) voltage +U /2 is supplied to point A, and voltage ~Y /2 to point B. Here A and
B are the nearest points of the grid, between which the resistance I is located. Current i
approaches point A, and the same current i’ emerges from point B. The current distribution at points
A and B is shown, which corresponds to the symmetry of the problem. A current iAB flows from A
to B. Then according to Ohm's law:

Here RAB is the desired grid resistance between the points A and B. If we make two assumptions

that =i and iAB:i/z,then from formula (2) we get result (1):

i
Rag =—
AB 2

In this case, according to the Kirchhoff rule:

~U/2

+U/2

Figure 2. a) The potential +Y /2 only at point A (zero at infinity);
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b) The potential —UY /2 only at point B (zero at infinity);
c) The potential +Y /2 at point A and the potential U /2 at point B.

If 1B :i/2, =i /4, then 12 =0 5o the distribution of currents at points A and B has changed,

weird — 12 =0

Symmetry in case c) has changed. Note that a line with a potential equal to zero runs in the middle
between the points A and B and goes to infinity. Since the potential difference between points A
i, #0 =i gnd lag > 112

and B and infinity is not equal to zero, the currents , in addition, '

These three factors indicate that the result Ra8 =172 js an approximation, more precisely even

Rag > 112 | our work [6] we used the equivalent resistance method and obtained the following

result:

R,z = A/2-1)+2 /21 r=0.521602 r
22+ 2\ 2-1 @)

0.522i" i;=0.2071" i, =0.064 '

and the following values of the currents: Ing = . Itis easy to
verify that in this case:
i' =iAB +2|1+|2
So, here everything is in order with the Kirchhoff rule in the points A and B.

But the result, which we obtained Rap = 0.522 "' "is just only slightly superior to the result r/z,

which confirms its correctness. The arguments we have presented, I think, prove that the result r/2
is only approximate.
2. Calculation of the resistance between the diagonal points of the infinite grid
Here we give a solution to the problem of an infinite grid with square cells by the same
resistances r, as shown in Fig. 3. Suppose it is necessary to find the resistance Rac of the lattice
between the two points A and C. The solution of the problem by the method of superposition &
symmetry in [4] leads to the following result:
Rac =£;O.636620r
7 . (4)
Figure 3 shows a part of the grid, and the dashed lines show the directions along which it is
necessary to make cuts. First, we cut along the rays issuing from the nodes A and C, thus breaking
the entire grid into two half-planes with the same resistances R. As a result, we obtain for the
resistance formula:
Rac =

()
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Now you need to find the half-plane resistance R. To do this, we draw a second section from the

points A and Cl, as shown in Fig. 3.

Figure 3. Infinite grid with square cells and cutting line directions

To determine R, we construct the following equivalent circuit shown in Fig. 4.

R
Al Cl
1
2 NeT |
r DX r
r | r
1
A
R C

Figure 4. Equivalent circuit for calculation of the half-plane resistance R
In Fig. 4 shows a dashed vertical line passing through the point D and dividing the circuit
into two symmetrical parts. Connecting the point D with the middle of the resistance R, we
calculate the resistance of the resulting compound. First, find the resistance of the parallel

R
connection 2 and I get:
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. ) d R
LA R +2r
(6)
Then, connecting in series ' with 2r,we find:
. Rr 3R +4r2
“Rear T Rea
(7)
Now we make up the equation to determine the half-plane resistance R:
R_r'r
2 r'"+r . ®)
Substituting (7) into (8), we obtain:
E_Ber +4r3
2 o 2
ARr +6r . (9)
Here will we find

Substituting (10) into (5), we obtain the desired resistance between the diagonal points:

Rac =—=-——=0.707107r

J_ ) (11)

It is easy to verify that the difference with the result obtained by the method of superposition
& symmetry (4) is 10%.

3. Conclusion. Thus, in work [6] and this article we have developed a method for calculating
infinite resistance grids, which allows us to find the exact resistance between the nodes of such
grids. It is shown that the calculation method used in [2-5], based on the principles of superposition
& symmetry, gives only an approximate underestimated result for this resistance. As we have
shown in our works for the grid with square cells, the difference in results does not exceed 10%,
and for the grid with triangular elements it approaches 15%.

The method of calculating the resistances of the infinite grids, which uses the principles of
symmetry & superposition, is quite good, and its simplicity makes it very attractive for an

approximate evaluation of the resistances of various infinite configurations of resistances. So, for

example, for resistance R.45 between two nearest points of an infinite grid with hexagonal cells (a

configuration of graphen) we get value , and for a volume the infinite 3D grid with cubic

cells — Rap="1/3



K.)Ky6aHoB atbiHAaFrel AKTOOC OHIPIIIK MEMIICKETTIK YHUBEpcHTETiHIH Xabapuibicsl, Ne2(60), MmayceiM, 2020
®nznka-mMaTeMaTHKa FEUIBIMIAPH

References
1. Bessonov L.A. (2002) Theoretical bases of electrical engineering. Electric circuits. — Moscow:
Gardariki, 2002. — Pg. No. 638.
2. Venezian G. On the resistance between two points on a grid // Am. J. Phys. 62, 1000-1004
(1994).
3. Van Steenwijk F. J. Equivalent resistors of polyhedral resistive structures // Am. J. Phys. 66, 90—
91 (1998).
4. Atkinson D. and F. J. van Steenwijk. Infinite resistive lattices // Am. J. Phys. 67 (6), 486492
(1999).
5. Irodov I.E. Exercises in General Physics. Tutorial. 14 " ed. — S.-Pt. — Msk. — Krs.: Izd. "Lan",
2016. — 416 p.
6. Spivak-Lavrov I.F, Kurmanbai M.S., Mazhit A.N. About one method of calculation of resistance
of two-dimensional infinite grid systems. — Vestnik ARSU. — No. 1 (51), Aktobe, 2018. —P. 43-51.
7. Katsneison, M.I. Carbon in Two Dimensions. — New York: Cambridge University Press, 2012. —
366 p.
8. Bhattarai, S.P. Construction of Sheet Resistance Measurement Setup for Tin Dioxide Film Using
Four Probe Method. — American Journal of Physics and Applications; 2017, 5(5): 60-65.

FTAMP 45.01.45
IJIEKTPOTEXHUKA HEI'I3I II9HIH KYPCAHTTAPJAbBIH MEHI'EPYIHE
TIPEK - JIOI'HKAJIBIK KOHCIIEKT TEXHOJIOTUACBIHBIH MAHbI3bI

A.T. ABANJIB/INHOB

T. Becenbounos amulHoaebl Oye KOPeaHublC Kyulmepiniy ackepu uHCmumymol

Anparna. byn Makanaga Kazakcranzga skorapbl OKY OpBIHAApBIHAA JKaHAa MEJAarorvkalblKk — OKBITY
TEXHOJIOTHSCH HETi31HAE KYPIN KaTKAaH FhUIBIMH JKYMBICTApFa KBICKAIllA IOy dJKacam, »JJICKTPOTEXHHKA MOHIH
MEHIepy/e KOJIAHBUIATBIH OKBITY 9JIICTEMECi MEH TeJarorvKaiblK TEXHOJOTHSCHIHBIH EPEeKIIUIKTepiHe Tanjaay
kacanbiM. KopTelHIbpIIAll Kene  OCKepH OKY OpPBIHBIHAA DJJIEKTPOTEXHWKA HETi3i TOHIH OKBITyJa Ja e3iHIIK
€peKIIeTIKTEPiH ecKepe OTHIPBIN , oKy mnporecinae B.d.I[llaTtanoBTeiH HeETri3iHAE jKacalFaH TipeK KOHCIEKT OKBITY
TEXHOJIOTUSCHIH KOJAHY THIMIi JeT IIEIITIM.

Tyiiin ce3mep: *aHa MEAATOTHKANBIK OKBITY TEXHOJIOTHUSCHIHA IIONY, JJIEKTPOTEXHHKA IOHIH MEHIepyaAe
KOJJJAHBUIATBIH ~ OKBITY OJIiCTEMECi MEH IIeJarOTUKANBIK TEXHOJOTHACHIHBIH EPEKIIUTIKTepiHe Tanjgay, 9CKepH
MeTarOTMKAJIBIK TEXHOJOTHSIIAFB OACThl MIHJET, DJICKTPOTEXHHWKA HETi3l MOHIH OKBITYAa TIPeK KOHCIIEKT OKBITY
TEXHOJTHUSACHIH KOJIIaHY.

AHHoTauus. B naHHOI cTaThe mpeacTaBiIeH KpaTKUH 0030p HaydHBIX padoT, MpoBOIUMEBIX B Kazaxcrane Ha

OCHOBE HOBOM TEXHOJIOTHH TIEJaroruueckKoro O6quHI/IH, aHaIM3 O0COOEHHOCTEH MCTOIWKHU TIIPEIogaBaHUsA U
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