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Annotation. Recent studies have shown that existence of an unpredictable oscillation for a
differential equation amounts to the presence of Poincaré chaos [1,2]. Stimulated by this fact, it is
aimed in this study to analyze unpredictable oscillations for a nonlinear differential equation with
generalized type piecewise alternately retarded and advanced argument. Existence-uniqueness and
exponential stability of the unpredictable oscillations are verified for the considered equation. Since
the argument is of mixed type being retarded and advanced, it offers numerous advantages for the
theoretical investigations as well as many real-world applications. The results are confirmed by
example and simulation.
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1. Introduction and Preliminaries

Theory of differential equations provides indispensable tools to study and understand real
world processes. Existence of discontinuous characters in nature pushes scientists for developing this
theory further. This development enables to obtain more natural features of the real problems modeled
by differential equations including discontinuous items. As is well known, the class of differential

equations involving discontinuities contains differential equations with piecewise constant argument
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(PCA) [3] as a subclass [4]. This subclass has been broadened in [5] by addressing a wider range for
PCA, which is entitled as piecewise constant argument of generalized type (PCAG). Although most
prior findings for differential equations with PCA were achieved through reduction to discrete
equations or numerical approaches [1, 6], equivalent integral equations were employed for the first
time in [5] to examine differential equations with PCAG. Thanks to the use of equivalent integral
equations, qualitative characteristics of differential equations with PCAG has begun to be examined
in a more general manner. This topic has been the focus of various theoretical and practical studies
[7-14].

After unpredictable oscillations have been defined as a new type of oscillations in the past few
years, a rapid progress has been achieved on the subject [1, 2, 15-21]. This is because, it is seen that
they are very useful for the simplification of the chaos analysis for differential equations and also for
processes modeled by differential equations. Due to the demands of science and technology, differential
equations theory pays great attention to the oscillation phenomena. Accordingly, solutions being periodic,
quasi-periodic as well as almost periodic are studied extensively by the researchers [22-24]. It was
confirmed for a differential equation that if an unpredictable oscillation exists, then there is Poincaré
chaos [1]. As a result of this significant aspect, research on unpredictable solutions is just as beneficial as
research on chaos. The main objective of this study is to investigate unpredictable oscillations of a
nonlinear differential equation having piecewise alternately retarded and advanced argument of
generalized form, which can be considered as the most general case of PCAG since it is of mixed
type. Due to the remarkable position of differential equations with PCAG in various applications [9,
10, 25, 26, 27], it is momentous to link these equations with the chaos concept through unpredictable
oscillations.

We shall use the abbreviations R, Z and N to represent the set of real numbers, integers and
natural numbers, respectively. We pick sequences {Xj}jez and {nj}jez whose elements are real
numbers and meet the properties: y; < n; < x4, for each j € Z, and |)(j| — o0 as |j| » . The
following nonlinear differential equation with piecewise alternately retarded and advanced argument

of generalized type is the major focus of the present research:

x'(8) = ax(t) + u(x(t)) + v (x(h(t))) + w(t). (1)

Here, t, x belong to the set R, « < 0 and h(t) =n; fort € [x;, xj+1),J € Z, the functions u, v :
(—a,a) > R,a > 0, are assumed to be continuous. Furthermore, w:R — R is considered as a

bounded and uniformly continuous function.
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Definition 1 A bounded, uniformly continuous function f: R — R is called as unpredictable if
one can find two sequences t,, s,, both of them diverging to co and positive constants r, p such that
f(t + ty,) — f(t) uniformly when n — oo on the compact subsets of R and my, < |f(t + t,) —
f(t)| foreacht € [s, —p,s, +p],n € N.

The following criteria are considered to be met during the present investigation.
(HL) |u() —ul < Lilx -yl , [v(x) —v)| < Ly|lx —y| for every x,y € (—a,a) with
Lipschitz constants L,,, L,,.

(H2) There exist constants M,, > 0, M,, > O such that sup |u(x)| < M, and sup [v(x)| < M,.

x€(—a,a) x€(—a,a)

(H3) There is a constant M,, > 0 so that sup|w(t)| < M,,.
teER

(H4) —= (M, + M, + M,,) < a.

(H5) = (Ly + Ly) < 1.

(H6) For each y;,q — x; < x,j € Z for a positive constant y.

(H7) & + Ly + HL, < 0, where 1 = (1 — y(—a + L) (1 + Lyy)eCotwx 4 1,) 7"

(H8) x ((—a + L)1+ Lyy)eCatlux 4 Lv) <1.

(H9) For a sequence k,, satisfying k,, » o0 asn — oo and for the sequence t,, specified in Definition

1, Xj-k, tta—xj > 0and nj_y, +t, —7n; > 0 asn — oo on each interval, which is finite and

comprised of integers.

2.Existence, Uniqueness and Stability of Unpredictable Oscillations
We take a set D whose elements are real valued functions given by Q: R — R together with the

norm defined as ||Q||; = sup|Q(t)]. It is adopted that an element Q of the set D admits the features
teER

listed below:
(D1) Q is continuous uniformly.
(B2) l1ally < a;
(D3) a sequence t, divergent to co can be found to satisfy the limit Q(t +t,) = Q)
uniformly on each closed and also bounded interval of real numbers.
Lemma 1 [28]. A necessary and sufficient condition for a bounded function x(t),t € R, to be

a solution of (1) is that the integral equation given by
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x(t) = f_too e®(t=1) (u(x(r)) +v (x(h(r))) + W(‘L’)) dr, (2)
holds true for x(t).

On the set D, Construct an operator I' formulated by

t

rot) = f e (u(0(@) + v (A(h(D)) + w(@)) =

— 00

Theorem 1 I is invariant on D.
Proof. We are required to demonstrate that the set D involves I'D in it. If we find the derivative

of r'Q(t) along the independent variable t and then take the absolute value of this derivative, we get

< [u(2®)] +[v (2(h@))] + (] -

drao(t)
dt

t
—a f e®(t-7) (u(Q(r)) +v (Q(h(r))) + W(T)) dt <2M, + M, +M,,)

for each real number t. This means that I'QQ meets the property (D1), since it is continuous uniformly
due to having a bounded derivative.

Note that any element Q of the set D satisfies

rQ@)] < —= My + M, + M,).
This implies together with (H4) that (D2) is true for I'Q.
Now, we are only left to consider (D3). For this purpose, we pick § > 0 and consider the
interval [A,u] with A < u We can find v <A and o > 0 in order to fulfill the following four

inequalities:
- 5 (Lya + Lya + M,,)e®?A") < %, 3)

—2A+L) <3 (4)
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It is true for sufficiently large values of n that |Q(t +t,) — Q(t)| < o and |w(t +t,) —
w(t)| < o whenever t € [v,u] and |xj_x, + tn — x;| < o whenever x; € [v,u], j € Z. Therefore,

we have

C

Irat +t,) —ra@)| < f et |t + t,) — Q)| +

— 00

+L,,|Q(h(r + tn)) - Q(h(r))| + |lw(t+t,) — w(t)l)dr +

f et (L |0t + t,) — Q)| +

Cc

+L1,|Q(h(r + tn)) — Q(h(r))| + |w(t+t,) — W(t)l)d‘[

2 (- 1
S—E(Lua+L,,a+MW)e“ v _E(1+L“)0+

t
L, f e“C|Q(h(z + t)) — AR(D)| dr.

Fort € [4,u] fixed, we assume that x; < xj_x, +thand x; < xj_k, t tnh = ¢ < Xjy1 < Xjs2 <
o+ < Xjar < Xjsr—k, T tah <t < Xj4r+1, Which does not lose the generality. Thuswise, there exist

only r discontinuity moments on [v, t]: X1, Xj+2, - » Xj+-- Moreover, assume that
SHDle (g ey <& (5)

—Tlemer — 1) <2 (6)

Next, we shall focus on the integral

J e CD|Q(h(z + t,)) — AR@D)| dr.

In fact, this integral can be written as follows
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k+r—1  Ai+1
D f e“tD|0(h(z + t)) — Q(h(D)| de +
j=k Xj—kpttn

kar—1Xiti-kntin

+]Zk [ el + ) - a(hw) dr +

Xj+1
t

+ f e“tD|0(h(z + t,)) — A(h(D)] dr.

Xk+r—kntin

If Xi—k, +tn <t <y, forsomei € Z, thenitcan be seen that h(t) = 7n;, and in turn it is

true due to condition (H9) that h(t + t,) = 1,4, . Thus, we attain that

Xit+1
f ea(t_r)m(rlnkn) — Q)| dr =
Xi—knttn
Xi+1
= j e DN, + tn) — QM) + Q0 + ta + 0(1) — A, + t,)| dr
Xi—kpttn
Xi+1
< f e o+ |Q(n; + t, + 0(D) — O + tn)|| dr.
Xi—kpttn

Recall that Q is continuous uniformly. As a result, given ¢ > 0 and for big enough n, there is a
Kk > 0so that |Q(n; + t, + 0(1)) — Q(; + t,)| < g aslong as |n;_y, + t, — n;| < K. After all, we

conclude that

k+r—1  Xj+1 Xi+1 5
o
Z f et D|a(h(z + t,)) — A(h(D))| dr < 2po f e*t=D dr < —% (1—e*)
J=k  Xj—kp+tn Xi—kpttn

for the integer values of i that lies in the range | < i < [ + r — 1. Analogously, it can be achieved

that

t
20
f e 0|Q(ni4r,) — Q)| dr = Y (1—e®).

Xitr—1—kpttn
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Likewise, owing to the assumption given by (H9), we find that

ktr—1 Xiti-kntin Xi+1-knttn
Z f e“(t_T)|Q(h(r +ty)) — Q(h(D)| dr < 2ra f e?t=1) gg
j=k Xj+1 Xi+1
2ra
= -1
a

for the integer values of i lying in the range k < i < k + r — 1. As a result of these computations

performed above, we get

2(r+1)o
a

t
f e |0(h(z + £)) — Q(h(D))| dr < — R )

Hence, the following inequality

2 o
IFQt + tn) = FOO < ——(Lya + Lya + M,)e* @) — (4L +

_M(l — e®X) _tha(e—cw -1)

is valid for all t € [A, u].

Using the inequalities (3)-(6), we obtain for each t € [A, u] that |[FQ(t +t,) — Q)| < 6.

This shows that (D3) is fulfilled by I'" as well. The proof is completed.

It is not difficult to prove by assumption (H5) that I" is a contractive operator on D. Hence, we

give this result below and omit the proof here.

Theorem 2 I is a contractive operator on D.

Next, we state an auxiliary result which can be proven by using a classical theory of differential

equations and condition (H8) [2,4].

Lemma 2. Assume that the conditions (H1), (H6) and (H8) are fulfilled. 1f 1 (t) is a solution

of
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Y'(6) = ap () + u(p(®) + o(O))u - (Y(p(®) +
+v (w(h(t)) + <p(h(t))) —v ((p(h(t))), @)

where ¢(t) is a continuous function with||@(t)|l; < a, then |1/)(h(t))| < H is satisfied for all t €
(=00, o).

Now, we are ready to state the main result of the present paper.

Theorem 3. Let all conditions from (H1) to (H9) hold true and the function w be
unpredictable. Then, equation (1) possesses a unique exponentially stable unpredictable oscillation.

Proof. It follows from the results in [2, 28] that D is complete. Hence, the operator I' has a
unique fixed point ¢(t) which belongs to the set D. Actually, ¢(t) is the unique solution of (1).

Next, we will show that the function ¢(t) is unpredictable. m,, m, and € are chosen to
satisfy

e <p, (8)

€ <(a —L,) (mi1 + miz) — 2L, + %) < 2;1, 9)
(11

lo(t+ 1) — @(t)| < mymin {m,m—z},t ER,|T| <e. (10)

We fix €, m;, my, and n € N and define IT = |p(s, + t, ) — @(sn)].
Case I: Let IT > 0. Then, we obtain for t € [s, — €, s, + €], n € N, that

lp(t +tn) — @] = [@(sn +tn) = @(sa)| = [@(sn) — ()] =

lo(t +1.) — (s, + )] > —2 — 0 _ "o 1
— — S — — = .
@ n $Sn T tn m; 4m; 4m; 2m, Tto

Case Il: Let IT < 0. Then, the inequality (10) implies for t € [s,, s, + €], n € N that

lp(t +tn) — O] < lo(sn +tn) = @(sn)| + l@(sn) — @] +
Ty T 1 2

o (e 22)
Heot+t,) -+t <—+—+—=—+—| .
|(,0( n) (P( n n)l m, m, m, m, m, 0

16
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Since the integral equation given by

t

p(t) = p(sp) + f (a(p(‘r) +u(p(@) +v (cp(h(r))) + W(‘L’)) dr.

Sn

is valid, we can conlude for t € [sn + %»Sn + e], n € N, that

0t + tn) — 9(D)] = [9(sn + ta) — 9(s0) + a f (p(r+ t) — p(0))dr +

Sn

+ f (u((p(r + tn)) — ((p(r))) dr +

t

+ f (v (o(r(z +t2))) v ((p(h(t)))) dt + f (w(r +ty) —w(D))dr| 2

Sn Sn
Ty 1 2 1 2
——+a€<—+—)7‘t0 —Lue(——i-—)rro -
my mpy Mmp m; mp

-L, J|go(h(r + tn)) — (p(h(r))|dr + %no.

Sn

Next, we fix ¢ from the interval t € [sn + =50 + %] and pick e sufficiently small in order to satisfy

Xj—k, T th <sp<sp+ g <t < s, + €< xj; forsomeinteger j. Fort € [sn +§,s,rl + e], itis true

that h(t) = n; and hence h(t + t,) = 14, because of the assumption (H9). Since the function

@(t) € D is continuous uniformly, given 1, > 0 and for big enough n a number g > 0 can be found

satisfying |@(ni+x,) — @(m:)| < 27, as long as |1k, — n; — ta| < B. Therefore, it follows that

J|§0(h(T +ty) — o(h(D)|dr < 27,

If we use inequality (9), then we see that
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ot +t,) — ()] = ——2 4 (1+2) L(1+2>
% n ¢ =", a m, " my €Ty “\im, €Tlp
€ Ty, 3m, T
—2L fpy>-lo 2oy Mo
vEMo + 570 = m1+2m1_2m1

which means that ¢ (t) is an unpredictable oscillation according to the Definition 1.
Lastly, we are left to show that this unpredictable oscillation is exponentially stable. Let y(t)
be another solution of (1). Construct the difference ¥(t) = y(t) — @(t). It can be shown easily that

Y(t) is a solution of (7). Hence, we have
t
()] < e® 0 |y(ty)| + f et (L, [ (D) + Ly|w(h(D))]) dr.

Cc

Rearranging the last inequality and applying the Gronwall-Bellman Lemma, we find that
y(6) = ()] < ey (to) — @(to)| + e@rhuthDEt),

which gives together with (H7) that the solution ¢(t) is stable exponentially. The proof is completed.

3. Example and Simulation

We give example with numerical simulations to illustrate the theoretical results. To investigate
the presence of an unpredictable solution, we need to use the logistic map z;,, = cz;(1 — z;),i € Z.
According to the Theorem 4.1 [29], for each ¢ € [3 + (2/3)"/?, 4], the logistic map possesses an
unpredictable solution. Let z;, t € [ x;, xi+1), i € Z be an unpredictable solution of the logistic map

with  u=3.92.

As a perturbation, we will use an unpredictable function ®(t) [30]:
t
d(t) = f e~ *t-00(7)d7,t €R,

where Q(t) = z; fort € [ x;, xi+1), i € Z. It is worth noting that ®(t) is bounded on the whole real
axis such that sup |®(t)| < 1/4.
teR
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Consider the following scalar nonlinear differential equation with piecewise constant argument

of generalized type,

x(0
4

x(h(v)

x'(t) = —0.5x(t) + 0.04 tanh( ) + 0.04 tanh (T

) —1803%(t) + 1.4, (11)

where the argument function h(t) = n, is defined by the sequences y, = k, 1 = %

+Zk:

2k+1
2

Lemmas 1.4 and 1.5 given in [15].

We can see that the conditions (H1) -(H9) are valid for the system (11) with L, = 0,01, L, =
0.008, M, = M, = 0.04 and M,, = 1.68, a = 4. Thus, by the Theorem 3, system (11) has a unique
exponentially stable unpredictable solution.

+ zx, k € Z. Moreover, w(t) = —18®3(t) + 1.4 is unpredictable functions in accordance with

This is typically an unsolvable problem of finding the initial value of the solution, since it is
impossible. According to the property of exponential stability, any solution from the domain
approaches to the unpredictable solution. That is, to imagine the behavior of the unpredictable
solution x(t), we consider the simulation of another solution 6(t), with initial values 6(0) = 1.859

in Fig 1.

26
24

22

18 I I ! 1 1 1 1 |
0 50 100 150 200 250 300 350 400

t

Fig. 1 Graph of the function 6(t).
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CBI3BIKTBIK EMEC JTU®PEPEHIIUAJIABIK TEHAEY YIIIH XAJIIIBIJIAHT'AH
THUIITI KE3EKIIEH KEIHIKTIPIJII'EH )KOHE VI'EPIVIEI'EH BOJIIKTI
APIT'YMEHTTI BOJI’KAHBAWUTHIH TEPEEJIICTEPIHIH BAP BOJIYbI )KOHE
OPHBIKTBIJIBITBI TYPAJIBI
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Anparna. CoHFbl 3eprreyiep audQepeHInaInblK TeHISY YIIH OoInKaHOAWTBIH TepOemicTiH Oap Oo0ybI
[Tyankape xaochIHBIH O0ap OomybIMeH Oipaeii ekeHiH kepcetTi [1,2]. OckiFaH OaiaHbICThI, OYIT )KYMBICTA JKaIbUIaHFAH
TUNTET] Ke3eKIEeH KeIIiKTiPUITeH KoHE irepiiereH 0eJiKTi apryMeHTi CHI3BIKTHIK eMec MU depeHIHaIIbK TeHISY YITiH
OoipkaHOAMTBIH TepOenicTepai Tanjay Heridi Makcar OoJbn TaObuIaAbl. KapacThIpbUIBIT OTBHIPFaH TEHACY YILIIH
0oinkaHOATBIH TepOericTepAiH 6ap OOTybI-KaIFBI3IBIFBI MEH SKCIIOHEHIIUAJIBI OPHBIKTBUIBIFBI TEKCEpiieNi. APIYMEHT
apanac, SFHHM, KeUIKTIpUIreH JKoHe IrepijiereH Typre ue OOJIFaH/ABIKTaH, OJ1 TEOPHUSJIBIK 3epTTeyJep YIIiH Jie, HAKThl
KOCBIMIIAJap YIIiH Ji¢ KONTereH apThIKIIBUIBIKTApbl YCbhIHAJbL. HoTmkenep Mbicangap MEH MOJEINbJCY apKbLIbI
pacTanajsl.

Tyiiin ce3mep: OomkaHOalTHIH TepOemictep; [lyaHkape Xaochl; SKCHOHCHIMAIIBI OPHBIKTBUIBIK; OOIIKTI-

TYPaKThl apTyMEHT.

22


mailto:sartabanov42@mail.ru
mailto:akl7@rambler.ru
mailto:zahira2009.85@mail.ru
mailto:bibigul_zharbolkyzy@mail.ru

K.)Ky6anoB atbiHiarsl AKTe0e eHIpiiKk yHUBepcuTeTiHIH Xabapuibichl, Ne2 (67), mayceim, 2022
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O CYIIECTBOBAHWM 1 YCTOMUYNBOCTHU HENIPEJICKA3YEMbBIX KOJIEBAHUM
JIJIsI HEJTMHEHHOI'O TU®®EPEHIIMAJIBLHOIO YPABHEHMSI C KYCOYHO-
ITOOYEPEJTHO 3AITA3IBIBAIOIIINUM M OIIEPEKAIOIIUM AP'YMEHTAM
OBOBIIEHHOTI'O THUITA
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AnHoTanusi. HenmaBHme wuccienoBaHmsl IIOKas3anmd, 4YTO HAJIWYME HENPEICKa3yeMoro KoyeOaHus Ui
muddepeHmansHOro ypaBHeHHs paBHOCHIBHO Hajauumio xaoca Ilyankape [1,2]. B cBsi3u ¢ aTum B naHHOW pabore
CTaBUTCS LEJIb IPOAHATM3UPOBATh HEllpeAcKa3yeMble KojieOaHus AJsi HelMMHeWHoro nuddepeHnnanbHoro ypaBHeHHs ¢
KyCOUHO-TIOOUEPEHO 3aMa3/bIBAIONINM U OIEPEkaroluM apryMeHTOM 0000ILieHHoro Tuma. Jns paccMarpuBaeMoro
YpaBHEHHsI TPOBEPSAIOTCS CYIIECTBOBAaHME-EAMHCTBEHHOCTh M 3KCIOHEHIMAJbHAS YCTOMYMBOCTH HENPENCKa3yeMbIX
koneOannii. IToCKONBKY apryMeHT HMMeeT CMEIIAHHBIH THI, 3ala3[bIBAIONIMA M ONEPEeXaloIlUii, OH IpeaIaraeTt
MHOTOYHCIICHHBIE TIPEUMYIIECTBA Ul TEOPETHYECKNX HCCIIEJOBAHHUH, a TakXkKe Ui MHOTUX PEalbHBIX NMPHUIOKEHHH.
Pe3ynbTaThl MOATBEPIKICHBI TPUMEPOM M MOAETHPOBAHUEM.

KnroueBble cioBa: Hempelckasyemble KoieOaHus; xaoc IlyaHkape; SKCIIOHEHNHMallbHAs YCTONUYMBOCTS,

KYCOYHO-IIOCTOSIHHBII apryMeHT.
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