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Annotation. In this paper we consider the generalized fractional-maximal functions. We give an estimates of
non-increasing rearrangements of generalized fractional maximal functions. The study of various properties of operators
using a generalized fractional-maximal function is sometimes easier than the study of such operators using a generalized

potential.
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Let L, = L,(R") be the set of all Lebesgue measurable functions f:R" —-C; Ilo =L,(R") is
the set of functions f €L, for which the non-increasing rearrangement of the f” is not identical to
infinity. Non-increasing rearrangement f~ defined by the equality:

f°(t) =inf {y €[0,0): 4, (y)<t}, teR, =(0,:),
where
A (Y) =t {x € R":[ £ (x)| >y}, y€[0,00)
is the Lebesgue distribution function [1].

The function ™ :(0,00) —[0,0] is defined as

+

t
f“(t)z%!f*(r)dr; teR

Throughout this work, we will denote by C positive constants, generally speaking, different in
different places.

We define the following classes of function.

Definition 1. Letn € N, R € (0,] and ®:(0,R) > R, . We say that
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the function @ belongs to the class A, (R) if: @ decreases and is continuous on (O,R), the
function ®(r)r" T is quasi-increasing on (O,R);
the function @ belongs to the class B, (R) if @ decreases and is continuous on (0,R); there

exists a constant C € R, such that
jcp(p)pnfldp <CO(Nr", re(0,R);
0

the function @ belongs to the class E, (R) if

M

[ B C we@nR).
5 D(s7")s  D(r)

For example, @(t) = t™% € A, (), O<a <n.

®(p) = p® ™ € By(0) (0<a<n); P(p) = m% € B,(R), ReR, .

Note that @ € E,,(R) is equivalent to the inequality:

r

0 CD(t)t CD(t)
Lemma l. E,,(R) € B,(R) c A,(R).

Definition 4. Let @ € A, («). The generalized fractional-maximal function M, f is defined

for the function £ € LY°(R™) by the equality
(Mo f)(x) = sup (1) [, \If (D)dy,
>0 ’

where B(x,r) is a ball with the center at the point x and radius r.

That is, consider the operator Mg: L’ (R™) — Lo(R™).
In the case @(r) =r*™", a € (0,n) we obtain the classical fractional-maximal function
M f:

a

(Maf () = SUD Tz fy | O]y

Other types of generalized fractional-maximal functions were considered in [2], [3].
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In the works [4]-[6] the generalized Riesz potential was considered using the

convolution operator
Af() = (G * H(x) =272 [, G(x =) fW)dy; f € E;(R™)

where the kernel G (x) satisfies the conditions:

G(x) = ®(|x|), x € R", Jy ®(p)p" " dp < c®(r)r™, T € R,.

Inthe case G(x) = |x|*™™, a € [0,n) we have the classical Riesz potential I,,f:

f = | ™,

gn|X —y[*¢ ,
Theorem 1. Let @ € B, (). Then

Mof(x) S (G *|fD(x), x €R™

forevery fel™(R").

Theorem 2. Let ® € A (o). Then there exist a positive constant C depending from n such

(Maf)*(t) < C sup s@(sY™f**(s), t € (0,0)

t<s<oo

for every f € LY°(R™).

Theorem 3. Let @ € A (). Inequality (10) is sharp in the sense that for every ¢ e L (0,00; 1)

there exists a function f e L, (R") suchthat f"=¢ a.e. on (0,0) and

(Mo f)*(t) 2 C sup sd(sY™)f*(s), t € (0,0),

t<s<oo

where, C is a positive constant which depends only on n.
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Theorem 4. Let @ € B, (). Then there exists a positive constant C depending from n such

that
My )™ (t) < C sup sd(sY™)f*(s), t € (0,0) (1)

t<s<wo
forevery f € L°°(R™).
Remark 1. It is known [7] that for generalized Riesz potential satisfies the O'Neill

inequality

G« N (®) <Co(3f; 6*()ds) [y £ (d + [[7 6" (D)f ' (1)de

By Theorem 1 it follows that

(Mof)™"(t) < Co (3 5 6*(9)ds) [ f*(d + [7 6" (@) f (Mdr  (2)
Note that inequality (1) is more precise than inequality (2).
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Tyiiin ce3aep: : ©CIEHTIH aybICTHIPY, OOIMIEKTI MAKCUMAJIIBI (DYHKIIHS.
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AHHoTanus. B nanHo# paboTe MBI paccMaTprBaeM 0000IIeHHBIE APOOHO-MaKcUMalIbHbIE (pyHKIMH. MBI Taem
HEKOTOpPbIE OIEHKH HEBO3PACTAIOUIMX MEPECTaHOBOK OOOOMICHHBIX IPOOHBIX MaKCHMaJbHBIX (yHKIMHA. M3yuenne
Pa3JIMYHBIX CBOKCTB OTIEPATOPOB, HCHOIB3YIONIMX 0000IIEHHYI0 APOOHO-MaKCHUMAIbHYIO (DYHKIIHIO, HHOT/AA MIPOIIE, YeEM
H3y4YeHHE TaKUX OIIEPaTOPOB, UCIOIB3YIOMNX 0000IIeHHBIN TOTEHIIHAL.

KiroueBble cji0Ba: HEBO3pACTAIONIAs IEPECTaHOBKA, 0000IIeHHAst IPOOHO-MaKCUMalIbHAS (QYHKINS .
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