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Annotation. Recent studies have shown that existence of an unpredictable oscillation for a 

differential equation amounts to the presence of Poincaré chaos [1,2]. Stimulated by this fact, it is 

aimed in this study to analyze unpredictable oscillations for a nonlinear differential equation with 

generalized type piecewise alternately retarded and advanced argument. Existence-uniqueness and 

exponential stability of the unpredictable oscillations are verified for the considered equation. Since 

the argument is of mixed type being retarded and advanced, it offers numerous advantages for the 

theoretical investigations as well as many real-world applications. The results are confirmed by 

example and simulation. 
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1. Introduction and Preliminaries 

Theory of differential equations provides indispensable tools to study and understand real 

world processes. Existence of discontinuous characters in nature pushes scientists for developing this 

theory further. This development enables to obtain more natural features of the real problems modeled 

by differential equations including discontinuous items. As is well known, the class of differential 

equations involving discontinuities contains differential equations with piecewise constant argument 
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(PCA) [3] as a subclass [4]. This subclass has been broadened in [5] by addressing a wider range for 

PCA, which is entitled as piecewise constant argument of generalized type (PCAG). Although most 

prior findings for differential equations with PCA were achieved through reduction to discrete 

equations or numerical approaches [1, 6], equivalent integral equations were employed for the first 

time in [5] to examine differential equations with PCAG. Thanks to the use of equivalent integral 

equations, qualitative characteristics of differential equations with PCAG has begun to be examined 

in a more general manner. This topic has been the focus of various theoretical and practical studies 

[7–14]. 

After unpredictable oscillations have been defined as a new type of oscillations in the past few 

years, a rapid progress has been achieved on the subject [1, 2, 15–21]. This is because, it is seen that 

they are very useful for the simplification of the chaos analysis for differential equations and also for 

processes modeled by differential equations. Due to the demands of science and technology, differential 

equations theory pays great attention to the oscillation phenomena. Accordingly, solutions being periodic, 

quasi-periodic as well as almost periodic are studied extensively by the researchers [22–24]. It was 

confirmed for a differential equation that if an unpredictable oscillation exists, then there is Poincaré 

chaos [1]. As a result of this significant aspect, research on unpredictable solutions is just as beneficial as 

research on chaos. The main objective of this study is to investigate unpredictable oscillations of a 

nonlinear differential equation having piecewise alternately retarded and advanced argument of 

generalized form, which can be considered as the most general case of PCAG since it is of mixed 

type. Due to the remarkable position of differential equations with PCAG in various applications [9, 

10, 25, 26, 27], it is momentous to link these equations with the chaos concept through unpredictable 

oscillations.  

We shall use the abbreviations 𝑅, 𝑍 and 𝑁 to represent the set of real numbers, integers and 

natural numbers, respectively. We pick sequences {𝜒𝑗}𝑗∈𝑍  and {𝜂𝑗}𝑗∈𝑍  whose elements are real 

numbers and meet the properties: 𝜒𝑗 ≤ 𝜂𝑗 ≤ 𝜒𝑗+1  for each 𝑗 ∈ 𝑍 , and |𝜒𝑗| → ∞ as |𝑗| → ∞. The 

following nonlinear differential equation with piecewise alternately retarded and advanced argument 

of generalized type is the major focus of the present research: 

 

                    𝑥′(𝑡) = 𝛼𝑥(𝑡) + 𝑢(𝑥(𝑡)) + 𝑣 (𝑥(ℎ(𝑡))) + 𝑤(𝑡).                    (1) 

 

Here, 𝑡, 𝑥 belong to the set 𝑅, 𝛼 < 0 and ℎ(𝑡) = 𝜂𝑗   for 𝑡 ∈ [𝜒𝑗 , 𝜒𝑗+1), 𝑗 ∈ 𝑍; the functions 𝑢, 𝑣 ∶

(−𝑎, 𝑎) → 𝑅, 𝑎 > 0,  are assumed to be continuous. Furthermore, 𝑤:𝑅 → 𝑅  is considered as a 

bounded and uniformly continuous function. 
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Definition 1 A bounded, uniformly continuous function 𝑓: 𝑅 → 𝑅 is called as unpredictable if 

one can find two sequences 𝑡n, 𝑠n, both of them diverging to ∞ and positive constants 𝜋0, 𝜌 such that 

𝑓(𝑡 + 𝑡n) →  𝑓(𝑡) uniformly when 𝑛 → ∞ on the compact subsets of 𝑅  and 𝜋0 ≤ |𝑓(𝑡 + 𝑡n) →

 𝑓(𝑡)| for each 𝑡 ∈ [𝑠n − 𝜌, 𝑠n + 𝜌], 𝑛 ∈  𝑁. 

 

The following criteria are considered to be met during the present investigation. 

(H1) |𝑢(𝑥) − 𝑢(𝑦)| ≤ 𝐿1|𝑥 − 𝑦| , |𝑣(𝑥) − 𝑣(𝑦)| ≤ 𝐿2|𝑥 − 𝑦|  for every 𝑥, 𝑦 ∈ (−𝑎, 𝑎)  with 

Lipschitz constants 𝐿𝑢, 𝐿𝑣. 

(H2) There exist constants 𝑀𝑢 > 0, 𝑀𝑣 > 0 such that sup
𝑥∈(−𝑎,𝑎)

|𝑢(𝑥)| ≤ 𝑀𝑢 and sup
𝑥∈(−𝑎,𝑎)

|𝑣(𝑥)| ≤ 𝑀𝑣. 

(H3) There is a constant 𝑀𝑤 > 0  so that sup
𝑡∈𝑅

|𝑤(𝑡)| ≤ 𝑀𝑤. 

(H4) −
1

𝛼
(𝑀𝑢 + 𝑀𝑣 +𝑀𝑤) < 𝑎. 

(H5) 
1

𝛼
(𝐿𝑢 + 𝐿𝑣) < 1. 

(H6) For each 𝜒𝑗+1 − 𝜒𝑗 ≤ 𝜒, 𝑗 ∈ 𝑍 for a positive constant 𝜒. 

(H7) 𝛼 + 𝐿𝑢 +ℋ𝐿𝑣 < 0, where ℋ = (1 − 𝜒(−𝛼 + 𝐿𝑢)(1 + 𝐿𝑣𝜒)𝑒
(−𝛼+𝐿𝑢)𝜒 + 𝐿𝑣)

−1
. 

(H8) 𝜒 ((−𝛼 + 𝐿𝑢)(1 + 𝐿𝑣𝜒)𝑒
(−𝛼+𝐿𝑢)𝜒 + 𝐿𝑣) < 1. 

(H9) For a sequence 𝑘𝑛 satisfying 𝑘𝑛 → ∞ as 𝑛 → ∞  and for the sequence 𝑡n specified in Definition 

1, 𝜒𝑗−𝑘𝑛 + 𝑡n − 𝜒𝑗 → 0  and 𝜂𝑗−𝑘𝑛 + 𝑡n − 𝜂𝑗 → 0   as 𝑛 → ∞  on each interval, which is finite and 

comprised of integers. 

 

2. Existence, Uniqueness and Stability of Unpredictable Oscillations 

We take a set 𝒟 whose elements are real valued functions given by Ω:𝑅 → 𝑅 together with the 

norm defined as ‖Ω‖1 = sup
𝑡∈𝑅

|Ω(𝑡)|. It is adopted that an element Ω of the set 𝒟 admits the features 

listed below: 

(D1) Ω is continuous uniformly. 

(D2) ‖Ω‖1 < 𝑎; 

(D3) a sequence 𝑡n divergent to ∞ can be found to satisfy the limit                  Ω(𝑡 + 𝑡n) → Ω(𝑡) 

uniformly on each closed and also bounded interval of real numbers. 

Lemma 1 [28]. A necessary and sufficient condition for a bounded function  𝑥(𝑡), 𝑡 ∈ 𝑅, to be 

a solution of (1) is that the integral equation given by 
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                    𝑥(𝑡) = ∫ 𝑒𝛼(𝑡−𝜏) (𝑢(𝑥(𝜏)) + 𝑣 (𝑥(ℎ(𝜏))) + 𝑤(𝜏))𝑑𝜏,           (2)
𝑡

−∞
            

 

holds true for 𝑥(𝑡). 

 

On the set 𝒟, Construct an operator 𝛤 formulated by 

 

𝛤Ω(𝑡) = ∫ 𝑒𝛼(𝑡−𝜏) (𝑢(Ω(𝜏)) + 𝑣 (Ω(ℎ(𝜏))) + 𝑤(𝜏)) 𝑑𝜏

𝑡

−∞

. 

 

Theorem 1 𝛤 is invariant on 𝒟. 

Proof. We are required to demonstrate that the set 𝒟 involves 𝛤𝒟 in it. If we find the derivative 

of 𝛤Ω(𝑡) along the independent variable 𝑡 and then take the absolute value of this derivative, we get  

 

|
𝑑𝛤Ω(𝑡)

𝑑𝑡
| ≤ |𝑢(Ω(𝑡))| + |𝑣 (Ω(ℎ(𝑡)))| + |𝑤(𝑡)| − 

−𝛼 ∫𝑒𝛼(𝑡−𝜏) (𝑢(Ω(𝜏)) + 𝑣 (Ω(ℎ(𝜏))) + 𝑤(𝜏))𝑑𝜏

𝑡

−∞

≤ 2(𝑀𝑢 + 𝑀𝑣 +𝑀𝑤) 

 

for each real number 𝑡. This means that 𝛤Ω meets the property (D1), since it is continuous uniformly 

due to having a bounded derivative.  

Note that any element Ω of the set 𝒟 satisfies 

 

|𝛤Ω(𝑡)| ≤ −
1

𝛼
(𝑀𝑢 + 𝑀𝑣 +𝑀𝑤). 

This implies together with (H4) that (D2) is true for 𝛤Ω. 

Now, we are only left to consider (D3). For this purpose, we pick 𝛿 > 0 and consider the 

interval [𝜆, 𝜇]  with  𝜆 < 𝜇  We can find 𝜈 < 𝜆  and 𝜎 > 0  in order to fulfill the following four 

inequalities: 

 

−
2

𝛼
(𝐿𝑢𝑎 + 𝐿𝑣𝑎 +𝑀𝑤)𝑒

𝛼(𝜆−𝜈) <
𝛿

4
,                            (3)  

 

−
𝜎

𝛼
(1 + 𝐿𝑢) <

𝛿

4
.                                           (4)  
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           It is true for sufficiently large values of 𝑛  that |Ω(𝑡 + 𝑡n) − Ω(𝑡)| < 𝜎  and |𝑤(𝑡 + 𝑡n) −

𝑤(𝑡)| < 𝜎  whenever 𝑡 ∈ [𝜈, 𝜇]  and |𝜒𝑗−𝑘𝑛 + 𝑡n − 𝜒𝑗| < 𝜎  whenever 𝜒𝑗 ∈ [𝜈, 𝜇] , 𝑗 ∈ 𝑍 . Therefore, 

we have 

 

|𝛤Ω(𝑡 + 𝑡n) − 𝛤Ω(𝑡)| ≤ ∫ 𝑒𝛼(𝑡−𝜏)(𝐿𝑢|Ω(𝜏 + 𝑡n) − Ω(𝜏)|

𝑐

−∞

+ 

+𝐿𝑣|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))| + |𝑤(𝑡 + 𝑡n) − 𝑤(𝑡)|)𝑑𝜏 + 

∫𝑒𝛼(𝑡−𝜏)(𝐿𝑢|Ω(𝜏 + 𝑡n) − Ω(𝜏)|

𝑡

𝑐

+ 

+𝐿𝑣|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))| + |𝑤(𝑡 + 𝑡n) − 𝑤(𝑡)|)𝑑𝜏 

≤ −
2

𝛼
(𝐿𝑢𝑎 + 𝐿𝑣𝑎 +𝑀𝑤)𝑒

𝛼(𝜆−𝜈) −
1

𝛼
(1 + 𝐿𝑢)𝜎 + 

+𝐿𝑣∫𝑒
𝛼(𝑡−𝜏)|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))|

𝑡

𝑐

𝑑𝜏. 

 

 For 𝑡 ∈ [𝜆, 𝜇]  fixed, we assume that 𝜒𝑗 ≤ 𝜒𝑗−𝑘𝑛 + 𝑡n and 𝜒𝑗 ≤ 𝜒𝑗−𝑘𝑛 + 𝑡n = 𝑐 < 𝜒𝑗+1 < 𝜒𝑗+2 <

⋯ < 𝜒𝑗+𝑟 ≤ 𝜒𝑗+𝑟−𝑘𝑛 + 𝑡n ≤ 𝑡 < 𝜒𝑗+𝑟+1,  which does not lose the generality. Thuswise, there exist 

only 𝑟 discontinuity moments on [𝜈, 𝑡]: 𝜒𝑗+1, 𝜒𝑗+2, … , 𝜒𝑗+𝑟. Moreover, assume that  

 

−
2(𝑟+1)𝐿𝑣 𝜎

𝛼
(1 − 𝑒𝛼𝜒) <

𝛿

4
,                                      (5)  

 

                                                           −
2𝑟𝐿𝑣 𝑎

𝛼
(𝑒−𝛼𝜎 − 1) <

𝛿

4
.                                      (6) 

 

 

Next, we shall focus on the integral 

                                                 

∫𝑒𝛼(𝑡−𝜏)|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))|

𝑡

𝑐

𝑑𝜏. 

 

In fact, this integral can be written as follows 
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∑ ∫ 𝑒𝛼(𝑡−𝜏)|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))|

𝜒𝑗+1

𝜒𝑗−𝑘𝑛+𝑡n

𝑑𝜏

𝑘+𝑟−1

𝑗=𝑘

+ 

+ ∑ ∫ 𝑒𝛼(𝑡−𝜏)|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))|

𝜒𝑗+1−𝑘𝑛+𝑡n

𝜒𝑗+1

𝑑𝜏 +

𝑘+𝑟−1

𝑗=𝑘

 

+ ∫ 𝑒𝛼(𝑡−𝜏)|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))|

𝑡

𝜒𝑘+𝑟−𝑘𝑛+𝑡n

𝑑𝜏. 

 

If  𝜒𝑖−𝑘𝑛 + 𝑡n ≤ 𝑡 < 𝜒𝑖+1   for some 𝑖 ∈ 𝑍, then it can be seen that ℎ(𝑡) = 𝜂𝑖, and in turn it is 

true due to condition (H9) that ℎ(𝑡 + 𝑡n) = 𝜂𝑖+𝑘𝑛. Thus, we attain that 

     

∫ 𝑒𝛼(𝑡−𝜏)|Ω(𝜂𝑖+𝑘𝑛) − Ω(𝜂𝑖)|

𝜒𝑖+1

𝜒𝑖−𝑘𝑛+𝑡n

𝑑𝜏 = 

= ∫ 𝑒𝛼(𝑡−𝜏)|Ω(𝜂𝑖 + 𝑡n) − Ω(𝜂𝑖) + Ω(𝜂𝑖 + 𝑡n + 𝑜(1)) − Ω(𝜂𝑖 + 𝑡n)|

𝜒𝑖+1

𝜒𝑖−𝑘𝑛+𝑡n

𝑑𝜏 

≤ ∫ 𝑒𝛼(𝑡−𝜏) |𝜎 + |Ω(𝜂𝑖 + 𝑡n + 𝑜(1)) − Ω(𝜂𝑖 + 𝑡n)||

𝜒𝑖+1

𝜒𝑖−𝑘𝑛+𝑡n

𝑑𝜏. 

 

Recall that Ω is continuous uniformly.  As a result, given  𝜎 >  0 and for big enough 𝑛, there is  a 

𝜅 > 0 so that |Ω(𝜂𝑖 + 𝑡n + 𝑜(1)) − Ω(𝜂𝑖 + 𝑡n)| < 𝜎 as long as |𝜂𝑖−𝑘𝑛 + 𝑡n − 𝜂𝑖| < 𝜅. After all, we 

conclude that 

 

∑ ∫ 𝑒𝛼(𝑡−𝜏)|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))|

𝜒𝑗+1

𝜒𝑗−𝑘𝑛+𝑡n

𝑑𝜏

𝑘+𝑟−1

𝑗=𝑘

≤ 2𝑝𝜎 ∫ 𝑒𝛼(𝑡−𝜏)

𝜒𝑖+1

𝜒𝑖−𝑘𝑛+𝑡n

𝑑𝜏 ≤ −
2𝑝𝜎

𝛼
(1 − 𝑒𝛼𝜒) 

 

for the integer values of 𝑖 that lies in the range 𝑙 ≤ 𝑖 ≤ 𝑙 + 𝑟 − 1. Analogously, it can be achieved 

that 

 

∫ 𝑒𝛼(𝑡−𝜏)|Ω(𝜂𝑖+𝑘𝑛) − Ω(𝜂𝑖)|

𝑡

𝜒𝑖+𝑟−1−𝑘𝑛+𝑡n

𝑑𝜏 = −
2𝜎

𝛼
(1 − 𝑒𝛼𝜒). 
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Likewise, owing to the assumption given by (H9), we find that 

  

∑ ∫ 𝑒𝛼(𝑡−𝜏)|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))|

𝜒𝑗+1−𝑘𝑛+𝑡n

𝜒𝑗+1

𝑑𝜏

𝑘+𝑟−1

𝑗=𝑘

≤ 2𝑟𝑎 ∫ 𝑒𝛼(𝑡−𝜏)

𝜒𝑖+1−𝑘𝑛+𝑡n

𝜒𝑖+1

𝑑𝜏

= −
2𝑟𝑎

𝛼
(𝑒−𝛼𝜎 − 1) 

for the integer values of 𝑖 lying in the range 𝑘 ≤ 𝑖 ≤ 𝑘 + 𝑟 − 1. As a result of these computations 

performed above, we get 

 

∫𝑒𝛼(𝑡−𝜏)|Ω(ℎ(𝜏 + 𝑡n)) − Ω(ℎ(𝜏))|

𝑡

𝑐

𝑑𝜏 ≤ −
2(𝑟 + 1)𝜎

𝛼
(1 − 𝑒𝛼𝜒) −

2𝑟𝑎

𝛼
(𝑒−𝛼𝜎 − 1). 

 

Hence, the following inequality  

  

|𝛤Ω(𝑡 + 𝑡n) − 𝛤Ω(𝑡)| ≤ −
2

𝛼
(𝐿𝑢𝑎 + 𝐿𝑣𝑎 +𝑀𝑤)𝑒

𝛼(𝜆−𝜈) −
𝜎

𝛼
(1 + 𝐿𝑢) + 

−
2(𝑟 + 1)𝜎

𝛼
(1 − 𝑒𝛼𝜒) −

2𝑟𝑎

𝛼
(𝑒−𝛼𝜎 − 1) 

 

is valid for all 𝑡 ∈ [𝜆, 𝜇]. 

Using the inequalities (3)-(6), we obtain for each 𝑡 ∈ [𝜆, 𝜇]  that |𝛤Ω(𝑡 + 𝑡n) − 𝛤Ω(𝑡)| < 𝛿. 

This shows that (D3) is fulfilled by 𝛤 as well. The proof is completed. 

It is not difficult to prove by assumption (H5) that 𝛤 is a contractive operator on 𝒟. Hence, we 

give this result below and omit the proof here. 

 

Theorem 2  𝛤 is a contractive operator on 𝒟. 

 

Next, we state an auxiliary result which can be proven by using a classical theory of differential 

equations and condition (H8) [2,4]. 

 

Lemma 2. Assume that the conditions (H1), (H6) and (H8) are fulfilled. If 𝜓(𝑡) is a solution 

of 
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𝜓′(𝑡) = 𝛼𝜓(𝑡) + 𝑢(𝜓(𝑡) + 𝜑(𝑡))𝑢 − (𝜓(𝜑(𝑡)) + 

+𝑣 (𝜓(ℎ(𝑡)) + 𝜑(ℎ(𝑡))) − 𝑣 (𝜑(ℎ(𝑡))),                                                                 (7) 

 

where 𝜑(𝑡) is a continuous function with‖𝜑(𝑡)‖1 < 𝑎, then |𝜓(ℎ(𝑡))| ≤ ℋ is satisfied for all 𝑡 ∈

(−∞,∞). 

Now, we are ready to state the main result of the present paper.  

 

Theorem 3. Let all conditions from (H1) to (H9) hold true and the function 𝑤  be 

unpredictable. Then, equation (1) possesses a unique exponentially stable unpredictable oscillation. 

Proof. It follows from the results in [2, 28] that 𝒟 is complete. Hence, the operator 𝛤 has a 

unique fixed point 𝜑(𝑡) which belongs to the set 𝒟. Actually, 𝜑(𝑡) is the unique solution of (1).  

Next, we will show that the function 𝜑(𝑡) is unpredictable. 𝑚1, 𝑚2 and 𝜖  are chosen to 

satisfy  

 

 𝜖 < 𝜌,                                                       (8)  

 𝜖 ((𝛼 − 𝐿𝑢) (
1

𝑚1
+

2

𝑚2
) − 2𝐿𝑣 +

1

2
) <

3

2𝑚1
,                         (9)  

 

|𝜑(𝑡 + 𝜏) − 𝜑(𝑡)| < 𝜋0𝑚𝑖𝑛 {
1

4𝑚1
,
1

𝑚2
} , 𝑡 ∈ 𝑅, |𝜏| < 𝜖.                (10) 

 

We fix  𝜖, 𝑚1, 𝑚2 and 𝑛 ∈ 𝑁 and define 𝛱 = |𝜑(𝑠n + 𝑡n ) − 𝜑(𝑠n)|.  

Case I: Let 𝛱 ≥ 0. Then, we obtain for 𝑡 ∈ [𝑠n − 𝜖, 𝑠n + 𝜖], 𝑛 ∈ 𝑁, that 

 

|𝜑(𝑡 + 𝑡n ) − 𝜑(𝑡)| ≥ |𝜑(𝑠n + 𝑡n ) − 𝜑(𝑠n)| − |𝜑(𝑠n) − 𝜑(𝑡)| − 

−|𝜑(𝑡 + 𝑡n ) − 𝜑(𝑠n + 𝑡n)| >
𝜋0
𝑚1

−
𝜋0
4𝑚1

−
𝜋0
4𝑚1

=
1

2𝑚1
𝜋0. 

 

Case II: Let 𝛱 < 0. Then, the inequality (10) implies for 𝑡 ∈ [𝑠n, 𝑠n + 𝜖], 𝑛 ∈ 𝑁 that  

 

|𝜑(𝑡 + 𝑡n ) − 𝜑(𝑡)| ≤ |𝜑(𝑠n + 𝑡n ) − 𝜑(𝑠n)| + |𝜑(𝑠n) − 𝜑(𝑡)| + 

+|𝜑(𝑡 + 𝑡n ) − 𝜑(𝑠n + 𝑡n)| <
𝜋0
𝑚1

+
𝜋0
𝑚2

+
𝜋0
𝑚2

= (
1

𝑚1
+
2

𝑚2
) 𝜋0. 
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Since the integral equation given by 

 

𝜑(𝑡) = 𝜑(𝑠n) + ∫(𝛼𝜑(𝜏) + 𝑢(𝜑(𝜏)) + 𝑣 (𝜑(ℎ(𝜏))) + 𝑤(𝜏))𝑑𝜏

𝑡

𝑠n

. 

 

is valid, we can conlude for 𝑡 ∈ [𝑠n +
𝜖

2
, 𝑠n + 𝜖], 𝑛 ∈ 𝑁, that 

 

|𝜑(𝑡 + 𝑡n ) − 𝜑(𝑡)| = |𝜑(𝑠n + 𝑡n) − 𝜑(𝑠n) + 𝑎 ∫(𝜑(𝜏 + 𝑡n) − 𝜑(𝜏))𝑑𝜏

𝑡

𝑠n

+ 

+ ∫(𝑢(𝜑(𝜏 + 𝑡n)) − (𝜑(𝜏))) 𝑑𝜏

𝑡

𝑠n

+ 

+ ∫(𝑣 (𝜑(ℎ(𝜏 + 𝑡n))) − 𝑣 (𝜑(ℎ(𝜏))))𝑑𝜏

𝑡

𝑠n

+ ∫(𝑤(𝜏 + 𝑡n) − 𝑤(𝜏))𝑑𝜏|

𝑡

𝑠n

≥ 

−
𝜋0
𝑚1

+ 𝛼𝜖 (
1

𝑚1
+
2

𝑚2
) 𝜋0 − 𝐿𝑢𝜖 (

1

𝑚1
+
2

𝑚2
) 𝜋0 − 

−𝐿𝑣 ∫|𝜑(ℎ(𝜏 + 𝑡n)) − 𝜑(ℎ(𝜏))|𝑑𝜏

𝑡

𝑠n

+
𝜖

2
𝜋0. 

 

Next, we fix 𝑡 from the interval 𝑡 ∈ [𝑠n +
𝜖

2
, 𝑠n +

𝜖

2
] and pick 𝜖 sufficiently small in order to satisfy 

𝜒𝑗−𝑘𝑛 + 𝑡n ≤ 𝑠n < 𝑠n +
𝜖

2
≤ 𝑡 ≤ 𝑠n + 𝜖 < 𝜒𝑗+1 for some integer 𝑗. For 𝑡 ∈ [𝑠n +

𝜖

2
, 𝑠n + 𝜖], it is true 

that ℎ(𝑡) = 𝜂𝑖  and hence ℎ(𝑡 + 𝑡n) = 𝜂𝑖+𝑘𝑛  because of the assumption (H9). Since the function 

𝜑(𝑡) ∈ 𝒟 is continuous uniformly, given 𝜋0 > 0 and for big enough 𝑛 a number 𝛽 > 0 can be found 

satisfying  |𝜑(𝜂𝑖+𝑘𝑛) − 𝜑(𝜂𝑖)| ≤ 2𝜋0 as long as |𝜂𝑖+𝑘𝑛 − 𝜂𝑖 − 𝑡n| < 𝛽. Therefore, it follows that 

      

∫|𝜑(ℎ(𝜏 + 𝑡n)) − 𝜑(ℎ(𝜏))|𝑑𝜏

𝑡

𝑠n

≤ 2𝜋0. 

 

If we use inequality (9), then we see that 
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|𝜑(𝑡 + 𝑡n ) − 𝜑(𝑡)| ≥ −
𝜋0
𝑚1

+ 𝛼 (
1

𝑚1
+
2

𝑚2
) 𝜖𝜋0 − 𝐿𝑢 (

1

𝑚1
+
2

𝑚2
) 𝜖𝜋0 − 

−2𝐿𝑣𝜖𝜋0 +
𝜖

2
𝜋0 ≥ −

𝜋0
𝑚1

+
3𝜋0
2𝑚1

≥
𝜋0
2𝑚1

, 

 

which means that 𝜑(𝑡) is an unpredictable oscillation according to the Definition 1. 

Lastly, we are left to show that this unpredictable oscillation is exponentially stable. Let 𝑦(𝑡) 

be another solution of (1). Construct the difference 𝜓(𝑡) = 𝑦(𝑡) − 𝜑(𝑡). It can be shown easily that 

𝜓(𝑡) is a solution of (7). Hence, we have  

 

|𝜓(𝑡)| ≤ 𝑒𝛼(𝑡−𝑡0)|𝜓(𝑡0)| + ∫𝑒
𝛼(𝑡−𝑡0)(𝐿𝑢|𝜓(𝜏)| + 𝐿𝑣|𝜓(ℎ(𝜏))|)

𝑡

𝑐

𝑑𝜏. 

 

Rearranging the last inequality and applying the Gronwall-Bellman Lemma, we find that 

 

|𝑦(𝑡) − 𝜑(𝑡)| ≤ 𝑒𝛼(𝑡−𝑡0)|𝑦(𝑡0) − 𝜑(𝑡0)| + 𝑒
(𝛼+𝐿𝑢+𝐿𝑣ℋ)(𝑡−𝑡0). 

 

which gives together with (H7) that the solution 𝜑(𝑡) is stable exponentially. The proof is completed. 

 

3. Example and Simulation 

 

We give example with numerical simulations to illustrate the theoretical results. To investigate 

the presence of an unpredictable solution, we need to use the logistic map 𝑧𝑖+1 = 𝑐𝑧𝑖(1 − 𝑧𝑖), 𝑖 ∈ ℤ. 

According to the Theorem 4.1 [29], for each      𝑐 ∈ [3 + (2/3)1/2, 4], the logistic map possesses an 

unpredictable solution. Let 𝑧𝑖, 𝑡 ∈ [ 𝜒𝑖, 𝜒𝑖+1), 𝑖 ∈ ℤ be an unpredictable solution of the logistic map 

with         𝜇 = 3.92.  

As a perturbation, we will use an unpredictable function Φ(𝑡) [30]: 

 

Φ(𝑡) = ∫ 𝑒−4(𝑡−𝜏)Ω(𝜏)𝑑𝜏
𝑡

−∞

, 𝑡 ∈ 𝑅, 

 

where Ω(𝑡) = 𝑧𝑖 for 𝑡 ∈ [ 𝜒𝑖 , 𝜒𝑖+1), 𝑖 ∈ ℤ. It is worth noting that Φ(𝑡) is bounded on the whole real 

axis such that sup
𝑡∈ℝ

|Φ(𝑡)| ≤ 1/4.  
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Consider the following scalar nonlinear differential equation with piecewise constant argument 

of generalized type, 

 

𝑥′(𝑡) = −0.5𝑥(t) + 0.04 tanh (
𝑥(t)

4
) + 0.04 tanh (

𝑥(h(t))

5
) − 18Φ3(𝑡) + 1.4,    (11)  

 

where the argument function ℎ(𝑡) = 𝜂𝑘 is defined by the sequences 𝜒𝑘 = 𝑘,    𝜂𝑘 =
𝜒𝑘+𝜒𝑘+1

2
+ 𝑧𝑘 =

2𝑘+1

2
+ 𝑧𝑘, 𝑘 ∈ 𝑍. Moreover, 𝑤(t) = −18Φ3(𝑡) + 1.4 is unpredictable functions in accordance with 

Lemmas 1.4 and 1.5 given in [15].  

We can see that the conditions (𝐻1) -(H9) are valid for the system (11) with  𝐿𝑢 = 0,01, 𝐿𝑣 =

0.008, 𝑀𝑢 = 𝑀𝑣 = 0.04 and 𝑀𝑤 = 1.68, 𝑎 = 4. Thus, by the Theorem 3, system (11) has a unique 

exponentially stable unpredictable solution. 

This is typically an unsolvable problem of finding the initial value of the solution, since it is 

impossible. According to the property of exponential stability, any solution from the domain 

approaches to the unpredictable solution. That is, to imagine the behavior of the unpredictable 

solution 𝑥(𝑡), we consider the simulation of another solution  𝜃(𝑡), with initial values  𝜃(0) = 1.859 

in Fig 1. 

 

Fig. 1 Graph of the function 𝜃(𝑡). 
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Аңдатпа. Соңғы зерттеулер дифференциалдық теңдеу үшін болжанбайтын тербелістің бар болуы 

Пуанкаре хаосының бар болуымен бірдей екенін көрсетті [1,2]. Осыған байланысты, бұл жұмыста жалпыланған 

типтегі кезекпен кешіктірілген және ілгерілеген бөлікті аргументі сызықтық емес дифференциалдық теңдеу үшін 

болжанбайтын тербелістерді талдау негізі мақсат болып табылады. Қарастырылып отырған теңдеу үшін 

болжанбайтын тербелістердің бар болуы-жалғыздығы мен экспоненциалды орнықтылығы тексеріледі. Аргумент 

аралас, яғни, кешіктірілген және ілгерілеген түрге ие болғандықтан, ол теориялық зерттеулер үшін де, нақты 

қосымшалар үшін де көптеген артықшылықтарды ұсынады. Нәтижелер мысалдар мен модельдеу арқылы 

расталады. 

Түйін сөздер: болжанбайтын тербелістер; Пуанкаре хаосы; экспоненциалды орнықтылық; бөлікті-

тұрақты аргумент. 
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Аннотация. Недавние исследования показали, что наличие непредсказуемого колебания для 

дифференциального уравнения равносильно наличию хаоса Пуанкаре [1,2]. В связи с этим в данной работе 

ставится цель проанализировать непредсказуемые колебания для нелинейного дифференциального уравнения с 

кусочно-поочередно запаздывающим и опережающим аргументом обобщенного типа. Для рассматриваемого 

уравнения проверяются существование-единственность и экспоненциальная устойчивость непредсказуемых 

колебаний. Поскольку аргумент имеет смешанный тип, запаздывающий и опережающий, он предлагает 

многочисленные преимущества для теоретических исследований, а также для многих реальных приложений. 

Результаты подтверждены примером и моделированием. 

Ключевые слова: непредсказуемые колебания; хаос Пуанкаре; экспоненциальная устойчивость; 

кусочно-постоянный аргумент. 
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